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PREFACE. 

The present volume is the first contribution towards 
the fulfilment of a promise made at the time of publi- 
cation of my Treatise on Differential Equations. My 
desire has been to include every substantial contribution 
to the development of the particular subject herein dealt 
with ; and the historical form, into which the treatment 
has been cast, has facilitated the indication of the con- 
tinuous course of the development. 

All sources of information, which have been drawn 
upon, are quoted in their proper connection ; a few 
investigations have been added, which I believe to be 
new ; and some examples have been made, in order to 
provide illustrations of various methods. 

In the revision of the proof-sheets I have had, and 
wish to acknowledge most gratefully, the valuable 
assistance of my friend Mr. H. M. Taylor, Fellow of 
Trinity College, Cambridge. The volume owes much 
to the care and trouble he has ungrudgingly bestowed 
upon it. My thanks are also due to Mr. H. F. Baker, 
Fellow of St. John's College, Cambridge, for his kind- 
ness in reading the proof-sheets. 

A. K. FOllSYTH. 

Trimity Collkoe, Oahbbidoe, 
28 July, 1890. 
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CHAPTER I. 



Single Exact Equation*. 

1. When a number of variables a?, y, z, w,... are connected by 
a permanent relation of the form 

^(a?, y, z, u,... ) = a (1), 

where a is a constant, any simultaneous small variations d^, dy, 
dz, du,... to which the variables are subjected are so related that 
the equation 

•^dx+^dy-\-^dz + ^du+... =0 

ox oy ^ oz ou 

is satisfied; and, if a relation between the small variations be 
given in this form, the equivalent integral relation is at once 
obtained in the form of the first equation. 

The equation which connects these small variations is exact, 
for its left-hand member is a complete differential. But if the first 
differential coefficients of (f) with regard to the variables have a 
common factor /i so that we may take 

^='*^' ^='*<2' ^='*^' ^='*^' 

* It is to be anderatood that the inTestigations in the first chapter relative to 
exact linear equations are additional to the very slight sketch of such equations 
given in §§ 150 — 164 of my Treatise on Differential Equatiom, hereafter referred to 
as Treatise; and that the investigations in the second chapter relative to the 
integration of systems of partial differential equations are intended specially to 
indicate Mayer^s theory of a system of equations of a particular form and to be 
supplementary to the investigations of Bour and Jacobi. 

"«^ F. 1 



2 EQUIVALENT SOLUTIONS [1. 

then the relation connecting the variations becomes 

Pdx -^^ Qdy + Rdz + Sdu+... =0 (2), 

on the removal of the factor fi which is not dependent on these 
variations. This new equation (2) is essentially the same as the 
eariier equation ; but it is not necessarily, and in general it is not, 
an exact equation. In order to be made an exact equation so that 
the integral relation (1) may be deduced, the fia-ctor /a, which may 
be called the integrating factor, must be restored; and, as no 
indication of the form of fi survives in the reduced equation, the 
determination of the factor must be made by a separate investi- 
gation. 

2. There are equivalent forms of (1) which lead to the same 
equation (2). Let ^ be any function of ^, say 

then, if c be the value of /(a), the equation (1) may be replaced 

by 

^=c (ly, 

where 4> is a function of x, y, z, i/,... and c is a constant. The 
same small variations to which the variables are subjected are now 
connected by the equation 

But, since x, y,z,u,.., enter into ^ only through <f>, we have 

with similar equations ; and therefore the equation connecting the 
variations reduces to (2) as before on the removal of the factor M, 
where 

and therefore JIf is an integrating factor which will enable us to 
obtain the equation (1)'. Hence for every form of/ leading to an 
integral equation new in form, we have a corresponding integrating 
factor. 



2.] OF AN EXACT EQUATION 3 

It is convenient to call a function of the variables a solution 
of (2), if (2) be satisfied in virtue of the relation obtained by 
equating that function to a constant ; thus and ^ are solutions 
of (2). The result just obtained shews that, if two quantities he 
Junctions of one another, they are solutions of the sanie equation, 

3. Conversely, if the differential equation 

Pdx + Q^y-\-Bdz-\-8du+... =0 

(assumed to be the only relation connecting the differentials of the 
variables) can be satisfied in virtue of a single integral equation 
aU its solutions are equivalent to one another, that is, one solution 
is sufficient for the construction of all the solutions. For let 

<f>==<f>(x, y, z, u, ) 

* = <l>(a?, y, z, u, ) 

be two solutions, so that we have 

When X is eliminated between the two integral equations, the 
resulting equation is of the form 

F(<l>, <E>, y, z, u, )=0. 

Hence 

3^^^ 9^^^ 9^ J 9J^^ 9J^^ 
-d<f>-^^d<^-^^-dy^^dz+^^du + ...=0, 

so that 

dF, JF, ^dF,^ . 

a differential equation among the same variables and distinct firom 
the original differential equation because the variation dx does not 
occur. But as the original equation is the only relation connecting 
the differentials of the variables, it follows that the new equation, 
not satisfied in virtue of that original equation, is evanescent ; and 
therefore 

dy "• dz ' du "' 

so that F is explicitly independent of y, z, u,... and takes the 
form 

J!'(«I>,^) = 0. 

Hence <E> can be obtained in terms of ^, which proves the propo- 
sition. 

\— 'I. 



4 CONDITIONS [4. 

4 Again the integrating factors M and /^ corresponding to 
<1> and ^ are such that . 

and/'(^), a function of the solution ^, is (§ 7X4, solution; hence 
the quotient of two integrating factors^ if notm constantjis a solu- 
tion of the equatum. ^^^^-A.^ 

And, if <l>be the solution determined by the fa^^tor /a, every other 
fojctor is of ihefonn fi.\{<f>) where X(^) is a function of (p. 

5. When a differential equation of the form at present under 
consideration is given, there is not necessarily a single integral 
equation in virtue of which it is satisfied. The conditions that 
this may be so are that the coefficients P, Q, R, S,,,, of the 
differentials are proportional to the partial differential coefficients 
of one function, conditions which are not satisfied for any set of 
arbitrarily assigned quantities P, Q, R, S,.., ; and these conditions 
lead to relations between the quantities, which must be satisfied 
in order that the differential equation may have a single equation 
as its integral equivalent. We proceed to obtain these relations. 

Let the differential equation be 

Xidxi-\-X2dx3+ + Xpdxp = (3), 

and suppose it derived from the equation 

<f>{xi, X.,, , iPp) = constant (4), 

by the rejection of a factor /i after diflFerentiation ; then we have 

^'^^^lt <^>' 

for values 1, 2, ..., p of r. From the equations (o) it follows that 
for any two indices m and n ; and therefore 

^dXm ^^Xn \9^« dXrn) 

where ^w.w^^""" >i;." (6)- 



5.] OF EXACTNESS 5 

If r denote any other index, we have similai'ly 

Multiplying these three equations by Xr, X^* Xn i-espectively and 
adding, we have 

or, since /a does not vanish^^^^c^v^tlcx^t/^M 

ttm, n -X^r + ttn, r -^m + (^r,m Xn = (7). 

This equation, which is evanescent if two of the indices be the 
same, holds for any combination of three of the indices of the 
series 1, 2,..., p; and therefore the number of equations, of the 
same form as (7), between the quantities X is 

iP(i>-i)(i>-2), 

each being identically satisfied. 

6. These equations are not, however, all independent of one 
another. Taking any other index s, distinct firom 772, n, r we have, 
in addition to (7), 

ag^mXr + Or.sXm + Otn^r^s-^ (7)', 

Chn,8Xn + at^nX„^+an,mXt = (7)", 

and lastly 

ttn^r Xg -{-ar^g Xn + ttg^n -STr = (7)'". 

1 

Multiplying (7), (7)', (7/' by Z„ Xn, Xr respectively and adding 
we have, in virtue of the property 

for all pairs of indices, the relation 

Xm (On^r X, + tt^,* Xn + a«,n Xr) = 0, 

which is, in eflFect, the equation (7)'" since X^n does not vanish. 
Hence of the four equations, each involving three of a set of four 
indices, only three are independent ; any one of the four equations 
can be deduced from the other three. 

Let us consider as the three independent equations those 
which involve m, w, r ; m, r, » ; m, «, n ; in the foregoing set they 
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are (7), (7)', (7)". If between (7)' and (7)" we eliminate Z, we 
have 

to which if (7) multiplied by a^^s be added, we have 

on the rejection of the factor JT^^. This last equation is satisfied 
because (7), (7)', (7)" are satisfied; if in any case desirable, it 
could replace any one of the three. 

Since the equation which involves the indices n, r, « is deducible 
from the three which involve pairs of these indices and some other 
index the same for the three, we shall obtain all the independent 
equations by taking some definite index, say 1, and forming all 
the sets of three. The aggregate of all these sets is really the 
aggregate obtained by combining the index 1 with every pair of 
indices other than 1, that is, with every pair formed from 2, 3, . . . , p ; 
and the equations in this aggregate are independent of one another. 
Hence the number of independent equations of condition is 

i (i) - 1) (i) - 2). 

It is to be noticed that, if /i be unity, then the equations are 
all satisfied in virtue of the vanishing of the quantities a^n^nl ^^^^ 
the equations of condition are in this case 

their number being ^p{p — 1). The extra number of conditions 
ai'ises from the additional supposed limitation that the equation is 
exact as given and therefore requires no fieictor to make it so. 

7. The conditions of the type (7) are a necessary consequence 
of the supposition that the differential equation (3) can be made 
an exact diflFerential ; it will now be shewn conversely that, if the 
conditions (7) be satisfied, tJien the differential equation can be made 
exact. 

It is known from the theory of equations which involve only 
two variables a and y that for an equation 

Pda + Qdy = 

there exists a function (a?, y) such that the differential equation 
is satisfied in virtue of the relation 

(jc, y) = constant. 
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aud therefore that P and Q are proportional to the derivatives of 
Avith regard to x and y respectively. Considering then X^ and 
X^ as functions of Xi and x^y we infer that there exists a function 
u of x^ and x^ such that for some quantity X we may write 

and the function u will involve the other quantities which occur 
in X, and Z,, viz. ar,, 5:4, ..., a?p, the presence of which does not 
however affect derivation with regard to Xi and x^. But it may 
not be inferred that the remaining coefficients in the ecjuation 
are similarly proportional to the remaining derivatives; and we 
therefore take 

\Xr-'^=Yr (8) 

(for r = 3, 4, ..., p)i where Yr may be considered known when u is, 
as it is supposed to be, known. 

These new quantities Yr will satisfy certain equations, which 
are derivable in virtue of the aggregate (7). It has been seen 
that only three of the four equations which involve four indices 
need be retained in that aggregate; and, as already (§6) explained, 
the retained equations will be taken to be made up of 

(i) the p — 2, equations involving the indices 1, 2, r, 

(ii) thei(p-2)(p-3) l,r, *, 

where r and 8 are different from one another and are terms in the 
series 3, 4, ..., p. This set of combinations is evidently the set 
obtained by combining the index 1 with every pair formed from 
2, 3, ..., p, 

8. Considering the first of the two series of retained equations 
we have, for each index r, 

3^ (^r - Yr) = g^-g^ = g^^ (XZ,), 

sothat Z.g^-Z,g^^ = Xa,,+ g^^ 

Similarly Z.g-Z,g = Xa,.+ g, 

and Z,g^-Z,g^ = Xa,.,. 
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Now of the aggregate (7) the retained etjuation which involves 
the indices 1, 2, r is 

80 that, multiplying the preceding equations by — Xj, JTi, Xr 
respectively, adding and using the condition-relation, we have 

This is the only etjuation of series (i) which involves Yr alone; 
all the equations of series (ii) involve two of the quantities F, and 
the import of such equations will be indicated immediately. We 
may thus regard the preceding equation as an equation detennin- 
ing the form of Yr. It is a linear -partial differential equation of 
the first oi*der ; to obtain the most general solution we construct 
p—1 independent integrals of the subsidiary B^yations 



dxi _ dx^ dx^ dx^ dxp 

^%""Zi"""o~~"o"'" """or- 

There ai'e /) — 2 integrals at once given in the form 

Xr = constant (r = 3, 4, ..., p) ; 
so that only one more is needed, to be given by 

Xxdx^ + Xjcfccg = 0, 
/ da , du 






or 



. X"' x(^dr.+ gld.,) = 0. 



i.e., ^— axi -f ^ cuTa = 0. 

OXi ox^ 

But in the simultaneous system ctr,, dx^,... all vanish, and thei-e- 
fore the last equation may be taken in the form 

du J bu J du , 

— dx, + ^dx, + ^dx, + = 

UU/i Ui/U^ \J*lt^ 

viz., du = ; 

and therefore the other required integral is 

u = constant 
Hence, by the theory of linear partial differential equations, it 
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follows that Yr is of the fonii 

Yr = fr{u, X^, X^, ..., X^ (9), 

where /r may at present imply any function of the arguments. 

Multiplying the equation (3) by \ and substituting from (8) 
for the quantities \X^ the new form of the equatj^ is 

dti + Fjda^ + 74(ir4 + + Fp(icp = (3)', 

where the quantities Yj. are given by the equations (9). Hence, 
in virtue of the first series of i-etained equations of § 7, the given 
differential equation (3) ha^ been transformed into another (3/ 
involving one variable fewer, 

9. Consider now the second of the two series of retained 
equations of § 7. Taking a typical equation of the series, we have 

ai,r Xt 4- a^B Xy + a„i Xr = 0. 
But 3^(X^.-F.) = 3^^ = |-(X2r,-F0. 

oXf oXf oXy ox. 

And, before, we bad 

similarly Z. g^ - Z. g^^ = \a,.. + ^^' . 

Multiplying these three equations by X^, X^, —Xr respectively, 
adding and using the former relation, we have 

X (^^ - ^-""^ + X ^^ — X — = 
' \ dxr dxg J ' 3.^1 ** 3a7, 

In this equation the quantities Yr and F« arc fuDctions of 
d?i, 0^, ..., ^ as given by (8). When we take their forms as 
determined in (9), we have 

31jr ^ 9/r 3m ^ ^^ dfr 

dxi du dxy ^ du' 

3^^3/;3m^3/;^ ,^^ _f>.^fr^dfr 

dxg dudxg dxg ^ * '''^ du dxg' 
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and therefore 

and therefore the above equation becomes, on the rejection of the 
non- vanishing factor — Xi, 

dx, dxr^-^'da -^'du^ ^^"^' 

for all the combinations of the indices r and 8. These are the 
equations derived from the second series of retained equations of 
§7. 

It thus follows that the coefficients of the transformed equa- 
tion 

du+f^dx^+f^dx^-h +fpdxp = (3)', 

equivalent to (3), are subject to the conditions (10). 

10. Since the new equation (3)' is equivalent to (3), let us 
find the set of conditions which bear the same relation to (3)' as 
the set (7) bear to (3). Associating a subscript index with u 
and defining bm by the equation 

for all pairs of the indices 0, 3, 4, ...,/>» the complete set of 
conditions, associated with (3)' and similar to (7), are 

in number equal to i (p — 1) (p — 2) (j> — 3). But of this number 
only J (i' "" 2) (p - 3) are independent ; and an independent set, 
as in the earlier case, can be obtained by retaining all those 
equations which involve any one index, say 0, with all possible 
pairs of indices from 3, 4, . . . , p. Taking then j = we have 
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and thus the above condition is, 

which is the typical equation of the set (10). Since the possible 
combinations of indices are the same for the two sets it follows 
that the equations of condition, constituted hy the system (10), Imve 
the same relation to the transformed differential equation as the 
equations of condition, constituted by the system (7), have to Hie 
original differential equation. 

11. If, then, a differential equation containing p — \ variables, 
such that the associated system of conditions among the coefEcients 
is satisfied, can be represented by a single integral equation, it 
follows that a differential equation containing p variables, such that 
the associated system of conditions among its coefficients is satisfied, 
can also be represented by a single integral equation. For the 
preceding investigation shews that the ec^uation (3), subject to the 
conditions (7), can be reduced to the equation (3)' subject to the 
conditions (10) ; so that, if an integral equation equivalent to the 
latter be 

F[u, x^y a?4, , iTp} = constant, 

then an integral equation equivalent to the former is 

^{f(^> ^2, «j, , a?^), a?a, a?4, , «!p} = constant, 

where / is a function known to exist. 

We therefore use the method of induction. In the case when 
p = 3 the equation is 

and the single equation of condition is 

(h,3Xi + a,,,Zj + a,,22% = 0, 

the preceding investigation shews that a function u exists, such 
that the equation can be transformed to 

du + <f> {u, x^ dx^ = 0, 

where ^ is subject to no condition. But it is known from the 
theory of differential equations in two variables that some function 
F exists such that, in virtue of the equation 

F (u, Xy) = constant, 
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the tmnsformed equation is satisfied. Hence the untransformed 
equation in three variables, having its coefficients subject to a 
single condition, can be satisfied in virtue of a single integral 
equation 

•^{/(^i» ^j» ^«)> ^} = constant. 

Hence the method of induction leads us to infer that the 
equation (3), having its coefficients subject to the conditions (7), 
can be satisfied by means of a single integral equation. 

The result of the investigation may be enunciated as follows : — 
If the differential equation 

Xidxi + X^i + + Xjfibsp = 

can be satisfied by means of a single integral eqiuUion of the form 

<l>(xi,w^ , Xp) = constant^ 

then the system of conditions 

(where a^^n = -k-^ — ^~^] ** satisfied identically for all combina- 
tions of the indices m, n, r from the series 1, 2, 3, ..., p; and of 
these only i(p — l)(i> — 2) are independent Conversely, if the 
system of conditions be satisfied identically for all combinations of 
the indices, then the differential eqtuition can be satisfied by meatis 
of a single integral equation of the form 

<f>{a!uOs^, , Xp) = constant. 

The following corollary can be inferred fix)m the preceding 
analysis : — 

Let Xy, Xf, ..., Xp denote functions of independent variables 
Xi, X2, ...f Xp, It is known that, whatever be the quantities X, 
there exists some function t^ such that 

If a relation 

a^Xi + On JTa + Oi^X^ = 

be satisfied, then there exists some function u^ of the variables 
such that 

OXi OX^ OX^ 
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If relations argXi -f a« Z^ + dir^t = 

(for r, « = 2, 3, 4) be satisfied, then there exists some function ti^ 
of the variables such that 

T . Y . Y . Y -^^ .^.^ .^ 

OXi OX^ OX^ CX^ 

And so on. 

12. Let it now be supposed that the differential equation can 
be satisfied by a single integral equation ; we proceed to obtain 
that equation. 

One method of derivation of the solution would be the carrying 
out of the successive reductions indicated in the investigation just 
completed: it is practically Eulers method. It may be shortly 
summarised as follows : — 

First, let all the variables except x^ and x^ be considered con- 
stant ; and on this hypothesis let a solution of 

Xidxi -h X^^ = 

be w = w (iTj, a?j, . . .) = constant, 

,, , ^ ^ du du 

so that A, : A2 = ^ : 5 . 

By means of the new variable w, where 

U — U{x^, J?a, J?3, , Xp\ 

eliminate from the differential equation 

Xidxi-{- ^^,+ X^Xi-\- + Xpidxp = 

the quantities J?,, ^, dx^, dx^ — an elimination which will be found 
possible when the equations of condition are satisfied — so that the 
equation takes the form 

du + Yzdx^-¥ Y^dx^-^- -h Ypdxp — Q, 

in which Fj, F4, , Yp are now functions of n, x^, x^, Xp, 

Secondly, let the same process be repeated with u and x^ as 
the variables initially considered ; then, if 

V = V{U^ X3, J?4, , Xp) 

be the new variable, the equation similarly comes to be 

dv-^-Z^dx^-^- •\' Zpdxp = 0] 

and so on for the various steps in succession, which in number 
cannot be greater than p — l. If at any stage the transformed 
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equation should have all its coefficients free from any one variable, 
it can be made an exact equation on division throughout by 
those fectors of the coefficient of the variation of that variable 
which do not involve it: so that a single integration will then 
lead to the part of the desired integral which depends upon that 
variable. 

13. But we may proceed as follows. It is known that the 

expression 

Xi dxi + X^dx^ + + Xpdxp 

becomes, after multiplication by some factor /x, an exact differen- 
tial d^\ so that if this factor can be obtained the required 
solution will be obtained after the single integration required to 
evaluate 

<l>=ffi {Xidxi -h Xjtiro + + Xpdxp) = constant. 

We have ftX, = ^— , 

so that taking the complete variation of both sides we have 

(2u . Xr + M Z -^ dxg = 2 ^— ?- dxg. 

But on the right-hand side 

dXfdxg dXf. 'dxr 
for all indices 8 ; and therefore 

(2/x . Xr + ft z 3—^ dxg = /x S -5—^ dXg -h ^- S Xgdxg 

«=1 vXg f.i OXr OXr «si 

or '^ Xr'¥^(ir,gdxg-—~-dd>. 

But the complete variation of ^ is zero, when the variables are 
connected as by the given differential equation ; so that the fore- 
going equation becomes 

- — = y^K.idri-}-ar,a(fcra+ -^Or^pdXp] (11) 

the term in dxr being absent from the expression on the right- 
hand side. This equation is valid in virtue of the relation d^ = 
or, what is the same thing, in virtue of the given differential 
equation ; the left-hand side is a perfect differential, and therefore 
the right-hand side also is a perfect differential subject to the 
relation d0 = O. 



y...(i2). 
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Since r may be any one of the quantities 1, 2, 3, ..., p, we have 
the set of equations 

— ^= Y- {0«^^^2^2 + cti3da?s + +a,pdfl?p} ^ 

= -^ {«2i dii + . cfoa + Oas da?» + + «8p d^p} 

= Y' [oskdiCi + (hid^% + . dx2 -h +(hpdxp} 

A.p 

It is easy to verify that all the expressions for — ^ in this 

system are equivalent to one another, on account of the differen- 
tial equation itself and the conditions (7) which are satisfied 
by the coefficients in that equation. 

14. Though the fractions in (12) are equal to one another 
and to — dlog/x ih virtue of the differential equation, it often 
happens that no one of the fractions is an exact differential in the 
form there given. If any one of them be an exact differential in 
the form in which it occurs, the value of /x is immediately 
derivable. Thus if all the quantities a in the numerator of any 
fraction vanish — if for instance Xi be a function of Xi alone and 
no other coefficient X involve Xi — then we may take ft = 1 ; and 
the original equation is an exact equation. 

Again, any value of fi which satisfies these equations will prove 
sufficient for our purpose ; and the simpler that value is, the easier 
in general will be the subsequent integration for <f>. Now from 
(12) we have 

p p 

, 2 2 Yrdnd^g 

f" i YrXr 

whatever the quantities Yr may be ; and it often happens in prac- 
tice that this combination of the equal fractions leads to a perfect 
differential by means of suitably chosen quantities F. Such is 
especially the case when Xr is a function of x^ and also is 
symmetric in all the other variables. 
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Further, the quotient of two values of /x is a solution of the 

differential equation (§ 4). For if ft and /x' be those values we 

have 

dfi _ dfi' 

or fi7/x is constant, a result obtained on the introduction of the 
condition (2^ = or ^ = constant. Hence iij^i and are constant 
together; and therefore* there is some functional relation be- 
tween them, which may be represented in the form fjL/fi=f{<f>). 
But since is a solution so also (§ 3) is f(<l>) ; and therefore fj/ffi 
is a solution of the original equation. 

If then two values of /a can be obtained from (12) and their 
quotient be not constant, a solution (and therefore all solutions) 
can be given by equating that quotient to a constant. 

We can, from this point of view, deduce the earlier inference 
(§ 4) as to the* general form of /x, and also the result that, if 
three values of fi can be obtained from (12), there is a homo- 
geneous relation among them. 

15. Ex, 1. The requisite conditions are all satisfied for the equation 
^ (y +^) «^+« (tt -^) c?y +y (^- w) rfz+y (y +«) rfw=0; 
for 0^2 => 2«, a,3= 2Zf 0^4 =0. 

a34=-2y, ©84= -2y, a^^2(u-x). 
Taking the first of the fractions for - dfi/fi we have 

_dfi _2zcfy + 2zdz_ dy+dz 

so that ^ = (y +«) -«, 

the same value being given by the fourth of the fractions, and also bv a 
combination of the second and third. Then 

(y+«)~* {«(y+«)cte+«(w-.a?)rfy+y(^-«)cfe+y(y+2)c?M} 

is an exact differential ; and a solution of the original equation is given by 

a:z-^uy 

— — ^ = constant. 

y+« 

* For since /u'/m ^nd are functions of the variables we have, after elimination 
of one of the variables, say Tj, firom the two equations expressing those functions, 
a result of the form 

Since 0= constant implies /i'l/i=:eonBtant, the integral leads to a new relation 
between a;^, ... > o;^ which is di£ferent from the former one. As this cannot exist, it 
must be evanescent as a relation among the variables ; and therefore we have the 
result in the text. 
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Ex. 2. The requisite conditions are similarly all satisfied for the equation 

(y +«) («+w) (w+y) fltr+ three similar terms =0. 
Taking the first and the second of the four fractions, we have 

d/i _ 2 (z-\-u) {y - x) dy -\-2 {y -\-u){z- x) dz-\-2 (t/+2) (u - x) du 

_ 2{z-\-u)(x-'y) dx^^{x-\-u) (z-y)dz-\-2{x+2)(u-y)du 
~~ (z+x){x+u) {u-\-z) 

_ second numer ator - fi rst numerator 
"" second denominator - first denominator * 

Removing from the numerator and the denominator of this fraction the 
common factor (u+z) (x-y\ we have 

dii_ dx-\-dy-\-dz-\-du 
fi ~ x+y+z+u * 

so that fi= (x+y+z+u)-^. 

The solution is now easily found to be 

^^+y^+"^+^=constant. 
x+y-\-z+u 

The derivation of the solution by the method of § 12 is rather long. 

Ex, 3. In the case of an equation in three variables such as 

Pdx-{-Qdy-{-Rdz:=0, 
we have 

and the condition of int^rability is ^ _> , ,= . *^ t;.. *^<*- 



I AT r I '", y 



PX+Qr+RZ=^0. ' ^^c 
The equations for the factor are 

dfi _ Zdy - Ydz _ Xdz-Zdx ^^^^^E^-Xdy 
"li' P Q R 

dx, dyy dz 
X, Y, Z 
a, 6 , c 

aP-\-hq-\-cR ' 

where a, 6, c are any quantities whatever. 

As a special case let 

P^c^-'j^-yHy Q^xy^-j^-x^Zy R=xy*+a^; 

then X='-2x{x+y), y=2y(x-\-y)y Z=2{x-y)(2x+2y-\-z). 

From the third of the frtvctions it follows that 

dfjk (2ydx+2xdy) (x+y) ydx+xdy 
fi ~ ^*+x^ ' xy ' 

so that fi=x~ ^y~K 

P. 
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Again, taking 

dii' Zdy-Tdz-^Xdz-Zdx) 

Z{dy+dx)-{X+Y)dz 

P-Q 

we have the new fraction a perfect diflferential on the removal of the factor 
x-y \ 80 that 

Since we now have two int^rating feustors which do not necessarily bear a 
constant ratio, a solution of the original equation is 



^= constant, 



or, extracting the square root, 



xy 
the iiequired solution. 

16. For the equation in three variables Bertrand* adopts 
the following method. In the notation of § 15, he constructs the 
subsidiary equations 

dx ^dy ^dz 

and obtains two independent integrals of these, say 

a = <^i(a?, y, A ^ = ^(ar, y, z)\ 

sothat z|^+7^ + z|^ = 0, 

ox ay oz 



But since 



ox oy oz 

^'t' >^'t- "^-t. 



(where ^ = constant is the solution of the equation), the condition 
of integrabiUty gives 

OX oy oz 

* CompUt Rendus, t. Ixxxiii. (1876), pp. 1191—1195. 
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Eliminating X, F, Z we have 

and therefore ^ can be expressed as a function of ^ and ^ ; hence 
some function / exists such that the solution of the equation is 

/(^> ^) = ^ = constant, 
say / (a, )9) = constant. 

Hence the equation can be transformed to 

where M : N = J- : ^ , when a and /8 are taken as variables ; 

del op 

and any solution of the last equation is also a solution of the 
original equation. 

It will be noticed that the subsidiary equations are evanescent 
when the given equation is exact. 

Ex. For the special example given in Ex. 3 of § 15 the subsidiary system 
is, on dropping a factor 2, 

-dx djy dz 

x{x+^) "y {x-\-y) "" {x-y) (2;p+2y+«) * 

One integral is given by the first two fractions in the form 

From the fractions we construct the relation 

dx+dy dx+dy+dz 
x+y "^ x^y+z 

on dropping a feustor x-y; ao that a second (independent) integral is given by 

{x+y)(x+y-^z)=:p. 

Since the equation is capable of transformation to the form 

Mda+Ndp^O, 

we have, on substituting for a and /9, the equations 

My-^N(%x+2y+z)=y{x*-'y^-yz\ 

Ifx+N(2x+2y+z)=x(y^-a^-xz\ 

N(x+y)=xy(x-{-y\ 
which are all satisfied by 

-M^{x+y){x-{-y+z)=fi. 
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The transformed equation is thus 

having for its integral 

f=con8tant, 

which, on substitution for a and /9, is the same as that before obtained. 
Again, since /aQ = ^ , ^R = ^ , we have 

dz dy dy dz ' 

and similarly for the others ; so that the subsidiary equations may 
be taken in the form 

dx dy dz 

d^4>, fi) "" 8(^t /^) ^ 8 (<^, Jjl) ' 

3 (y, ^) 9 {^> ^) 3 K y) 

These are satisfied by 

fi = constant, 

<l> = constant ; 

and the constants are expressible in terms of a and fi, but are not 
necessarily equal to them. It thus does not follow that, when 
two independent solutions of Bertrand's subsidiary system have 
been obtained, either of them may be taken as an integrating 
factor of the original equation ; in fact, a comparison of the two 
methods shews that, in the particular example considered, 

which are the two independent integrating factors*. 

17. Bertrand's method, when considered from a different 
point of view, admits of generalisation to the case of an equation 
involving more than three variables. 

The two new variables a and fi, introduced to transform the 

* See De Morgan, **0n the integrating factor of Pdx+Qdy + Rdz" Quart. 
Joum, yol. ii. (1858), pp. 823 — 326, where he shews that the integrating factor 
satisfies the equation 

easily obtained by multiplying the three equations ^Y ^9 ^t ^ respectiyely and 
adding. 
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given equation into one which involves only two variables, are 
independent integrals of the partial differential equation 

d0 de d0 ^ 

and it is because the required solution ^ is also an integral of 
this equation that ^ can be expressed as some function of a and fi 
thus rendering the transformation possible. 

For the purpose of indicating the generalisation, let us consider 
the equation 

Xidxi + Xjcfoa + X^diCi + Xjcfcr^ = 0, 

the coefficients of which are to be supposed subject to the four 
conditions of the form 

OnJTi + anXi + OuX, = 0. 
The quantities Omn ^^ such as to satisfy the relation 

as well as the relations 

the latter set of which admit of immediate verification. 
Let if possible some quantity satisfy the two equations 

dd dd de 

OiCi C/*j C/iCTs 1 rA,. 

de de de '" ^ ' 

and therefore also, on account of the relation among the quantities 
a, the two other equations 

de de de 

0W2 uixj^ ow^ . 

^ de de , de ' ^ '' 

these two (A)' being linearly dependent on the former two (A). 
Now by the ordinary Jacobian theory any quantity which 
satisfies the two equations (A) must also satisfy 

/ d d d\fd d 9\/i.v 
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the condition of coexistence. This equation, which must be 
satisfied by 0, is not new in form ; it is easily shewn to be 
identically satisfied in virtue of the equations (A) and (A)' and 
of the relations among the quantities a^n^n^ Hence it follows that 
the two equations (A), evidently independent of one another, are 
the only two linearly independent equations to be satisfied by ; 
and thus they form a complete Jacobian system*. 

Since then there are four variables, of which is to be a 
function, and there are two equations in the complete Jacobian 
system, it follows (post^ § 38) that there are two (=4 — 2) inde- 
pendent simultaneous solutions of the equations in that sjrstem. 
Let a and /8 be two such solutions ; they each satisfy the four 
equations (A) and (A)' when they are substituted for 0; and 
every solution can be expressed in terms of a and fi alone. 

But we have relations 

and, if the integi*al equation equivalent to the differential equation 

be 

. y^ = constant, 

we have for every index 

so that substituting and multiplying by /x we have 

Wr Wr 9*^ 

for all combinations of the indices. Whence it follows that '^ also 
is a solution of the four equations (A) and (A)'; and therefore 
some function /must exist such that 

The integral equation equivalent to the differential equation thus 

becomes 

/ (a, /8) = constant, 

so that the differential equation may be taken in the form 

where M : N ^ ^ \ J^. If then the quantities a and fi be taken 

* See Treatise, § 226 ; and post^ §§ 38 et teq. 
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as new variables, the differential equation can be transformed to 

Mda + Ndfi = 0, 

where M and N are functions of a and ^ alone ; the integral of 
the new form provides the required solution. Hence we have the 
theorem : — 

If the differential equation 

Xidxx + X^dx^ -f X^dx^ + X^dx^ = 

satisfy all the conditions that it should have a single integral 
equivalent, and if two independent integrals of the equations 

A d0 ^ de ^ d0 

OXi OX^ OXf 

^ d0 ^ dd ^ d0 ^* 

he « = «(«!, «:>, ^,a?4), fi - 13 {xi, x^, Xt, x^), 

then when a and fi are used as independent variables the eqiuUion 
admits of expression in iheform 

Mda + Ndl3=:0, 

where M and N are functions of a and fi alone; and the integral 
of the new equation leads to the solution of the original equation. 

And the corresponding theorem for an equation in p variables 
is: — 

If the differential equation 

-^letei + JTjcica + •\- Xpdxp=^0 

satisfy all the conditions that it should have a single integral 
equivalent, and if two independent integrals of the equations 

^ d0 ^ d0 ^ d0 



(where m^Sf i, ";P) ^ 

a = a(a?i, X2, Xt, ....,., Xp), 
fi = fi{xi, Xf, a?„ , Xp), 

* Any two of the fbnr equations (A) and (A)' may be oaed as the equationB 
constitating the complete system. 
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then, when a and fi are used as independent variables, the equation 
admits of expression in the form 

Mda + Ndfi=-0, 

where M and N are Junctions of a and /8 alone ; and the integral 
of the new equation leads to the solution of the original equation, 

Ex. As an example consider Ex. 1, § 15 replacing x,y, z, uhj Xi, x^yX^, 
x^. The two equations which serve to determine a and p are 

say. The equations subsidiary to the integration of the first are 

dxi __ dx^ dx^ dx^ 

three independent integrals of which may be taken in the form 

Every solution of the first equation can be expressed in terms of these, 
say, 

and we have now to determine such forms of /* as will satisfy the second 
equation. Now 

so that 

^ ^F ^ ZF ^ dF ^ 



^2 53~ + ^2 



dF dF 
or removing the factor $^ 

The equations subsidiary to the int^ratiou of this equation are 

-11 ' 

the two necessary integrals of which are 

a = ^i + ^2> 
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Whence, by the theory of such equations, every simultaneous solution of the 
equations determining B can be expressed in terms of 

a = di + ^2 = -a?j + ^3 , 

If now to complete the integration we take 

Jida + ^dfi = x^ (jF, + x^ €U\ + dTg (j?4 - Xi) dx^ + a?2 (wCj - x^ dx^ + x^ {x^ + x^ dx^, 
we have ^a^a = x^ (.r^ + JF3), 

J/"+ ^.^4 =>3 (a?4 - Xi)j 

M T JS X^ =* ^2 ^'^1 ~" •^i/J 

iV^2 ^^ "^2 \^2 "r ^8/> 

which are all satisfied by 

Hence the differential equation becomes 

the integral of which is 



and therefore, as before. 



-= constant ; 
a 



Xi^-tX^ 



It should be noted that, in case two of the four equations which are all 
satisfied by B are identical, those two may not be taken as the equations which 
are used to find a and /3. 

It will be found in practice (the reason for which can be seen from the 
theory of the equations) that the process adopted in the particular example 
for the integration of the simultaneous partial equations is of general 
application. 

18. There is another method* of determining the integrating 
factor ft, which deals with that quantity as a solution of the 
simultaneous partial differential equations which it satisfies. The 
general typical equation is (§ 5) 

which must hold for all pair-combinations of the indices m, n ; but, 
on account of the conditions satisfied by the coefficients X, a set 
of equations equivalent to the whole system and, so far as concerns 
/x, linearly independent of one another is constituted by 

* Collet, AnnaUt de VEe. Norm. Sup., V* S^r., t. vii. (1870), pp. 59—88. 
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dz 
(where m = 2, 3, . . ., p). Taking /x = e* and denoting x— by jp„ we 

have the irreducible simultaneous sjrstem in the form 

Zijo^ - Z^Pi + ai,,» = (13). 

The Jacobian conditions of coexistence are satisfied in virtue of the 
relations (7) ; and thus fi will be determined by any simultaneous 
solution of the system (13). If however we obtain a simultaneous 
solution of the system involving one or more arbitrary constants, 
it will in general be possible to deduce from that solution two 
different values of the integrating factor ; and thence (§ 4) a solu- 
tion of the original equation can be constructed. 

Taking the special example discussed in Ex. 3, § 15 and retaining as 
the two linearly independent equations which determine z 

we have on substitution for Xiy X^y X^, Oi^y o^, 

/\ =(j?i* - V - -^s^*) /'s - ^1 (^1 +-^2) /'i - 2 (-Pj +;r,) = 0, 

after the removal of fSeustors x^ and Xi respectively. 

The equations subsidiary to the integration of /\=0 by Jacobi's process 

are 

dxi __ cLe^ dx^ 

Xi (a?i +Jt?2) "" "" - (xi* - A'j* - XfT^ " 

= -^&- 

A combination of the first three of these fractions gives as their common 

value 

(h\+dx^-{-dx^ 

SO that we have an integral of the system given by 

J^3'=Ps{^i+^t+^z)-(h 
where a is an arbitrary constant. It is easy to verify that 

(F,,F^^O, (F,,F,)^0; 

and therefore F^^ala the common solution. 

Solving, we have 

X p +2=a ^^-^j- ^t'^t _^^ f ^1 I ^i i\ 

^ (-^'1+^2+^8) (•=*^i+'^*2) Vi+a:,+^, x^-^x^ ) 
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X p +2=a J?> -^ 1 -Xi X^ _^^ f ^a , ^8 _ ^l 
(^1+^2+^3) (^i+^a) Vi+^j+A's x\-{-x^ y 



a 



and hence 



80 that 



-(a+2) /"— 1 + ^^ +a ( "^i+^i+^s . <^i+^a\ 






where a is an arbitrary constant 

A special value of ^ say gi, due to a =0 is 



and therefore a solution of the original equation is 

^,=: constant, 
which can at once be transformed to the earlier form 

(a±fa±4(£l±^=conBtent 

19. There is a method somewhat similar in process to Euler s 
(§ 12) due to Natani* ; it will be sufficiently illustrated by taking 
the form 

Xdx-i- Ydy-\-Zdz+ Udu^O (A), 

the conditions of integrability being supposed satisfied so that the 
integral equivalent consists of a single equation. 

First, treating z and u as constant we obtain an integral of 

Xdx+Ydy=^0 
in a form 

V^ (^> y» ^> m) = constant ; 

and the integral equivalent of the original equation is then of the 
form 

or, say -i^r = <^ (z, ti, a) (i), 

• «<Ueber totale and partielle DifFerentialgldohongen,'* CrelUt t. Iviii. (1860), 
pp. 801—828, 1 2. 

t It is at this point that the asBumption of integrability is tacitly made in 
Natani's proeess. 
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where does not explicitly involve x or y and is therefore not 

modified in form by any special assumption about these variables. 

Putting then x zero and denoting by y^ the corresponding value 

of y, we have 

-f {x,y,z,u) = ir {0, yi, z, u) (ii), 

and then 

i^ (0, yu z,u)^if> (z, u, a) (iii) 

is the integral equivalent of 

Yidyi + Zidz+ Uidu = (B), 

where Fi, Z^y Ui are the values of F, Z, tT for y = yi, a; = 0. 

Secondly, treating u as constant, we obtain an integral of 

Fidyi + Z4z = 
in a form 

X (yi» ^> ^) = constant ; 
and the integral equivalent of (B) is of the form 

F (;^, u) = constant, 
or say ;^=^(w, 6) (iv), 

where 6 does not explicitly involve yi or z and so is not altered in 

form by any special assumption as to these variables. Putting 

then yi zero and denoting by z^ the corresponding value of z we 

have 

X (yi> -3^* ^) = X (0» ^2> ^) (v), 

and then 

X(0,^a,u) = ^(i4,6) (vi) 

is the integral equivalent of 

^,d^2+ U^du^O (0), 

where ^j, U^ are the values of Z^, Ui for z = z^, yj = 0, Le., are the 
values of Z, U (or z^z^, y = 0, a? = 0. 

Now (0), when integrated, gives ^r, as a function of u. When 
this value of z^ is substituted in (v), the right-hand side becomes 
(ta, 6); and so the equation changes to (iv), which gives the value 
of yi as a function of z and u. When this value of yi is substi- 
tuted in (ii), the right-hand side becomes ^ (z, u, const.), and so 
the equation changes to (i), i.e., changes to the equation which is 
the integral equivalent of (A) which is thus obtained. 

All the steps prove possible, on account of the satisfaction of 
the conditions of integrability ; and the functions '^ and j^ are 
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obtained from the integration of (simplified) binomial special forms 
of (A) and (B). 

It is evident that the diflFerenee of Natani's method from 
Euler's lies in the introduction of the postulates which lead to 
equations like (ii) and (v), and that the process will apply to 
equations in any number of variables. And if, in special examples, 
it should not prove convenient to assign a zero value to a variable 
in order to derive an equation such as (B) from (A), or (C) from 
(B), it is permissible to assign a non-zero constant value to the 
variable for that purpose; the only other change is that the 
coefficients in a general case would be less simple than they are 
when the normal zero-substitution is made. 



Ex, 1. As a simple example, consider 

« (y +«) cfcr +« (u - ^) rfy +y (z- w) cfe+y (y +;f) c?u=0 
(see § 15, Ex. 1). First taking u and z as constant we have 



80 that 

The next equation is 
so that 

and therefore 

The last equation is 
so that 



or 



Hence 



and therefore 



so that 



Vr(j^,y,«, tt)=f''^l, 



u-x 









X(l,^8,l^)=2j=--. 



- iwfej + ( 1 + ^fg) fl?M = 0, 

'= constant, 



l+^2_. 



u 



__z z 

y+z _ yi+g ^ cz 

U-X U CM-1' 

^ = -Es constant, 

y+« c 



agreeing with the former result. 
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Ex, 2. In order to have a direct oomparison of the two methods due 

respecUvelj to Euler and to Natani, we may compare them when applied to 

the equation 

Xdx-{-rdy+Zdz=0, 

supposed to be integrabla 

Euler takes 

Xdx+Ydy=Md^ 

where ^ is a function of x^ y^ z determined in the first instance on the 
supposition that z is constant ; and his second equation is then 



'^^K^^)'^-"' 



where -|^- ^ is a function of z and ^ alone, on account of the condition of 
integrability. The integral of the differential equation is then of the form 

where c is an arbitrary constant. 
Now, with Natani, 

say. Let M^ be the value of M for a?=0, y=yi; so that, if B (2, ^) be the 

value of ji - a > i* follows that 3{Zy if) is the value of ^ - y, since jp and y 

do not explicitly occur. But, because ^=1"^ we have 3 (^ ^)=^ («, ^) ; and 
therefore 

S dz Wi dz' 
Also d^^dfr ; hence Euler's second equation becomes 



''*K|-S)*=«' 



Le. g<fyi+-|«fc=0. 



Further we have 



and therefore 






and hence Euler's second equation becomes 

T^dy^+Z^dz^zO^ 

i.a, it becomes Natani's second equation. Since the integral of Euler^s 
second equation (and so of the original equation) is 

the integral of Natani's second equation is 

and therefore the integral of the original equation is, by Natani's method, 
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20. A method has been given by du Bois-Reymond* for 
obtaining an integral equivalent of ft = Xdx + Ydy + Zdz = 0. 
But nowhere in the exposition of the method does the condition 
of integrability essentially appear; and, whether ft = be inte- 
grable or not, the method leads to a single equation, which is 
declared to be of the proper form when the equation is integrable. 

The method, geometrically stated, is as follows : — Whatever be 
the locus represented, by ft = 0, we pass fix)m a point P©, whose 
coordinates are x^y^^ z^i^ along that part of the locus which lies 
on an arbitrary surface 

to some other point Pi, whose coordinates are Xi, yi, Zi. From 
this point Pi, we move along that part of the locus which lies 
on another arbitrary surface 

to some other point P, whose coordinates are x, y, z. 

Now 

il = 0, a = X' = ^X 

can be used to construct an equation of the first order in two 
variables only ; of this there will be an integral, say 

/(x, y, z, a) = Ci, 
so that we have 

/(«?o, yo, Zo, a) = Ci =f{xj, yi, Zu a). 
Similarly 

ft = 0, 6 = xi, = dxi 

can be used to construct an equation of the first order in two 
variables only, with an integral of the form 

9 (^, y, z, b) = c, 
so that we have 

Xi (^» yi' ^i) = 6 = Xi (^> y> «)> 
9(^, Vu ^u 6) =c, = flr(a?, y, «, 6). 

From these eight equations the seven quantities ^, yi, ii, a, 6, 
Ci, Cs can be eliminated ; and the result will be 

* (a:, y, «, a?o, yo, z^) = 0, 

* ** Ueber die Integcation linearer totaler Diiferentialgleiahiiiigeii denen darch 
ein Intcgnl Genlige geeohieht," CreUe, t. Izz. (1S69), pp. 299—818. 
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which, if the equation H = be integrable, is assumed to take the 

form 

if> (x, y, z) = 4> (^0, yo, Zo) = constant. 

This is the equation of the locus of P, and thus is the integral 
equivalent of II = the diflFerential equation of that locus. 

The assumption just made as to the form of the final equation 
is not proved, though it can be verified in special instances. 
Moreover no proof is given that, if the assumption as to the form 
be generally true, the result is independent of any peculiarity 
in the form of the subsidiary equations x = ^> Xi ~ ^ which may 
be adopted. 

Modifications of the method, subject to the same criticisms, 
are given (1. c), and a generalisation to equations in n variables*. 

£jc, 1. When the method is applied to the integrable equation 

with the subsidiary equations 

_y _i 

it leads (correctly) to the result 

a single equation of the assiuned type. 

But when applied to the non-integrable equation 

xdy+ydx+xdz=0 
with the subsidiary equations 



it leads to 



-2 _* 



(2y+«)«=(2yo+^o)(2yJ+^o), 
and when applied to the same equation with the subsidiary equations 

it leads to 

y * ^ 

in each case (incorrectly) to a single equation not, however, of the assumed 
type. 

Ex. 2. It is easy to see that the x)ractical rule given in du Bois-Reymond's 
method comes to be the same as the process in Natani's method (§ 19), when 
the subsidiary equations are 

* For other oritioismB, see Weiler, SehUhn. ZeiUchr., t. zz. (1875), pp. 80—83 ; 
da Bois-Beymond, Math, Ann., t. zii. (1877), pp. 123—181. 
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21. The derivation of the coDditions of exact integrability of ao ordinary 
differential equation of the nth order (or of a differential expression involving 
derivatives of a single dependent variable with regard to a single independent 
variable) is sometimes made to depend upon the theory of integration of an 
expression, exact in the sense of the foregoing chapter. As however the 
connection is not immediate and this method ia not the principal method, it 
will be sufficient here to give the following references to some of the writers 
on the subject, in whose memoirs references to Euler, Lagrange, Lexell, and 
Condorcet, will be found : 

Sarrus; Camptes RenduSj t i. (1835), pp. 116 — 117: t. xxviii. (1849), 
pp. 439-442 ; LiouvilU, t. xiv. (1849), pp. 131—134. 

Dirkbkn; Abh, d, Kim. Akad. d, Wiss. zu Berlin (1836), pp. 79—98. 

Bertrand; Joum, de Vtlc, Poly,,t, xvii. (1841), pp. 249— 276; LiouvHh, 
t xiv. (1849), pp. 123—130. 

Raabe; Crelle, t. xxxi. (1846), pp. 181—212. 

JOACHIMBTAHL; CreUe^ t xxxiii. (1846), pp. 95—116. 

Stopfel et Bach ; LwuvitUy 2"* Sdr., t. vii. (1862), pp. 49 — 61. 

Imschenetbkt ; Qrun. Arch,y 1. 1. (1869), pp. 278—474; especially § 26. 

Pujet; Comptes Rendus, t. Ixxxii. (1876), pp. 740—743. 

WiNCKLER; Wiener Sitziingsb.y t. Ixxxviii., Abth. ii. (1883), pp. 820—834. 



MISCELLANEOUS EXAMPLES. 

1. Let Py Qy Rhe any functions of three independent variables x\ y, z ; 
and with a point A (^, y, z) let the plane (Z-ar)P+(F-y) Q+(Z-z)R=0 
be associated. Shew that there are two directions in this plane such that, if 
a point B{x-\-dXy y+dy^ z-\-dz) be taken consecutive to A lying in the 
plane in either direction, the intersection of the planes associated with A and 
with B is the line AB. Shew also that, if the relation 

^ a« 3« „ 

R 



be identically satisfied, then the system of planes associated with all possible 

points A envelopes a surface. 

(Voss.) 

F. a 



dp 

5i' 


dP 


dP 

dz' 


dx' 


dy' 


dz' 


dR 

dx' 


dR 


dR 
dz' 


P. 


«, 


R. 
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2. In conuection with the last example shew that, if for the equation 
Pdj^+Qdy+Rd3=0 the condition of integrability 

be identically satisfied, then the envelope of the associated planes is in its 

general form an integral of the differential equation ; and that, at any point 

of contact of a plane with the surface, the two directions indicated are those 

of the inflexional tangents to the surface. 

In the case when (7=0 is not identically satisfied, discuss the relation of 

the surface 6^=0 with the differential equation. 

(Voss.) 

3. Prove that the equation 

is exact ; and obtain its integral by Bertrand's method (or otherwise) in the 
form 

(^1 + .I'j + .rg)*** ( Tj + w'^g + aKTa)** {a\ + wJTg + w^J'a) = constant. 

4. Shew that the total differential eqiiations 

(i) x(^-l){2-l)d.v+y{2-\)(x-l)dy+z{x-l)(^-l)dz=0, 

(ii) dr+^dt/-^dz=Oy 

(iii) dx+^ dy dz- --- rfM=0, 

2^ ^ xy 2xy ' 

(iv) ctr + , — dy+ ~ — rfr + - cot - (du - - dv\ =0, 
ylogy^ z^ogyz V v\ V J ' 

all satisfy the conditions of integrability ; and obtain the respective integral 
equations which are equivalent to these differential relations. 

(Collet) 

5. Integrate the following equations which can, on multiplication by a 
factor, be made exact :— 

(i) (yz+z'^^dx- xzdy + xydz = 0, 

(ii) (y+e)*c£r+««rfy+yV2=0, 

(iii) z (1-2*) c£r+2c?y-(^+y+^"22) dz^O, 

(iv) (1 -{-yzf dx - z^dy + rf^ = 0, 

(v) //(y, 2, u)dx+H(z, w, x)dy + II(u^ x, y) dz + II {x, y, z)du=0, 

where in the last iy(a, 6, c) denotes the sum of the homogeneous products of 
a, by c of two dimensions. 

6. Obtain the primitive of 

; dx, dy, dzy =0 

I 1 

\ ^ 9 y t ^ i A 

-^O -^MJ -^2> -^3 

i5„ /?„ /?., B, 
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(the generalisation of Hesse's equation), where the quantities A and B are 
linear non-homogeneous functions of Xy y^ Zy in the form 

u^ w/* u^ u/* = constant, 

where ti^, k^, ti,) ^ ^^'^ properly determined linear functions of a:, y, z and 

^) ^) ^s> ^ ^i^ constants. 

(PittareUi.) 

7. Shew that, if the equation 

Picb;i+P^^ + + P^d:r^=0 

l>e deducible from a single int<^ral equation and be such that Pj, Pg* •••! ^n 
are homogeneous functions all of the same order, then 

(Pi^i+P^*2+ +P^n)-^ 

is an integrating factor. 

Discuss the case in which this integrating factor takes the form 1 -rO; and 
apply the result to integrate 

(y+zycla:-x(i/+2z)di/-xzdz=0, 

(Fais.) 

n-i 

8. Shew that^ if the coefficients in 2 X^dx^ be rational, then the sub- 

m=0 

stitutions (for it=0, 1, ..., n-X) 

^»=(%+»*^i+»%+ +o)-*-*^»-i)", 

where « is a primitive nth root of unity, transform the differential expression 
into 

n-l 
2 <P(^m + l> ^m + 2> >^m-l)^i»» 

and prove that the necessary and sufficient conditions of integrability of the 
expression reduce themselves to the Jn or J (n - 1) equations 

dZf dzQ 

for r = 1, 2, 3, . .. Jn or |(n - 1). (Kronecker.) 

9. Prove that conditions, necessary and sufficient to ensure that 

Pldx^+p^X2-\- +PiA^n 

is an exact differential, are 
(i) that the equations 

are satisfied, and 

(ii) that /}2^3+ +Pn'^n i^ Au exact differential when x^ is made 

constant. 

(Laurent.) 
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10. If the equation 

satisfy all the conditions that it should be capable of representation by a 
single integral equation and if it he reduced in succession to the forms 

du^-\-Z^dx\-\- ■\-ZjfilXp=0, 

rfw„_i=0, 
then an integrating factor of the original equation in 

1 dii^du^ dup^2^^-i 
Xi dxi dui ^Mp-s^tip^j* 



CHAPTER II. 
Systems of Exact Equations. 
22. When we have a system of n equations in m + n variables 

where a^ is a constant and r may have the values 1, 2 ..., n, 
they can be considered as determining the n variables i^ , t«2, . . . , **n 
in terms of the m variables Xi, ...,a:„», provided there is no 
functional relation among the n functions <f> considered as 
involving the n variables u. 

All variations of the variables are connected by n equations of 
the form 

When they are solved, they give the variations du of the dependent 
variables in terms of the variations dx of the independent variables 
by means of other n equations 

du,— 2 C7',,e(ice...(« = l, 2, ..., w) (I), 

where the coefficients 17,^1 are (or may be) functions of all the 
variables u and x\ and the equations (I) are definitely and 
uniquely derivable from the earlier set because 

9(0i> vJ^**) 

9(^1, , t^)' 

which is the determinant of the coefficients of the du's in that 
earlier set, does not vanish on account of the hypothesis made 
regarding the functions f 
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Moreover, since the equations (I) are derived from the earlier set, 
the substitution there of the values of du as given by (I) will lead 
to identities ; hence, for each of the n functions ^, the equation 

is identically satisfied. It follows that the coefficient of each of 
the differential elements dx must vanish ; and therefore satisfies 
the m differential equations 

^■*-^,^!,^-l!=» <«> 

for ^ = 1, 2, ..., m. 

23. It follows, just as in the case of a single equation, that 
any ftmctional combination of the quantities ^ is a solution of the 
equations (I) or (II). For, so fai* as regards the equations (I), they 
are equivalent to 

d(l>i = 0, d^.2 = 0, , dif>n = 0, 

and therefore, if '^ be a function of 0i, ^, ... , ^n> we have 

= 

in virtue of equations (I) ; or -^ is a solution. And, so far as 
regards the equations (II), we have 

= 

in virtue of equations (II) ; or -^ is a solution. 

Conversely, every solution of the system (I) or the system (II) 
can be expressed as a function of the n independent solutions 
01, ^2, ..., ^„. For, taking it to be yjr, it is some function of 
tii,n^, ..., t^n and of the independent variables a?i, j^j, ..., a;^; 
and determining t/,, zi,, ..., w,> in terms of the solutions <f) and of 
the variables x we then have yjr in the form 

So fai- as regixrds (I), we have dyjr = 0, for ^ is a solution ; and 
equations (I) give dif>i =0, . . . , d(f>n = 0, for the quantities are 
solutions ; hence 

= ;^dx,-^^dx^-^ H-^da;^. 

OXi 0X2 VXff^ 
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Now the quantities a^, a?2, ...,«:,„ are by hypothesis independent 
and there can therefore be no relation among their variations. 
Hence the foregoing equations can only be satisfied by 

or yfr in its later form is explicitly independent of iCi, aj^, ..., a?,„ 
and can thus be expressed as a function of 0,, ..., <f>n. So far as 
regards (II), we have, taking ^ in the same form, the equations 



»=^'^=i(^H-S' 



for the quantities u occur only in the quantities if> : hence, as 
Ae^r = 0, we have 

for each of the values t=l,2, ,,,, 7ji; and thus we are led to the 
same conclusion as before. 

24. Multiplying the equations (I) by Xi,„ Xj,,, ..., Xr^g where 
X,.,, = ^— and adding, we have 

rf^r = 0, 

an equation in an integrable fonn. Such a system of quantities 
may be called a set of integrating factors ; there must evidently 
be n independent sets of integrating factors, each set subsidiary 
to the derivation of an integrable equation ; and the determinant 
of the n sets is not zero, because the Jacobian of the functions <f> 
with regard to the variables u is not zero. 

Now let yfr be any other integral of the system of equations so 
that, as just proved, 

i^ = f(<t>i,<l>2> ,<^n); 

and let pi, pa, •*-, pn be the set of integrating factors subsidiary to 
the derivation of d^ = 0. Then we have 

for r = 1, 2, . . . , n. The determinant of the right-hand sides, 
considered as linear in the quantities ^, is a non-vanishing 
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quantity being made up of the n independent sets of integrating 
factors; so that the n equations can be solved to give the 

quantities ^ in the forms 
The vahie of -if is 

3(Wi, «2, , Un) 

and that of Mr is 

SO that all the quantities M are of the same kind, viz., Jacobians 
of systems of n solutions of the original equations. Such a 
quantity as -flf, or Jf^, is called, after Jacobi, a multiplier: it is, 
from its origin, a non-vanishing magnitude. 

Now unless the Hessian of -^j considered eft a function of 

4>ii •••> ^n> vanishes, the quantities ^ are independent of one 

another, so that there is no identical relation between them 
involving only constant coefficients. The eflFect of this inde- 
pendence of the quantities if is to exclude the existence among 
the n + 1 quantities M of any homogeneous relation of any 
degree with constant coefficients. 

If then we suppose that no one of the quantities ^ is a 

constant or zero, each of them will be a functional combination of 
the quantities ^ and so will be a solution of the system of 
equations ; and, as they are supposed to be independent functional 
combinations of the quantities ^, it therefore follows that the n 

quantities ~ will constitute a complete system of integrals, 

similar to the system of integrals 0i, 03, ..., 0n» 
We may now draw some inferences : — 

(A) Whei% a multiplier M of Ihe equations (I) w known, 
then eveyy other multiplier is of the form Jf<I>, where <I> = constant 
is a solution of the equations. 
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For every other multiplier is a Jacobiau of a system of 
solutions ; the quotient of this Jacobian by ilf is the Jacobian of 
the system of solutions with regard to ^, ..., ^n ^^^ therefore, as 
it is a function of ^i, ^, ..., ^n* it is a solution of the equations. 
Hence, conversely : 

(A') If two independent mtdtipliers have been obtained which 
have not a constant ratio, their quotient is a solution of the equations 
(I) (yr (H). 

Also 

(B) 7/* n + 1 multipliers have been obtained such that there 
exists among them no homogeneous rdation of any order, then the 
n quotients of any n of them by the remaining one form a complete 
system of integrals of the differential equations. 

And, as can easily be proved by similar considerations : — 

(C) If p-\-n-{-\ multipliers have been obtained, then there 
exist among them at least p identical relations, the coeffidefits in 
which are constants, 

25. Now we can deduce from a well-known theorem in 
determinants, due to Jacobi*, the partial differential equations 
which these multipliers satisfy. If there be n + 1 functions (say 
^, ..., <l>n the foregoing functions and <^ any other function) which 
involve n + 1 variables (say Ui, ..,,u^ and x any other variable) 
and if 

9(a?, w,, ,Un) dx ^dui ^dun* 

then the quantities A are such that 

dA dA^ dAn f. 

-^ — r -^ — r -r ^ — = v. 

OX OUi OUn 

This theorem is applicable to the set of functions under considera- 
tion, when we make x the same as any one of the variables 
XiyX^, ...,iFm. We have A given by the quantity M; and we 
have, for a; = a:,, 

0{X,Ui, ...,1/r-i, Wr+l» •••,^W 
♦ Crdle, t. xxvu. (18U), p. 21; Ges, Werke, t. iv., p. 828. 
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where, in the denominator, u,. docs not occur. But, by (II), 

dak .=1 '-'S^' 



so that 






where Ur does not occur in the sequence z^, ...,«*,»; and thus 

Ar= (- 1)'-^^ (- ir^l^^^-- ' f'^jtr^.e 

9(t^, t^, ,t*n) 

3(Wi, Wa, , Un) '■'*' 

where *^, Wj, ..., Un are now the complete set of all the variables u. 
Hence 

and therefore substituting for -d[r(r= 1, 2, ..., n) and for A we 
have the equation 

dM , d(MU,,,) .3(Aftr,.e). ^8(ifU-„,t) „ 

-i T 5 1 5 — + + o~ ~ = V. 

The dependent variable M in this equation is the non-evanescent 
Jacobian of n solutions of the equations (I) or (II) with regard to 
t^, ..., ii»; and therefore the same equation is satisfied when the 
function ^fr is substituted for ^i, ^g, ..., <f>n in turn in this 
Jacobian, that is, the other multipliers Mi, ..., Mn also satisfy the 
equation. Hence, by propositions (B) and (C), every multiplier 
satisfies this equation; and, therefore, as the equation holds for 
the values t=l, 2, ...^ m, ike multipliers of tli£ system (I) or (II) 
are determined by the equations 



Vi(7=-5 1 — ^ + - — ^- - + H ^ =U 

OXi OUi OWa OUn 

V^= ^^- + L(^-M + 3 (^J^m) + I 8 (gt/"n..) _ 



9a?. 



duj 



du^ 



dUn 



"* 8a;,„ dill 9uj 3u„ 



..(III). 
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Ex. A verification of (A') in this paragraph can be deduced at once from 
(III). For if 6 and ^ be two solutions of (III), we have 

0=v,(d«) 
and therefore ^, the quotient of two solutions of (III), satisfies 

for the values ^==1, 2, ..., yh. Thus is a solution of (II), the original system 
of equations. 

26. Suppose now that, instead of deducing differential 
equations from a set of given integral equations of the type 
considered, it is required to obtain a system of integral equations 
equivalent to a given system of independent differential equations. 

The most general form of the latter is 

% Xr,,du,-vX Yr,tdxt = (r = l,2, ...,n), 

the coefficients X and Y being functions of the variables u and x. 
Since any linear combination of these equations will be satisfied 
by the same integral equations as the foregoing set., they may be 
replaced by the set 

m 
dWr= 2 Ur,tdWt (I) 

obtained by solving the system for dui, ..., dunl and there are n 
equations in this set, all the coefficients U being functions of x 
and tA. It is assumed that the equations can be thus expressed — 
an assumption which implies that the determinant of the co- 
efficients X does not vanish and which is justified by the 
supposition that the system of equations is independent; and 
the form (I) will be considered the canonical form of such systems 
of equations. 

In order that a system of equations such as (I) may be 
replaced by a system of integral equations, which suffice to 
determine Wi, t42> •••> w» as functions of independent variables 
Xi, Xj, .,,, Xfn, certain conditions must be satisfied. Instead of 
regarding the coefficients U as composed of derivatives of the 
(unknown) functions ^, we may regard the us as (potentially) 
expressible by means of the unknown integral system in the form of 
explicit functions of the variables a^i , a?2> • • • > ^w ; and when they are 
so expressed they satisfy the necessary and sufficient conditions 

9 fdu\ d fdu' 
dxt 



?« \dxj dxt \dxg) ' 
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which apply to each of the dependent variables for all combinations 
of 8 and t. 

From the system (I) we have 

1-^'.. m 

for each of the indices ^(= 1, 2, ..., m) and each of the indices 
r (= 1 , 2, . . . , n) ; and when we substitute in Ur^t the values of those 
variables u which may occur, in terms of Xi, a^, ...^x^, the 

resulting value of ^ — is the same as in the above condition. 
Denoting this value by L^ '^ , the foregoing condition is 



dxg [dxtj dxt idjCgj * 



The aggregate of these conditions, necessary and sufficient for 
the integral equations, is certainly necessary for the differential 
equations under the supposed hypothesis; it must not, with- 
out proof, be assumed sufficient for the differential equations. 
Now we have 

dxg [^dxtj dxg ^i dup dxg 

where the quantities on the right-hand side are as they occur in 
(I) ; and similarly for the other member of the equation of 
condition, which therefore becomes 

dxg '^ pZi^""^' d^ - dx7'^ p^i^'^^'d^' 

or, what is the same thing, 

This equation must be satisfied for 

(i) each of the values 1, 2, . . . , n of r : 

(ii) each of the J^i(m- 1) combinations of 8 and t from 
the series 1, 2, ..., m; 
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therefore the total number of necessary conditions rejrresented by 
(2)w 

^nm (m — 1), 

and these conditions are independent of one another. 

27. It now remains to prove that these necessary conditions 
are sufficient to ensure that the integral equivalent of the n 
differential equations (I) is constituted by a system of n integral 
equations independent of one another. For this purpose an 
inductive process will be used. The given system (I), involving 
n dependent and m independent variables, will be transformed by 
a change of variables to a similar system, involving n dependent 
and m — 1 independent variables; and, of the ^nni(m— 1) neces- 
sary conditions of the original system, ^n (m — 1) (m — 2) conditions 
bearing the necessary corresponding form will be shewn to survive 
for the transformed system. 

To obtain the transformations we subsidiarily consider all the 
variables x^, ...yXm as unchanging; the equations (I) take the 
forms 

di^ _ C?Wj __ _ dUn _ , 

Tr~ "" Yf — TT a*^i • 

Uii Ufn Ufii 

Let n independent integrals of these n equations be 

fi = constant, ^2 = constant, , fn = constant, 

where fi, fs* •••> fn are functions of u^, ti^, ..., w„, a?i and of 
unchanging quantities that may occur in Uu, U^i, .,,, Um, that 
is, of a?5, ..., Xn. All these functions f satisfy the equation 

dxi ,.=1 ^d^Ur 

Having thus obtained these n independent functions f, we use 
them to form equations of transformation in the shape 

where Vi, Vs, ..., Vn (constant so far as regards a:,) are functions of 
^, •••,^m» now to be determined. Taking any one of the 
equations, say 
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we have 

dv= % ;^ dur + S 5-2- dxg 

after substitution for the quantities du from the equations (I). 
The coefficient of the element dxi on the right-hand side vanishes 
on account of the partial differential equation satisfied by f, so 
that the assumption of dv being independent of c2d^ is hereby 
justified. When we take 



then we have 



dVr= X V'r^dx, (ly, 

for r= 1, 2, ..., n. 

28. This is the transformed system indicated : we proceed to 
consider the coefficients FV«. From the n independent equations 

we can find the values of w^, tta, ..., Vn as functions of Vi, Vj, ..., v^, 
fl?i, a^a, ...y Xfn; and when these values are substituted for the i^'s 
in FV#, wherever they occur, it is changed into a function of 
Vi, Va, ..., Vn, ^1, ..., Am- Let Vrs denote this transformed value 
of V'rt- then V^ is explicitly independent of x^, a, result which 
leaves the system (I)' involving only m — 1 independent vari- 
ables. 

The proposition just enunciated may be proved as follows. 
Let B' denote any function of t^, tij, ..., Un, x^y .-.i ^m aiid B the 
same function when substitution is made for t/i,T^, ..., w^ in 
terms of Vi, v„ ..., t;«, Xi, ..., «?„>; thus B involves a?!, aj^, ..., a:^ 
and V, (= f ,), Vj (= fa). •••,!;„(= f «)• Then 

dx^ dr^ r=l9?r3^'/ 

anQ ^ " — j^ ^c» ,^ 

for ;) = 1 , 2, . . . , ?? ; hence 
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9a?, 






By the differential equation (3) which all the functions f satisfy, 

the coefficient of every term ^^ on the right-hand side Is zero ; 

hence 

30 ^ae' I ^ 30' 

3^1 3x, p=i ^'^ dup* 

30 
giving the value of j.- , so far as oci occurs explicitly in the 

transformed function 0, in terms of derivatives of 0' the un- 
transformed function. 

Applying this general result to the coefficients in (1)', we have 



dxi dxi p=i ^'* dup 



Substituting from (4) the value 






for V'ri, we have 



3a?i dxidxg p^i '*•* dxgdup 



+ 2 ?7 ' ^'^'' • '^ ^'^ ^^'^ 



4- i f^ ^^^- \ 
p=i ^'^dugdup) 



^=1 ^''(3M,^3ir, 

A ^"«? I 3*^1 P=i ^'* 3^ 3 



9 



But by the differential equation (3) we have 

OXi p=i ^' 3Mp 

so that, differentiating for explicit occurrence of a?,, we have 

..?^ + i jT -^ =- i ^^'••' ^ 

dxidxg p^i ^*^dxgdup p=i 3a?, diip 

9=1 3a;, 3W5 

dV 
which transforms the fix'st line of the expression for -o""- 
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Similarly, differentiating the equation for explicit occurrence of 
Ug, we have 

duqdxi p=i ^'^dugdup p=i dUg dtip' 
and therefore 

n 

2 



9 






p=i«=i ^'' dup dvg' 

dV 
which transforms the second line of the expression for -o~^' 

Hence, on substitution, 

3fl?i 9=19^9 1 9a?i dxg p=i V '^'^ 9wp ^•* dup )) 

= 0, 

9f 
because the coefficient of every one of the terms ^ (g = 1, 2, . . . , w) 

vanishes by the conditions (2). Hence F^ is explicitly indepen- 
dent of Xi ; and therefore the system of equations (I) has been 
transformed to the system 

dvr^t Vrsdx, ,.(!)', 

#=2 

in which a?i no longer occurs explicitly. 

29. Some of the conditions (2) have been used in making this 
elimination of Xi possible : viz. those of (2) which hold for 

(i) each of the values 1, 2, ..., n of r; simultaneously with 
(ii) all the m— 1 combinations of a with 1. 

Hence n(m — l) conditions have been used ; and there thus 
remain ^nm (m — 1 ) — n (m — 1), that is, J^n (m — 1) (m — 2) con- 
ditions, as yet unused ; they are those equations of (2) which hold 
for 

(i) each of the values 1, 2, ..., w of r; simultaneously 
with 

(ii) each of the ^ (tw — 1) (m — 2) combinations of 8 and t 
from the series 2, 3, ... , m. 
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These remaining conditions can be transformed. We have 
and hence 









,=1 oug [ dx, 7=1 dtii ' ) 



n n 



+ 22 fr,,,r,„ ^^' 



duJdut 



9=1 p=l ut^puaq 

,=1 8m, ( dx, p=i 9Mp *•' 
Also, since *|p=fj>. 

wehave ?iV_?&. |?^77 _ v- 

by (4): a result which might also have been inferred from (I)'. 
Hence 

q^lp^l ^'^ ^' dUpdUq q^idUq{dXt p=i 311^ '^' J 

Interchanging « and t and subtracting the corresponding members 
of the two equations, we find 

dx, Txt ^ pZt\ ''' dvj, "•' dvp) 

= 2 ?f' |^^_3^«.f+ 2 ft;- ^-??^- Z7 ,^i^-'' 
,=1 9«, I 9^, dx, p=i \ **'* 9Mp **• 3»<p 

the covariantive character of which equation is> worthy of notice. 

r. V 
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Since all the coefficients of terms ^ on the right-hand side 
are zero, it follows that 

f M _ 9i. + f (r,.. '^^ - F,, m = 0...(2)'. 

OX, CXt p=2 \ ^ OVp ^' dVp J 

an equation which holds for 

(i) each of the values 1, 2, ... , n of r ; 

(ii) each of the J (m — 1) (m — 2) combinations of 8 and t 
fix)m the series 2, 3, ..., m. 

Hence (2/ implies 

Jn (m — 1) (m — 2) 

conditions in all. Moreover, because the quantities f,. are inde- 
pendent quk functions of u^, ..., t^n, so that their Jacobian does 
not vanish, the conditions (2)' conversely lead to the vanishing of 

all the coefficients of the quantities ^ in the previous equations. 

OUg 

It therefore follows that the ^n (m — 1) (m — 2) conditions (2)' are 
equivalent to and coextensive with the ^ (m — 1) (m — 2) conditions 
which survived after the transformation (I)' ; and therefore these 
new conditions (2)' may replace the old. 

30. The new conditions (2)' stand in the same relation to the 
new equations (I)' as the original conditions (2) to the original 
equations (I). Hence if the system of equations (I)', involving n 
dependent and m — 1 independent variables, have its integral 
equivalent in the form of a system of n integral equations in 
virtue of the conditions (2)', it follows that the system of equations 
(I) involving n dependent and m independent variables has its 
integral equivalent in the form of a system of n integral equations 
in virtue of the conditions (2). 

Now for a single independent variable the conditions are 
evanescent; and it is known that the integral equivalent then 
consists of n equations. Hence, by induction, we have the 
following theorem : — 

In order that a system of n simultaneous linear differential 
tions 

m 
dttr- 2 Ur^dXty 
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where r = 1, 2, ..., n and the coefficients Ur,t are functions of all the 
variables x and w, may possess an integral equivalent in the form of 
a system of n integral equ<Uions, it is necessary that the conditions 

oxg dxt p«iV ^ dup ^' dup J 

should be satisfied for, (i) each of the values 1, 2, ..., n o/ r and 
(ii) ea^h of the Jm (m — 1) possible combinations of s and tfroni the 
series 1, 2, ..., m; and the identical satisfaction of these conditions 
is suffixAent to ensure the existence of an integral equivalent of the 
stated form*, 

31. The following method "j- of expressing the necessary con- 
ditions, which will (after the result just proved) be assumed 
sufBcient, refers to the unsimplified or uncanonical form of the 
equations. Let the equations involve n variables and be A; in 
number, where k is not greater than n : and suppose them to be 

Xudxj + + X^ndxn^O 



XkidXi + -\-XkndXn = 

Let the coefficients X be such that only m of these equations are 
independent; then all the remaining k — m equations are linear 
combinations of those m, which may be taken to be the first m 
equations. We proceed to express the necessary (and suflScient) 
conditions that the m equations should be an exact system and 
have therefore m independent integrals. 

If one of these supposed integrals be /= constant, then the 
differential relation 

^dx, + + ^dxn^O 

OXi OXn 

must be a linear combination of the m independent equations 
above ; and therefore all determinants of the (m + 1^* order of 
the system 



mii 






» -^ win. 

df 

'dx„ 



* This result appears to have been ^iven first by Deahna, CrfUey t. zz. (1S40), 
pp. 840— d49. 

t Frobenias, CrelUf t. Izzzii. (1877), pp. 276 et seq. 
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must vanish. Hence all systems of quantities f , which satisfy the 
equations 

X^fi+ + X^«fn = 

(for /i == 1, ..., m), also satisfy the equation 

which is thus a differential equation for the integral / And, 
since each of the original equations can be expressed as a linear 
combination of the m independent equations, we may change the 
series 1, 2, ..., m as values for fi to the series 1, 2, ..., A;. 

Since m of the equations connecting the n quantities f are 
independent, there are n — m essentially distinct systems* of 
solutions, and therefore there are n — m distinct differential equa- 
tions of the form E/= 0. Since there are m functions/ and there 
are n — m linear differential equations in the n variables, this system 
of partial differential equations is complete ; and the conditions for 
this completeness are the conditions for the completeness of the 
independent equations of the original system. 

Let t^, ..., Wfi; Vi, ..., Vn; be any two systems of solutions of 
the quantities ^ ; and let 

f^(/)=0, F(/) = 

be the corresponding differential equations. Then the required 
conditions are that, for every possible pair, the equations 

lT{V(f)}=VlV(J)] 

shall be satisfied either identically or in virtue of the w— m 
differential equations E (/) = 0, Now 

* If Pj^^ , ... , Pj^^ (for X= 1, ... , n - m) be n - m new sets of quantities such that 
the determinant 



A= 



•^u» » ^: 



m 



•Pu» » *m 



P P 

does not vanish, then a system of solutions is given by 

aA_ . dA ^ 

and the n - m systems, corresponding to all the possible values of X, are distinct. 
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j=i dxj i-i \ dxi * dxiJ ' 

which must vanish. The system of partial differential equations 
being complete and each equation of the system being linear and 
homogeneous in the partial differential coefficients, it follows that 
there must exist some solution of the equations determining the 
quantities f such that 

for J = 1, ..., n; and the equations, which arise from this condition 
for all values of j and for all possible pairs of distinct sets of 
solutions, are sufficient to ensure the completeness of the sjrstem. 
Now by the definition of the quantities wj we have for all the 
values of fi the relation 

n 

and therefore for all the values 1, ..., A; of /i the relations 

2 2 Xu,jt^^=^ 2 2 XajVi:^, 

though the equations in this set for /i = m+l, m + 2, .,,,k are 
superfluous. But also 

n 

2 Xf^jVj = 0, 

'* 9v* * ^X i 
so that 2 Z-i ^ = — 2 vj -^^ ; 

and similarly 2 X-j ^ = — 2 Wj ^—^ . 

Hence sufficient and necessary conditions are included in the set 
of equations 

2 2 UiVj -^^ =22 tuvi -r-^, 

<siy=l ' OXi i=ij=:i OXi 

or finally, in the set 

^dXui cfX. 



^ ^ (dX^ dX^i\ 
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for the values 1, 2, ..., ^ of /i (some of which cciuatioDs are 
superfluous because not iudependent of the others) and for all 
pairs of sets of distinct solutions u and v of the equations 

for the values of 1, 2, . . . , ^• of /i. 

Kv, As an illustration of these results (for other details in regard to 
which the quoted memoir of Frobenius may be consulted), consider the 
system of equations 

aiidjCi+ai/iLc2+ +ai^cLje^=^0 (t = l, , n), 

so that k of the preceding iuvestigation is n ; and the quantities Uij arc 
supposed to be derived from n functions P^, . . . , P^ by the equations 

_ dPi dPj 

and, as above, it will be assumed that minors of order m (< n) of the 
determinant 

^n > ^i» 



do not all vanish, but that all minors of order greater than m do vanish. 

In order that this system of m independent equations may be complete, 
the necessary and sufficient conditions are that the equations 



5 s /??W ^^mA_o 



are satisfied for all values fi=l, .••« ^ ^ud for all sets of quantities which 
are subject to the equations (the independent equations being m in uiuuber), 

n 

r=l 

n 
Since S a«Vi=0, 

i=i 

, '^ dan ** dvj 

wo have 2 3-^ «.+ 2 au -, ■ =0 ; 

and therefore, multiplying by t«j, adding, and remembering that for every 
value of j 

H 

2 ayWi=0, 

we have 2 2 w.«;. ^-^ =0, 

,=iy=ii '' 9a?^ 

doij daiuL daui 
or smce ^+ 5-^+ ^ "* =0, 

ox^ dxi oxj ' 

the conditions, above proved to be requisite, are all satisfied ; and therefore 
the system is a complete system. 
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32. The integi'atiou of the equations, on the supposition that 
the conditions are satisfied, may be founded on the preceding 
investigation (g 27 — 30). One process follows it directly, and so 
is a generalisation of Euler's method ; another, after the adoption 
of a modification, comes to be Natani's method. 

For the former process, we begin by supposing all the variables 
constant excep.t Xi and integrate the equations 

< dur=UncLci (r= 1, 2, ..., n) 

in the forms f^ = constant = v^ (aJj, . . . , a?,„), 

where Vr is unknown. When these values of f ai*e substituted, 
the equations are of the foi*m 

m 
dVr— 2 VrtdXi, 

where V^ does not involve x^. The similar transformation is 
applied to the new system in order to diminish the number of 
independent variables by unity ; and so on, until the integral is 
obtained 

Ex, I. To int^^te 

{v -u)du^{\- uy) cLp+ (1 - ux) dy^ 

{v -u)dv— (vy - 1) dx+(vx -l)dy. 

The two necossary conditions are satisfied. Proceeding as indicated, we find 
two independent integrals of 

(v-u)du=(l-uy)dx, 

(v-u) dv^(vy-l)dXf 

on the supposition that y is constant. We find them to be 

u+v=xy-\r$y 

uv=x +0, 

where B and <t>, the constants of int^ration, are made functions of y. Then 

dB^'du+dv-xdy-ydx 

=0, 
after substitution for du and do from the original equations ; and 

d<f>'=^udv+vdu-dx 

=dy, 

after the same substitutions. Hence 
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where a and ^ are constants ; and thus the int^ral equivalent of the original 
system is 

Evidently any function of u+v-anf and uv~x-y is a solution of the 
equations, that is, its variation is zero in virtue of the differential equations. 

Ex, 2. The system 

{u - v) (m - w) du _ dx dy d» 

(ma- - 1) (uy - l)(uz - i) *" tw? - 1 uy-l t»-l* 



(v - u) {v - w) dv _ ^ , <^y , 



dz 



(vx-l)(vy-l){vz''l) vx~l vy-l vz-l^ 

(w-'U){w-'V)dw __ ^' , ^y , <fe 
(wx - 1) (my - 1) (wz - i) " wx ~ \ tpy-l tw-1' 

may be similarly solved, with the result 

constant = uvw — x-y-z, 
conat8i,nt=suv+i>w+wu-xy-yz-zXj 
constant = t* + V + w - ^j?. 

33. The other method is that given by Natani* ; it is the 
natural generalisation of his method which applies to the case of 
a single equation, and it is connected with the generalisation of 
Euler's method in the same way as his earlier method is connected 
(see Ex. 2, § 19) with Euler s method and may be justified by a 
similar argument. 



= Udx + U'dy + U"dz X 

'= Vdx^ V'dy+ V'dzi (a), 

^^Wdv+Wdu+Wdz) 



Ex. 1. Sufficient illustration will be afforded as regards the general 
process by considering a set of equations 

du= Udx + U'dy -{■ U"dz 

dv- 

dw=- Wdv+ W'dy 

wuplKwed to be integrable. The following is Natani's method : the possibility 
of its application at each successive step is implicitly proved in the earlier 
investigation. 

The integrals of 

du=^Udxy dv=VdXf dw=^ WcLVf 
on the suppasition of y and z constant, are of the form 

(w, V, ?r, X, y, r)= constant =p (y, z) 

ylr{u,v, IT, a:, y,z)= constant =<r(y,«)}- (a)', 

X («i Vf tr, Xf y, -:) = constant- 



=p(y, «)) 

.=T(y, 2)/ 



* CrelU, t. Iviii., p. 303. 



I 
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where the fuiictioiiH p^ <r, r arc not derivable by this lirat integration, but tlic 
forms <fij ^, X. ^^'^ known. When, however, the vahies of p, o-, r are known, 
then the foregoing equations constitute the integral equivalent of the system of 
differential equations. 

Since the three functions on the right-hand side do not involve ;r, their 
value and form are not altered when any particular value, say zero, is assigned 
to X. Let Uj, t7j, Wi be the corresponding values of u, v, tr; then we have 

(w, V, IT, A-, y, z)^4> (wi, 471, ifi, 0, y, z) \ 

yit (m, V, w, X, y, z)^^ (wi, I'l, le^i, 0, y, zy> (a)"; 

X («/, V, w, ^, y, «) = X (^> «^i> ^i> o» y» ^) * 
and the equations determining t^, r,, vc^ are 

rfMi= U^dy-^rU^'dz 

dv,^ V;dy^ r/'cfej. (6), 

dxo^^W^dy^-Wi'dz^ 

where the coefficients are the values of the original coefficients after the 
substitutions u = Uj , v^v^^ \o=^w^y x^^. 

Let the integrals of 

(f tfj = U^dy^ dvi = Vi'dy^ dw^ = H^'rfy, 

on the supposition of z constant, be 

f (t/j, t^i, ifj, y, z) = constant =X(^)j 

iy(e*i, i^i, tri,y,^) = constant «=/a(z)> (6)', 

f (ttj, i?i, irj, y, ^)= constant = v (z)) 

where the functions X, ft, v are not derivable by this int^^tion, but the forms 
of (j »?> C ^^"^ known. Since those three functions do not involve y, they 
remain unaltered by the assignation of some special value, say zero, to y. 
Let f^, 1^2) ^8 ^ ^^^ corresi)onding values of i^, i^j, t^j; then we have 

$ K, i\, M^i, y, ^)=f (Mj, i^a, *r„ 0, z) \ 

fl (?*i, Vi, iTi, y, r)=i, (wj, v,, tr„ 0, «) V (6y; 

f («h> »^i» ^'^i, y> «)=f 0«ii «'2» «^«» 0, z)) 

and the equations determining u^^ v^, w^ are 

rfM,= 6V'c?x-, <^Va= ^^j"flk, rfw,= W,;'dz (c), 

where the coefficients are the values of 6V', I'V* '^i" »fter the substitutions 
%=Mj> <;j=e'j, eri = tr2, y=0, i.e. are the values of the original coefficients 
U'\ r", W after the substitutions t*=t^, v-=^v^y w^w^^ X"=0, y—0. 

The int^;rab of (c) are of the form 

where the quantities on the right-hand side are constants. From these 
equations we determine u^^ v^, w^ as functions of r; when they are substituted 
in (6)", we have, by comparison with (6)' , the values of X {z\ fi («), y {z). 
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We now use (&)' to determine Ui,Vij w^ in terms of y and z; when their 
valuer are substituted in (a)" wo have, by comparison with {a)', the values of 
P (y> ^)i o" (y> ^)» ^ (y» ^)' ^TAtfit (a)' (jrii^e* M« integral equivcUent of the system (a). 

AppHed to the particular example I of § 32, the first integration gives 

tt+v-a?y= function of tf^Ui + v^y 

uv-x= function of y = u^v^^ 

on putting x=0\ and ii^ and Vy^ are determined by 

so that Wi + ri=a, 

Henco w+t;-^»=(i, 

w»-a? =y+ft 
the same solution as before. 

Ex. 2. Integrate the system of equations 

dui — u. , i-T-p-^s ^ dx, + Wj 7 r-T-s r do:- 

(a— •Tj) (a — ^2) (a — ^1) (a — a?j) 

(Maximowitch.) 

Ex, 3. Integrate the simultaneo)is system of total equations : — 

<^=/;= — Z-S7Z-— -^[^l(^l-^l)c^l+«l(•»l-'«^l)fl^l+«s(~2^» + ^l+^s)^a]• 
(Maximowitch.) 
Ex. 4. Integrate the (exact) equations : 

fl?tt=(M+^)ctr+(v+y + l)rfy + (w?+-2+l)c&\ 
dv={v'\-y-\-\)dx-\-{^w-{'Z)dy-\-{u-\-x-\-\)dz\\ 

dw={w-\-z-\-\)dx-v{u-\-x-\-\)dy-\-{V'\-y)dz) 
and also 

du=udx-\- vdy'\-wdz\ 

dv= vdx-\-v)dy-\-udzy\ 

dw^tcdx+udy + vdz / 

(Stodockiowicz. ) 
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Ex. 5. Integrate the simultaneous equations 

^y\ = ( ^11^1 + ^12^2) ^\ + ( ^nVx + *22y2) c^^it * 

where the quantities a and 6 are functions of ar^ and ;r,, sup[)osed to satisfy 
the conditions necessary for integration. 

(Le Pont.) 

34. A very remarkable development of Natani s method of 
integration has been made by Mayer*. 

As indicated in § 33, Natani s method when applied to the 
general system of integrable equations (I) retjuires the integration 
of m different systems of n ordinary differential equations of the 
first order; and the successive systems are constructed by the 
adoption of special values for those of the variables whose 
variations have ceased to occur. Mayers method requires the 
integration of only one system of n ordinary differential equations 
of the first order. 

In § 33 it was assumed (for purposes of illustration) that zero 
was a suitable value for each of the variables, when once its 
vaiiation ceased to occur: suppose more generally that for the 
independent variables in the equations 

m 
dUr= 2 Ur.tdxt (I) 

the values o^ = tti, a;, = o^) •^'s = <<s) • • • > &x*e assigned after the inte- 
gration of each of the successive systems of ordinary equations. 

The independent variables are changed to y^ ---,ymi any set 
of m independent quantities, by the substitutions 

oot = oLt + {yi- 0)fu 

where/,, ...,/w aie m independent functions of the new variables 
y, and is a constant. When substitution takes place in the 
system (I), it takes the form . 

dur= X Yrgdy, (ly, 

where ^« = 3, ^^ {/^ + (y^- ^)||} > 

F„ = (y,-e)2 Urt^. 

e^i oy, 

* Math. Ann., i. v. (1872), pp. 449—470, "Ueber simultane, totale and 
pariielle DifFerentialgleiohongen'*; especially § 3. 



60 Mayer's method of integration [34. 

It is iiatiirdl to expect that the system (I)', which is merely a 
transformation of (I), will satisfy all the conditions of integiubility : 
and it is easy to prove that 

9y« 3yt p=i \ ^ ^ih ^ dup) 

A=i ^=1 9y« iyt L 9^a 9-^ft p=i \ ^^ dup ^ dup /J 

= 0, 

because the conditions of integrability of (I) are supposed to be 
satisfied. 

Proceeding with the transformed system (1)' as in Natani's 
method, we first integi-ate the system of n differential equations 

dus= Ys^di/i (8=1, 2, , w) (A) 

on the supposition of the invariability of y,, ..., y^. Their n 
integrals are of the form 

where Xr, a constant of integration, is independent of j/i and may 
be a function of yj* •••, ym* The value of V is thus not altered 
when we assign any special value to yj. Let the value be 
assigned to yi and suppose that the altered values of Ui, ..., Un 
are Wi', ..., Un\ then we have 

so that the system of n integrals is of the form 

<l>r{fh> , Wn, yi,yj, , ym) = <^r (W/, , t^n, ^, y2, f !/m)' 

The quantities u' must now be obtained ; they are, as in § 33, 
determined by n equations 

m 

dur = 2 Y'r^dy^y 

where FV« is the value of F„ after the substitutions Ut = i(^\ yi = 
have been made. But these substitutions make Yn vanish, so 
that all the coefficients FV« are zero: hence the equations 
determining the quantities u are 

du'r = 0, 

that is, all t/ie quuntities u are constants. Hence the system of 
integrals of the transformed system (1)' is 
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the functions ^^ being determined by the integration of the 
equations (A), the only integration now necessary. 

In order to obtain a system of integrals of the system (I) we 
merely have to eliminate the quantities y from the equations (B) 
by the relations of transformation 

a;t = «( + (yi - 0)ft ; 

there are sufficient arbitrary constants to constitute the result 
a system of integrals of the equations (I). 

35. To render the integration of the equations (A) as easy as 
possible, it is natural to adopt the simplest relations of trans- 
formation consistent with genemlity. These appear to be 

and ^r=ar + (yi-ai)yr, 

for r = 2, 3, . . . , m ; for these relations, the coefficients Y are 

m 

Yh=^(1/i-(^i)Uh (t = 2, ,m). 

There is one simple property of the system of integrals which 
exists in some cases. If it be possible to eliminate the variables y 
from the function ^^ and obtain a function 

which is not indeterminate for values of x corresponding to yi = 5, 
then the integral takes a simple form. The value of a^ which 
corresponds to yi = is «< ; hence the determinate value of ^^ for 
yi = ^,t*i = Ci, ...,Wn = Cn is 

which is thus the value of ^r(ci, ..., Cny 0,y%t ..., ym)- Hence it 
follows that when the value of the right-hand side of the integral 
(B) takes the form 

V^r(Ci, ,Cny «!, , Om) 

a pure constant, the integral itself is given by 
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But it must be understood that this result in the present form is 
strictly limited to all integrals (B), which are such that the 
substitutions yi = 0, u = c reduce the function ^,. to a constant. 
We give here one example in which this occurs ; another will be 
given later in which the property does not hold. 

Ex. As an illustration of Mayer's theorem, consider the equations 

{vy- ux) rfw= (M*+y*) dx-\-{uv-\-xy) dy 1 
(war - vy) dv = (uv+xy) c/^+ («;* +^) cfy J ' 

which satisfy the conditions of integrability. In accordance with Mayer's 
result connected with the simplest substitution, we leave x untransformed 
and take 

then the set of subsidiary equations (A) is 

[v {/3 + {x-a)z}- ttx] du={u{u-^vz)-^(fi-az +xz) (0 -az-^2x2)} dx'\ 
-[v {p+ix- a) z} -tix]dv={v {u-\'Vz) + (fi - az + 2xz) x) dx J * 

Two integrals of these are easily obtained {z is invariable) by taking them 
in the equivalent forms 

vdU'\-tidv = (fi-az+2xz)dXf 

xdu'\-(fi-az+xz)dv=-(u-^vz)dx. 
The former gives 

uv - (fi - az) X - a^z=CiC2- afij 

on taking x=a; hence we infer that the integral is 

iw-xy= CiC^ -afi= constant. 
The latter gives 

a?w + (/3 - az)v+sxv=aCi +/8C2, 

on taking x=a and of course u—Ci^v^c^os before ; hence we infer that the 

integral is 

xu-^yv=aCi+ /Scj = constant 

Hence the iut^;rals are 

wt^-^=constant| 
xu-\-yv= constant J 

36. The conditions, necessary and sufficient to ensure that 

the equations 

dv^ = Xidx'\' Yidy^ 

can be satisfied by a system of two integral equations are (by § 30) 

—^ — ^-X} 4. Y ^ — * — X — 4- Y — * — X ^—^ = 
dy dx ' 3?/, ' dill * du^ * du^ 

dX^ dY^ Y dX^ y 9 Fa y dX^ ^ dY^ _ 
dy dx ' &M, * dui "^ du^ ^ du^~ 
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It is interesting to see liow these conditions arise when a set of 
integrating factors (§ 24) is introduced; the process leads, in 
this special case, to a method of solution distinct from those 
which have preceded. 

Let a set of integrating factors be X and fi, so that 

d6 
then ^ = — X, 

d6 

^ = XZ, + ,iZ„ 

Hence we have the conditions 

^__ 3X dfi 

= ^(\Z.+mZ,)-^(\F,+mF,). 
From the first three of these we have 

dx ^dui *dti2^ dui ^ dui 

^+F ^ + F— = -X— '- — » 
dy ' di(i * 3t«, 9m, 3wj 



r 
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and from the last three it proves to be possible to eliminate 

A » 4- 1 '^ ~ with the result 
ox oy ou^ 

./aF, ax. yar, T.dx,\^ /ar, az, ar, ^az,\ 
-^V'ai"~a7"*"^'a«," '"35^/ '*va^~"¥ '3^" 'W" 

When this is combined with the last two equations, we find 

=X {—'-—' -^ X — '- F — ' + X — ' - F —'"1 
\dx dy ' dt(^ * 3?«5 ^ 3tt, ' 9iii/ 

Now the ratio of X:/i cannot be a quantity which is the same for 
all solutions ; for otherwise 

^ = this unchanging ratio = jrr ; 

3mi dui 

that is, the Jacobian of ^ and yfr would vanish and every integral 
would then be expressible in terms of only one so far as the 
dependent variables can occur. Hence the preceding equation for 
X : /i is not determinate ; and therefore the coefficients of X and fi 
must vanish. These are the two conditions that the given system 
should have its integral equivalent composed of two equations. 

Further the only independent equations which can be obtained 
free from the differential coefficients of fi are the pair 

3X y ^^ I y ^^ _ \ dXi dX^ 
dx ^dui *3m, dvri ^ duj* 

dy * dill * ?h(^ dui dui' 

The elimination of /i leads to a linear partial differential equation 
for X; when X is known, then either of the equations will 
determine fi. 

There is, of course, a similar result so far as regards fi, viz. 
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the only independent equations which can be obtained free from 
the differential coefficients of X are the pair 

and a similar inference can be drawn from these. 

(An apparent case of doubt sometimes arises if, for instance, in the former 
pair both the quantities ^ , ^ * vanish. This implies that the equation 

contains only three variables x, y, u^ : and the condition of integrability is 
satisfied, so that the equation can be integrated. Aind then without any 
fiirther consideration of the equations for X, the value of i^j obtained from 
the integral can be substituted in the first equation 

dill = X^dx + Fjrfy, 

which will then be found to satisfy the condition of integrability and is an 
equation in three variables.) 

37. The differential equation for X is 

ax aFj 9x aZj ax (y^_K^^y ^) ^ /"x — '- f ^—^) 

'^ 1 \ ^ dui ^ dui) du^\ ^ dui ^ duiJ 



dx dui dy du^ du 

(dA^ 

\ dui dill di(i dii^ ' 



and the subsidiary equations for its complete integral are 
dx dy dtiri dii^ 



01 2 dXl jr aFj ZTdXl Y dYi ^ y dXf 

dui diCi ^ dill * dill ' dui ^ dui 

d log X . . V 

=57:^^7^^ <^^- 

dui dui awi a^i 

The complete integral is not necessary for our purpose. 
One value of X determines one value of /*; when these are 
combined, they lead to an integral equation derivable from the 
given system. Similarly a second value of X will lead to a second 
integral equation ; and in terms of two integrals all the integrals 

F. ^ 
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of the given Rjrstem can be expressed Hence it %8 sufficient to 
have two independent valves of \ which satisfy its equation ; and 
the simpler they are, the simpler in general will be the integration 
of the resulting integrable equation. 

Ex. A sufficient indication of the method will be given, if we once more 
consider the equations 

(t^ - t*i) rftti = (1 - t^y) ctr + (1 - t^x) rfy, 

(t^ — t*i) dii^={ti^ - 1) dcc^-i^u^ — 1) rfy. 

We have X,J^-^, F,=^-^:M, 

Substituting in the subsidiary equations (A), we find they take the form 



dx 



_ dy _ dv^ du^ _d Aog\ 



ttjjX— 1 1 — t^y x—y 

As two solutions of the equation determining X are sufficient, we take these 

in the form 

X= constants:!, 

X=t«j, 

which are the simplest derivable from the foregoing set. When we substitute 
these in turn in 

^ 3mi hui dx ^Zui *dtt,' 

we find for the respective values 

so that 3 1 [ ) Z r ' ^^^ ^^^ ^^ ^^ int^rating factors ; and so, taking 

X {dui - Xydx- Fjrfy) +/* {du^ - X^dx - T^dy)—d^y 
for the two cases we have 









Only two integrals of the subsidiary system (A) have been obtained ; two 
others (which, with the two Xi=l, v^—\ and X]=t^, /i2=t^» make up a 
complete system of independent int^rals for X and of independent derived 
int^rals for /a) are 

with the derived values 
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Now the investigation in § 24 shews that, if X^, /a^; X^i Ih* ^') M ^ ^^ ^^ 
int^rating factors, then 

are solutions when they are independent of one another and are not mere 
constants. When ^i'^^i,, X'^Xj, these quantities become 

respectively, so that Ui+u^-x^/ ^® ^^^ ^^^y ^l^^tion thence derivable; and 
when ^'=^4, X'=X4, they become 

respectively, so that Uitt^-x-tf is the only solution thence derivable. But, 
since Uj+Wj-oy and Uiit^-x-y are functionally independent of one another, 
it follows from the general theory that 

constitute a solution of the system of two equations. 




38. There is also another method of obtaining the integrals, 
which is founded on the results of the general investigation 
proving the sufficiency of the necessary conditions. The integrals 
are considered as the common solutions of simultaneous partial 
differential equations* ; and it is easy to see that the process of 
successive integration is only a modification of the generalisation 
(§ 32) of Euler's method. 

Every solution <f> of the system of n equations 

m 

dut= 2 Us^tdxt (I) 

for the values « = 1, 2, ,.,, n, has been shewn (§ 22) to satisfy the 
m partial differential equations 

^*-|\!.^-sl=» : m 

for the values t= 1, 2, ..., m. 
The Jacobian conditions 

for the coexistence of the system (II) and the possession of 
common solutions are 

* Boole, Phil. Tram. 1862, pp. 487—454 : Mayer, § 12 of the memoir dted in 
§84 above. 



68 PARTIAL DIFFERENTIAL EQUATIONS [38. 

.=1 aJT. 1"8^ " ~d^ ■*■ pti V'^'^'d^ ~ ^''' dip')] - "• 

But the coeflScient of every term ^ vanishes, on account of the 

equations (2) of condition (§ 26) among the coeflScients, which are 
assumed to be satisfied; and therefore the Jacobian conditions 
are all satisfied. Hence the system (II) is of the type, which is 
often called a complete system. 

We now proceed to prove that the system (II) has, on these 
suppositions, n independent integrals, where n is the total number 
of variables in the system less the number of equations in the 
83^tem. 

Taking then the first equation of (II), viz. 

the system of equations subsidiary to the derivation of the most 
general solution is 

dxi _ dx^ _ _ dWfn _ dui __ du^ _ _ dtin 

Let the necessary n + m — 1 integrals of this system be 

Then every solution of Ai<^ = is expressible in terms of these 
quantities; and in order to have the simultaneous solutions of (II), 
it is sufficient to find what functional combinations of them will 
satisfy the remaining equations As^ = 0, . . . , A^^ = 0. 

Now if 

^=/(^i, , a?m, fi, , fn) 

satisfy Ae^ = 0, we have 









(11)', 



where Fr,f, the same function as before (§ 28), is a function of 
iT,, ..., Xfn, fi, ..., ^» only. This new system (II)' is a complete 
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system on account of the conditions satisfied by the coefficients 
Vr^t \ and the simultaneous solutions of (II)' are solutions of (II). 

We thus have, instead of the complete system of m linear 
equations involving m-\-n variables, a new complete system of 
m — 1 linear equations involving m + n — l variables ; and all the 
solutions of the second system are solutions of the first, and 
conversely. 

The new system is treated in the same way and is replaced 
by another complete system of r/i — 2 linear equations involving 
m 4- w — 2 variables: and all the solutions of the latter are solutions 
of the former and therefore also of (II), and conversely. 

Proceeding in this way we find that all the solutions of (II) 
are solutions of a system of one equation involving w + 1 variablea 
But it is known that such an equation has n independent solutions 
and that every solution can be expressed in terms of those n 
solutions ; hence the system (U) has n independent solutions and 
every common solution can be expressed in terms of tlieni. 

39. In order, however, to render the method appropriate to 
the solution of (I), it is necessary to prove the following proposition, 
which is the converse of that at the beginning of § 22. 

A set of n independent solutions of (II) constitutes a system of 
integral equations equivalent to (I). 

Let ^, <^, ...i </>n be the n independent solutions of (II); then 
the equations 



give l^^dxt+1 |^di^, = 0, 

for r = 1, 2, ..., n. But by the equations (II) we have 

d(f>r __ 2. 3^r rr 

dxr''8ii'dur'''' 
so that, substituting, we have 



AI'h'-l^-^='- 



This is a system of n equations, for r = 1, 2, ..., n. The system is 
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linear and homogeneous in the n quantities 

m 
dUg— S Ug^tdXt'y 

and the determinant of the coefficients of those quantities is 

3(Wi, Wi, ,Mn)' 

which does not vanish, because the quantities (j> are independent of 
one another. It follows therefore that 

m 

dug— 2 Ut^tdxt = 

for « = 1, 2, . . . , n ; this is the system (I) and it holds in virtue of 
the equations ^^ = Or. The proposition is therefore proved. 

Hence to obtain an integral equivalent of (I) it is sufficient to 
obtain any n independent common integrals of the system (II). 

Ex. To solve the equations 

(l+^)cfe=(y-ty-2;ry)cLF+(:F-t4-2y")fl?yJ ' 

the necessary conditions for the integration of which are satisfied. 

If <l> (x, y^ Uy v) he & solution, the partial equations which determine 
<l> are 

(i+^)a|+(2y+^-^)g* + (^-«-2y«)g=o. 

The equations subsidiary to the integration of the first of these are 

dx _dy _ du dv 

l+^"~ ~'i;+2a7+a;y""y(l-t;-2.r)' 

three independent int^rals of which are 

and therefore we have <^^/(y) pj <'')• 

When this is substituted in the second equation, we have 
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or after reduction 

The equations subsidiary to the integration of this equation are 

dy dp ___ do 

two independent int^rals of which are 

P> 

and therefore /(y, p, cr)=V^ (p, cr-y*), 

where, for the most general solution, ^ is an arbitrary function. 

Evidently all solutions are determinable by means of the two independent 
solutions Pi (T-i/^; hence the integral equivalent of the original equations is 

i;+y(w-^)=a, 
tt - ;r (v +0?) -y'ss/S. 

40. The result proved in § 39 as to the simultaneous equi- 
valence of the systems (I) and (U) may be obtained as follows. 

Any solution of the system (II) satisfies the equation 

where the coefficients /i are an arbitrary set of independent 
functions of the variables. Now a solution of this equation is 
a solution of the subsidiary set 

__ dxt _ __ dug _ 

and therefore every solution of the system (11) is a solution of 
these subsidiary equations, whatever be the values of the quan- 
tities /i. They become, after elimination of the /i's, the system 

dug= 2 Ugtdxt, 

that is, the system (I) ; and therefore by the ordinary theory of 
partial differential equations* every solution of the system (II) is 
a solution of the system (I). 

On account of this equivalence and of the £act that the partial 

* TreatUe, §§ 187, 189. 
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differential equations of the kind just considered, viz., homogeneous 
and linear in the differential coefficients, arise in some of the 
methods (e.g. in Clebsch's) of dealing with Pfaff's problem*, it is 
convenient to discuss in this connection some of their properties. 
The number of independent solutions of such a system has already 
been investigated in § 37 ; and one method of derivation of the 
solutions has been obtained, founded on that investigation. But 
because the systems of ecjuations (I) and (II) are equivalent, it is 
natural to expect that Mayer's method for the ordinary equations 
can be extended to the integration of the partial equations ; the 
extension is easily made as follows. 

41. The system of partial differential equations being 

we leave the variables u untransformed and tmnsform the variables 
X by the substitutions of § 34, viz. 

^e = ae + (yi~^)/f, 

where /i, ...,fm are m independent functions of the new m 
independent variables yi, ...,y,nj and 5 is a constant. Then we 
have 

3yi "" «=i 3^» 9yi 

= - 2 r„^; 

and for values 2, 3, . . . , in of q 

* Another important set of such equations, similar in form to those here 
discussed and complete as a system, is the set of equations characteristic of the 
concomitants of quantics. See, for e3uuiiple, a memoir on ''Systems of Temariants 
that are algebraically complete,'* Amer. Journ, of Math,, vol. xii. (18S9), pp. 1 — 60, 
115 — 161; the temariants are determined by such a set of equations, eight in 
number, and it is there she^^n (§ IS) by considerations entirely different from 
those occurring in this chapter that there is a number of functionally independent 
solutions which is easily neen to agree with the number determined in § 38 of the 
text. 
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*=i oyq axg 

*=1 Oj/q r=l OU, 

-_ V F ^• 

SO that for all values 1, 2, ..., m of ^ we have 

Ve<^=^+2 F^^=o (iiy. 

The systems (II) and (II)' are equivalent to one another ; and, as 
in § 34, the conditions of coexistence of the equations in (II)' are 
satisfied, so that (II)' is a complete system. 

To integrate (11)', so as to obtain the n independent solutions 
in its integral system, it is sufficient to obtain the n independent 
integrals of the equivalent system of n ordinary equations 



in 



It has already, in § 34, been seen that for this purpose it is 
sufficient to take the system of equations 

dur^Yndyu 
and to obtain n independent solutions of them in the form 

^viuu , Un^ yi, , y,„) = constant, 

the quantities y^, "',ym being supposed invariable. Then the 
system of iudcpendent integrals of the set of ordinary differential 
equations is 

^l>(^. <^rt, yu ya, , ym) — <t>p(Cif , Cn, 0f ya, >ym)i 

which are therefore n independent solutions of the system (II)'. 
The solution-system of (II) can be obtained by eliminating 
the variables y and replacing them in terms of the variables x; 
and if, in the above equations, any right-hand side take the 
form '^^(ci, ..., Ch, tti, ..., a^), then the corresponding integi-al of 
(II) is 

irp(u„ , u,., ii„ , iCm) = V'p (Ci ,c„, a, , c,). 
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Further, the equations 

(with ya, ..., ym invariable), which lead to the construction of the 
Ainctions ^p, are the equations subsidiary to the derivation of the 
most general integral of the equation in (11)' given by <= 1. 

Hence we have the theorem : — 

To obtain a set of n independent aolvJtions of the complete 
system of equations 

t^i'-t-'- '"'•'■ " 

we tramform the variables x by the substitutions 

«e = ai + (yi-^)/e(yi, , .Vm) 

and constnuyt the equation 

dyi r=l ^ 
The equations subsidiary to this, viz., 

^yi — y — — TT" 

•* u J^ ni 

(with yj, ..., yw invariable), are to be integrated ; they lead to n 
equations of the form 

<l>p{ui, , Un,yu , yj = constant. 

Then the system of soltUions required is obtained from the n 
equations 

<l>p(^, , ^H, Vu ya, , ym) = ^(Ci, , Cn, ^, y2 , ym) 

by replacing the variables y by their values in terms of the original 
variables x; and if any function <t>p(Ci, ..., Cn, 0t ya, ..., ym) be 
a pure constant '^p{ci, ..., Cn, fti, ..., Om), tiien the corresponding 
solution is 

As before, the forms of the functions f are at our disposal, 
subject to the limitations of independence. The simplest substitu- 
tions appear to be 

^=yi> 
^«=at+(yi-ai)y«; 
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then the qtumtities Yn occurring in the subsidiary eqwUions are 

Ex. To solve the system of equations 

Pz (^4 - ^d +Pi (^6 - ^e) +P% (^6 - ^4) =0 

Pi (-^4 - ^5) +1^1 (^6 - ^1) +P2 (^1 - -^4) = 
;>6 (•«^4 - ^s) +/>1 (-^6 - ^2) +;'2 (^2 - ^4) = 

which, as may easily be verified, are a complete system. 
We take, to harmonise with the preceding notation, 

^i=«i, •^•4=«2+(yi-«i)2^2> 

^2 = «2, ^6 = a8 + (yi-«l)y8> 

^3=yi, ^6=a4+(yi-«i)y4; 

then Xi7ii=(:P6-'*^6)> ^^21 =(^6 -^4)1 

X^12 = (^6-^l)» X^22 = (^l-^4)> 

X£^13=(^6-^2)> XC7j3 = (^j-^4), 

\U^^={x^-x^\ \U^={x^-x^\ 
where X is a?^ - ^r^. Now 

J^ll= ^n+2^2^12+y3^13+2^4^14l 

so that Fii + F21 = - (1 +^2 +^3 +^4), 

^4^11+^6^21= -(^6 +y2^+y3^+y4yi)- 

The subsidiary equations being 

^yi=iP= r 

-'^ 11 ^21 

with y,, ^3, ^4 invariable, we have one integral given by 






and therefore 



t*i+W2+yi (l+y2+y3+y4)=«>nstant 

=Ci+Cj+ai(l+y2+y3+y4). 
From this we have 

«*i +^+yi +^2 (yi - «i) +^8 (yi - «i) +^4 (yi - «i) =^ +^+«i 

and therefore 

tti+M8+^8+J?4-aa+a?6-as+'^e~«4='^+^+«i« 
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Henoo one integral of the system is 

Again, we have 

dy J^^^\±lh^^^ _ fa + (yi - «i) ^ 2} <^^i + {«8 + (yi - «i) ^3} ^'H 

^4^u+^6^2i «4+y2«i+y3«2+2y4yi-aiy4 ' 

the integral of which is easily seen to be 

(a4-«iy4)yi+yiV4+(y2^i+y8^)(yi-«i)+«2^+«3^=constant 

= 0401 +CI2C1 +0302 
on taking ^1=0^; hence an int^;ral of the original system is 

argvTg + J?5 Wj + 0:4 1*1 = 04 oi + oj Ci + Og Cj , 
oris Z^=x^x^-\-x<^x^-\-x^x^, 

Now there are only two independent integrals of the original system, and 
two such have been obtained in Z^ and Z^. Hence the most general solution 
possible of the original set of simultaneous equations is 

where ^ is any arbitrary function. 

42. The class of equations just considered, homogeneous and 
linear in the partial differential coefficients and free from explicit 
occurrence of the dependent variable, arise in Clebsch's method in 
the reduction of a differential expression to its normal form, and 
in Jacobi 8 method for the integration of any partial diflferential 
equation of the first order. In each of these cases, what is wanted 
is not so much the complete system of solutions as a single 
solution. 

Now when any quantity f/p, where 

is substituted in the transformed differential equations, they may 
be satisfied either identically, or in virtue of Up = 0, or in virtue 
of [7p = combined with the other solutions in the integral-system. 
If then f/p = be the only integral of the system which has been 
obtained, it cannot in the latter circumstances be regarded (when 
taken alone) as an integral of the differential equations; it does 
not in fact satisfy them, when it is the only integral known. 

To meet this limited necessity of only a single integral, Mayer 
(1. c. § 5) gives a method of obtaining, by a process of differential 
derivation, at least one solution of the original system of partial 
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equations from any integral of the subsidiary system. Take any 
integral of the subsidiary system, say 

<t>{ui, ,Un,yiy , yni) = constant ; 

then it has been proved that 

satisfies the sjrstem of equations (II)' of § 41 

VeD' = (« = 1, 2, ,m). 

Of these, ViCr= is satisfied identically on account of the mode of 
derivation. The remainder may be satisfied identically; or in 
virtue of £7^=0, in which case U is the required solution of the 
system of equations ; or they may be satisfied only in virtue of 
other equations which, with Cr= 0, constitute an integral system. 

In the last case let a new equivalent equation 

be derived from Z7=0 by solving algebraically for Cj. Then we 
still have 

satisfied identically; and the other equations are, for t = 2, ..., w, 

which are to be satisfied in virtue of the (at present) unknown 
equations in the integral system. Since all the equations V^fTj = 
are thus not identical and since they do not involve Cj, so that 
they cannot be satisfied in virtue of Ci = Ui, we shall be able to 
deduce from them the values of some of the constants c, say of 
C2, ..., Oa, in terms of u and y and the remaining constants c; let 
them be 

for t = 2, . . . , h. Since these equations are the equivalents of 
some of the integral equations, they satisfy the set (II)' of 
differential equations. These are treated in the same manner 
as the equation Ci= U^] and so we proceed either imtil we obtain 
a common solution of the equations or until we can express, from 
the non-identically satisfied equations, the values of all the 
quantities c in terms of y, u, alone. These, when taken in the 
aggregate, constitute an integral system. 
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But, further, when any one of them, say 

is substituted in the equations (II)', then all the equations 
VeZ7r = are satisfied identically; for none of the constants c 
enter into an equation VtUr = 0, so that no one of the n equations 
(each of which involves one of those constants) can be useful in 
making V^ DV vanish. Hence each of the members of the system 
Ui, ..., f/^« in the obtained form is, by itself, a solution of all the 
differential equations. 

It thus follows that from any integral of the subsidiary system 
at least one solution of the partial equations can he derived : and 
its explicit form, as a solution of the original system (II) of 
equations, is immediately given by a transformation to the original 
variables through the equations of substitution. 

Moreover when the value is assigned to y^ in the function £7^., 
it becomes simply t/^, because the values of the variables u^, ..., ^ 
for this value of yi are to be given by the equations as Ci, ..., Cn 
respectively. The integrals, in the form just indicated in the 
proof of Mayer s theorem, are a system called principal integrals* ; 
and the values of x^, ....x^ for yi = d are Cj, ...,0^. Hence 
it follows that there exists for the system (II) of differential 
equations a set Z7i, ..., ^n of principal integrals, such that for 
properly chosen constant values ttj, ...,0^ of ^, ...,avii they 
assume the values Ui, ..., v^f, 

43. When Clebech's first method (Chap, vm.) is applied to the reduction 
of an unconditioned linear differential expression in 2n variables, the de- 
termination of each successive element of the normal form — or, what is the 
same •thing, of each integral of the Pfaffian equation — enables the niunber 
of variables in the original expression to be diminished by imity. Thus when 
fi integrals have been obtained, there are 2n—fi variables left: and since n-fi 
int^;rals remain to be foimd (that is, the expression modified by the integrals 
so as to contain 2n-p^ variables has a normal form containing only n-fi 



* Natani, Crelle, t. Iviii. p. 802. 

t See Lie, *«Theorie dea Pfaffsohen Problems," Arch. f. Math, og Nat,, t. ii. 
(1877), pp. 838—879 ; § 34. 

It may be remarked that the only limitation on the ohoioe of the constant 
valnes of x is that they shall not lead to indeterminate or infinite TalneB of 
funotione which occm'. 
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diflferential elements) it follows (§§ 122—124) that the (ji+l)^ integral 

satisfies 

l + (2w-^)-2(n-^) 

(=fi+l) differential equations of the kind just considered; and these 
equations involve the 2n-fi variables. Hence (§ 38) the number of integrals 
which they possess and which are independent of one another is 

2n-fi-(fi+l), 

that is, is 2n-2/i-l. Now what is needed on the adoption of Mayer's 
method of integration is a single solution of the associated subsidiary system 
of ordinary linear equations which are 2n-2fi-l in number ; so that, for the 
determination of the (fi + l)*" integral of the Pfafiian equation, Mayer's 
method requires only one solution of a system of 2w - 2^ - 1 ordinary linear 
equations of the first order. When we take fi=0, 1, ...,n-l, being the 
values which give all the integrals, it follows that by Mayer's method the 
Pfaffian problem is completely solved by the determination of a single 
int^;ral of each one of a system of 

2n-l, 2n-3, ,3, 1 

ordinary difierential equations of the first order. 

Similar considerations, to determine the number of integrations necessary 
and sufficient, apply when Jacobi's method of integration of a partial diffe- 
rential equation of the first order is used. 



^ 



CHAPTER III. 

Historical Summary of Methods of treating 

Pfaff's Problem. 

44. The total equations hitherto considered are such as may 
be derived fix)m a single integral equation ; and their coeflScients 
satisfy a certain number of conditions, which are both necessary 
and suflScient to ensure the possibility of that derivation. But 
an equation among the small variations of the variables may 
subsist though only some, or even none, of the conditions of 
derivation from a single equation are satisfied; and a question 
arises as to the form of the integral equivalent of such an equa- 
tion, if there be an integral equivalent. 

45. Euler, who regarded each differential equation as neces- 
sarily derived from an integral equation, declared* that, unless the 
conditions be satisfied, the equation is absurd and has no signi- 
ficance. Monge-f however pointed out that the absurdity lies, not 
in the supposition that the equation can have significance, but 
in the inference that the integral equivalent consists of a single 
equation. And he illustrated his statement by the remark that 
the total differential equation in three variables, if the condition 
be satisfied, belongs to a surface, but that, if the condition be not 
satisfied, it represents some property of a tortuous curve J though 
the curve itself requires two integral equations for its full expres- 

* Irut, Calc, Int., Vol. iii., Part 1, § 1, c. 1 (2Dd edition), p. 5. 

t Mim, de VAcad, Eoyale des Sciences (1784), p. 535. 

t The property represented by the equation is, when the condition is not 
satisfied, one common to a family of tortuous curves defined by two integral 
equations; but, when the condition is satisfied, the family of tortuous curves is 
constituted by all the curves which can be drawn on some surface, and the 
differential equation which represents the property can be regarded as belonging 
to the surface. 
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sion; and the diflferential equation is satisfied by means of the 
two integral equations. And Monge inferred that an integral 
equivalent of a total differential equation in any number of 
variables can be constituted by a system of equations, the number 
in the system being never greater, and sometimes less, than the 
number of variables diminished by unity. 

46. In this condition the theory of these equations remained 
until 1815 when PfafF presented to the Academy of Berlin, his 
classical memoir* in which he gave the result that an integral 
equivalent of a total differential equation, containing 2n or 2n — 1 
variables, can always be constituted by a system of integral 
equations, the number in the system being not greater than w. 
It is on account of the importance of the results first announced 
in this memoir that the problem of determining the integral 
equivalent of an unconditioned total differential equation is 
associated with the name of PfaflF. 

So far as concerns the equation in an odd number of variables 
Pfaflf merely stated the above result relative to the number of 
equations in the integral system, which was apparently inferred 
as a generalisation from a few individual instances; Gauss f 
merely repeated Pfaff 's statement ; the lacuna was first supplied 
by JacobiJ who gave a proof of the statement. Some improve- 
ments and amplifications are due to Gauss and Jacobi§ ; and the 
details of the process have been rendered much easier by investi- 
gations of Cayley relative to skew determinants 1|; in them certain 
functions occur which had already occurred in PfaflTs investiga- 
tions and the functions are therefore called Pfaffians. 

The method introduced by PfafF for the construction of the 
integral system depends upon the gradual reduction of the number 
of diflferential elements in the equation; and each reduction of 
this number by one unit is eflfected by means of the solution of 
systems of ordinary simultaneous equations. 

* "Methodns generalis aeqnationes differentiamm partialimn neo non aequa- 
tiones difFerentiales vulgares, ntrasqne primi ordinis, inter qnotonnqae variabiles 
complete integrandi." Abh, d, K,-P, Akad. d, Wiss. zu Berlin (1814-5), 
pp. 76—136. 

t 06tt, gel Anz. (1816), pp. 1026—1038 ; Ge$. Werke, t. iii., pp. 281—241. 

t CrelU, t. ii. (1827), pp. 347—367 ; Oes. Werke, t. iv., pp. 17—29. 

§ In thia connection (and also in connection with Chapter IV.) a memoir by 
Mayer, Math, Ann,, t. zvii. (1880), pp. 623 — 530 may be consulted. 

II For references, see Scott's Theory of Determinants. 

F. ^ 
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There are thus a number of systems of subsidiary equations 
to be integrated when PfafF's original method is used. Among 
the improvements due to Jacobi abready referred to, the most 
important and essential improvement is connected with these 
integrations He shewed* that the introduction of "initial values" 
of the variables — afterwards used by Lie (Chap. X.) with great 
effect in the theory of the Pfaffian problem — renders it possible 
to take the integrals of the first subsidiary system in a form, 
which leads immediately to the transformation of the equation : 
but this simplification was effected by him only for the uncon- 
ditioned equation in an even number of variables. And in the 
particular case when the Pfaffian expression occurs in connection 
with the integration of a partial differential equation of the first 
order, he shewed that the integration of the first subsidiary 
system is sufficient for the reduction of the Pfaffian expression 
to its normal form and is therefore sufficient for the integration 
of the original partial differential equation. 

47. No substantial additions^ to the development of the theory 
were made until the publication in 1861 and 1862 of the memoirs 
of NataniJ and Clebsch§ and of what is practically the second 
edition of Grassmann's Ausdehnungslehrell. It may be inferred 



♦ CrelUy t. xvii. (1S37), pp. 97—162 ; Oei, Werke, t. iv., pp. 57—127. 

t Mention should however be made of a memoir by Frisiani, ** SuU* integrazione 
delle equazioni differemiali ordinarie di prima ordine e lineari fra un numero 
qwUunqtu di variabilis" pablished in 1847 as an appendix to the Effemeridi 
Aitronomiche di Milano for the year 1818. In that memoir he gives an account 
of the theory as it was known at that date, unfortunately without a single 
reference to other writers. He indicates the Oaussian transformation (§ 68 post) 
to the reduced form of a Pfaffian expression : he solves the subsidiary equations 
obtained in the form, given in § 55 (post), so as to have them in the form simplest 
for integration ; he discusses the possibility of having the Pfaffian equation satisfied 
by equations fewer than the canonical number, when relations among the coefficients 
of the differential elements exist ; and he applies the theory to the integration of 
the partial differential equation of the first order. 

t CrelUj t. Iviii., pp. 301—328, dated January, 1860. 

§ CreUe, t. Ix., pp. 193—251, t. Ixi., pp. 146—179, dated September, 1860. 

II *'Die Ausdehnungslehre, voUstanding und in stronger Form bearbeitet" 
von Hermann Grassmann; Berlin, 1862. 

The date of the completion of the sections relating to the present subject can 
only be inferred as previous to August 1861, the date of the preface, and as 
subsequent to 1844, because he implies in that preface that the additions (which 
include these sections) were the work of the intervening seventeen years. His 
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from a statement of Jacobi's* that he was in 1845 in possession 
of some such additions ; but as his statement is hereafter (§ 68) 
shewn to be a mere deduction from PfitflF's general result, no sure 
inference in this respect can be framed. Certainly, subsequently 
to this isolated passage in a memoir dealing with another subject, 
he published nothing which bears directly upon the theory of 
PfaflTs problem ; and, after his death, nothing was found among 
his manuscript papers relating to it. 

48. Grassmann's method is more difficult of comprehension + 
on account of the unfamiliar character of the analysis used ; the 
following are the main features of his theory. 

He first expresses the differential equation in m variables in 
a form Xdx = where the extensive variable x involves m units. 
He proves that, if the equivalent integral system contain n equa- 
tions of the form w = c, then 

Xdx = 2 Udu ; 

and he expresses the conditions, necessary and sufficient, for the 
existence of these n integrals — conditions which lead to the 
inference that 2n — 1 must be less than m J. 

In the case when m is equal to 2n, so that the equation is 
unconditioned, the first step is, as usual, the construction of a 

mvestigatioos on the Pfaffian equation were probably among the latest finished, 
because he reqaires some of the later developments of his analysis for the eon- 
sideration of that eqoation— developments, indeed, which from their position 
(§§ 504 — 510) appear to have been specially made for this purpose. 

In the historical summary in the text I have given first an abstract of 
Grassmann's results — not because it is clear that he completed his investigations 
earlier than Natani or than Clebsch, but because they naturally come in this 
position in the gradual development of the theory. It is perhaps superfluous to 
remark that the substance and the form of the results of Grassmann, Natani and 
Clebsch, taken in conjunction with the dates of publication, are sufficient to prove 
the complete independence of their investigations. 

• CrelUf t. xxix. , p. 263. 

t See note at beginning of Chapter V. 

^ It is assumed implicitly that, if the coefficients of an equation satisfy no 
characteristic condition, then the number of variables is even ; so that Grassmann 
practically considers only the even classes of unconditioned equations. Of course, 
from the point of view of the general theory of the Pfaffian equation, this is a 
defect ; but it is explicable by the fact that with him, as with Pfafi^ the equation 
has its origin in the partial differential equation of the first order, in which case 
the number of variables is even. (See Chapter VII.) 

6—2 
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subsidiary equation the integral of which makes the transition 
to a new form Ada = possible; in this form a is a new 
extensive variable involving only 2n — 1 units. Then by assum- 
ing one integral, exactly in the same manner as earlier writers 
above referred to had already done, he passes to an unconditioned 
equation in 2n — 2 variables. The former process is now repeated ; 
and so the n integrals are gradually obtained. 

In the case when m is greater than 2n, he shews that the set 
of m subsidiary equations — the "numerical" equivalent of his 
single extensive equation — contains only 2n independent equations. 
By the justifiable assumption that m — 2n of the numerical 
variables are constant, he obtains a transforming relation which, 
applied to Xdx = 0, changes it into an equation -4da = 0, where 
the extensive variable contains only m — 1 units and for which, 
if m — 1 > 2n, the conditions that the integral system is composed 
of n equations are satisfied. This process is again applied and 
continued until finally he arrives at an unconditioned equation, 
the extensive variable of which involves only 2n units. To this 
equation the earlier method applies ; and the system of n integrals 
is thus gradually obtained. 

The limitation of the method to equations in an even number 
of variables, if they be unconditioned, has already been referred 
to in the preceding note ; and a practical weakness — the integra- 
tion of the subsidiary system — will be referred to hereafter (p. 137). 
One distinct advance contributed by the method is the indication 
of a process for an equation, the coeflBcients of which satisfy condi- 
tions reducing the number of integrals below that required by the 
most general equation in the same number of variables ; another 
is the expression of the conditions which are necessary and suflB- 
cient for this purpose. He does not, however, prove that his 
conditions are independent of one another ; and he does not see 
that the satisfaction of some accidental conditions, viz., those of 

the vanishing of the interrupted product ( ^ ) , would modify 

the reduced form. This last possibility was only eflFected by later 
writers, Clebsch and Lie for instance, who discussed unconditioned 
equations in an odd number of variables. 

It is, further, only proper that attention should be drawn to 
the remarkable formal conciseness of his results. 
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49. Natani and Clebsch adopt, for the solution of the problem, 
methods which, though different in detail, have their characteristic 
idea common ; and on this basis a comparison of the methods 
has been made by Hamburger*. The fundamental idea of each 
method is the gradual reduction of the number of differential 
elements in the equation, not as in Pfaff's method by successive 
transformations, but by means of the successive members of 
the integral system equivalent to the differential equation ; and 
the number of subsidiary equations, which have to be solved, 
is considerably less than in Pfaff's process. Thus a differential 
equation in 2n variables, having ?i equations in its equivalent 
integral system, is reduced by means of one of those integrals 
(considered as simultaneous with it) to a differential equation in 
2n — l variables, having only n— 1 equations in its equivalent 
integral system. The new differential equation is similarly re- 
duced, by means of one of the integrals in its equivalent system, 
to a differential equation in 2n — 2 variables, having only n — 2 
equations in its integral system. And so on in order, until a 
differential equation in n 4- 1 variables is obtained, having a single 
integral as its equivalent ; it is therefore of the kind already 
considered (Chap. I.). 

Of the methods due to these two contributors to the theory, 
that which has been proposed by Natani is the simpler, and it is 
the more direct for the construction of a particular integral system; 
it has moreover the advantage of being imhampered by the 
accidental difficulties which arise when superfluous conditions are 
satisfied. But it is characterised by a not quite complete generali- 
sation. This deficiency has been partly supplied by the methods 
of Clebsch, who shews how to obtain, from any special integral 
system — such as Natani's for example — the most general integral 
system. Clebsch has given two methods. His first method is 
similar in scope to Natani's but it is not so effective for equations 
in an odd number of variables, (in fact, he nowhere gives an 
adequate discussion of this class) and the process remains one of 
gradual reduction. His second method, which is comparatively 
simple in its results and is powerful, is unfortunately limited in 
his investigations to unconditioned equations in an even number 

* QrmurVt Archiv, t. Ix. (1877), pp. 185—214. 
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of variables. In both of Clebsch's methods the results are founded, 
after long and laborious analysis, upon systems of simultaneous 
partial differential equationa 

Thus the salient feature of Natani's method is the effective 
determination of some system of integi-al equations corresponding 
to the differential equation ; the salient feature of Clebsch's method 
is the a postetnori generalisation of such a system and, for an 
unconditioned equation in an even number of variables, the a 
priori determination of such a general system. 

Both Clebsch and Natani in their respective ways have con- 
sidered the effect of the knowledge of one or more integrals of the 
differential equation upon the form of the remaining integrals ; in 
this i*egard Clebsch's results are the more explicit, as his method 
is better suited to its determination. 

Among the chief desiderata of this part of the theory are 
extensions of Clebsch's second (and general) method, first to con- 
ditioned equations in an even number of vaiiables and second to 
equations, whether conditioned or not, in an odd number of 
vaiiables. 

50. These desiderata were indirectly and partially supplied 
by Lie, who worked from a different stand-point*. He made the 
theory of tangential transformations'!' the basis of his investiga- 
tions, especially in regard to the transformation of the differential 
expression. He established the persistence of character of the 
normal form, an invariantive property which had been assumed by 
Clebsch; and the equations which give the relation of two equiva- 
lent normal forms are obtained and agree with those which 
Clebsch gave. The criteria which determine the number of 
functions in, and therefore the character of, the normal form are 
found ; and, when these are once known for any expression, then 
Lie's method reduces the expression to an equivalent uncon- 
ditioned expression with a similar normal form. This reduction is 
made by a number of substitutions of the type originally used by 
Cauchy (1819), and afterwards by Hamilton, Jacobi, and Mayer. 

* His papers were published at various times in 1873 and 1874; the most 
convenient summary of the results is his memoir '*Theorie des Piaff*schen 
Problems," Arch, for Math, og Nat., t. ii. (1877), pp. 338—379. 

t Of this theoiy Mayer gave an independent establishment ; see Chapter IX. 
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The first element of the normal form of the new unconditioned 
expression is determined by a pai*tial differential equation; and 
this element is then used to modify the expression into one in 
fewer variablea The normal form is gradually built up by a series 
of alternate determinations of a new element and reductions of 
expressions, made conditioned by the use of this element, into 
unconditioned expressions. When the normal form of the uncon- 
ditioned expression, equivalent to the original, has been obtained, 
the transition to the normal form of the latter is a matter of 
definite re-substitution; and the integral system of the given 
equation is then inferred from a theorem indicated first, I think, 
by Grassmann in its usual form. 

Lie's results constitute a distinct addition to the theory. The 
whole of his investigation is not, it could hardly be expected to 
be, novel; but in his exposition there lies a great interest in 
the application and combination of ideas which occur in other 
associations. 

51. About the time of publication of the memoir by Lie just 
refeiTed to, Frobenius had [Sept. 1876] completed his memoir* 
dealing with Pfaff s problem. He discusses the theory of the 
normal form rather than the integi-ation of the equation; and the 
analysis is more algebraical than differential. He obtains the 
bilinear covariant associated with the Pfaffian expression: and 
then changes the Pfaffian and the differential covariant into 
homogeneous algebraical foiTns subject to linear transformations. 
The persistence of a certain invariantive integer associated with 
a pail' of characteiistic determinants is shewn to be necessary and 
sufficient for the transformation of one Pfaffian into another; the 
equations of substitution being connected with the normal form. 
He thus indirectly anives at the normal form; its character is 
uniquely detennined by the value of the invariantive integer. A 
concise statement of the principal results is given in § 168. 

The novel interest of the method lies chiefly in the connection 
of the number of the terms in the normal form with the critical 
algebraical conditions, which lead to Clebsch's differential equa- 
tions. 



• t< 



Ueber das Pfafl'bche Problem/' Crelle, t. Ixzxii. (1877), pp. 280-^15. 
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52. The work which M. Darboux was canying on at this time 
[1877] has relations with both that of Lie and that of Frobenius. 
His method of simultaneous sets of variations of the independent 
variables is substantially the same as that of Frobenius who 
considers two sets of cogredient variables; and these simul- 
taneous variations are used to establish part of Lie s theoiy of 
tangential transformations. But all his results relate to the 
theory of equivalent forms of the equation and not to its integral 
system; his memoir* was not published until 1882 and then all 
his results had been anticipated ; and therefore I have given 
merely a short statement of those of his propositions which deal 
with the equation. 

♦ "Sur le probl^me de Pfaflf/' Darb. BuU,, 2™ S6r. t. vL (1882), pp. 14—36 
49—68. 



CHAPTER IV. 
Pfaff's method of reduction, completed as by Gauss 

AND JaCOBI. 

53. The most general form of the total differential equation 
of the first order and the first degree in p variables is 

il = Xidxi-\- X^dx^ + . . . + Xpdxp = (1), 

where Xi, Xj, ..., Xp are functions of the variables a?,, x^, ...,^^ 
and, as the class of equations 11 = 0, which can be satisfied by 
means of a single integral equation has already been discussed, it 
will be assumed that the equations of relation among the quan- 
tities X, which imply the derivation of the differential equation 
from a single integral equation, are not all satisfied. If there be 
an integral equivalent, that is, some set of relations free from 
differential elements, in virtue of which the equation fl = can be 
satisfied, the first step in the investigation of that equivalent will 
naturally be the reduction of the differential equation to the 
explicitly simplest form which it can assume. We proceed to 
prove that it can he transformed in all cases so as to involve not 
more than i^p or ^ (p + 1) differential elements, according as p is 
even or odd, 

54. Let p — 1 functions Ui, t^a, ..., Up^i of the variables be* 
introduced, with at present only the single assumption that there 
is no functional relation among them ; it follows from this inde- 
pendence that all but one of the original variables, say Xp, can 
be expressed in terms of that one and of i^, ti„ ...,t4ip-.i> by 
equations 

Xr = Xr{Ui,Ui, ..., Up-u Xp) (2) 



> (3). 
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for r = 1, 2, . . . , p - 1. Now let ft be transformed by means of the 
relations (2); it takes the form 

ft = Yidui + FjdMa + ... + Fp_idt4p_i + Ypdxp, 
where y, = Z.g + Z,^J+ ... +Z^.^^' 

for r= 1, 2, ..., p— 1, and 

The forms of the functions u are at our disposal and can, in 
general, be used to satisfy p — l independent conditions, provided 
the conditions are not inconsistent with one another; and, on 
account of the assumption made as to the forms of the functions u, 
the same principle applies to the p — l functions in (2). 

As a first condition then let the functions be so chosen that 
the coefficient of dxp in the transformed value of ft vanishes ; this 
i-equii-es 

As the remaining p — 2 conditions, let the forms of the functions 
Xr in (2) be so chosen that the ratios Yr : Yi for the values 
2, 3, ..., p — 1 of 7' (being /? — 2 in number) are independent of Xp. 
If this be the case, the quantity Xp can occur in Yi, F,, ..., l^i 
only by occurrence in a factor M common to all the quantities 
Y, so that we may have 

Yr = MUr (5), 

where Ur involves only Mj, t^, ..., u,p^i at the utmost and does not 
involve Xp, while Xp if it occur at all in Yr must do so only in the 
factor if. Since Ur is independent of Xpy we have 

dxp dxp ^^ 
and therefore the quantities Yr which occur in (3) are such that 



^ • 



/'-. ■', -. - ■, .. 1 dYr_ ldM_ 

' ' Yrdxp~Mdxp~'^' 
or say I'i^^f'^' ^^> 
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for the values 1, 2, 3, ..., p — 1. And then the system of p 
equations (4) and (6) is to be satisfied by means of the p — 1 
functions, which occur in (2), and the quantity /a. Unless the 
system of equations be either inconsistent or subject to identical 
relations, they are sufficient for the determination of the functions 
and the quantity fA, which, when determined, ti-ansform the diflfer- 
ential equation to 

XI = M{Uidiii + U^du^ + ... -{-Up^idup^i) = 0, 

where Ui, f/j, ..., I/^, are functions of Wi, li^, ..., t*p_, alone. We 
proceed therefore to the consideration of the equations (4) and (6). 

55. In Yrt which by (3) is given as 

the original variables a?i, x^, ..., Xp^i wherever they occur in the 
quantities X are to be replaced by their values as functions of 
t^, t*a, ..., Wp_i, Xp\ so that Yr (which, in its first form, is an 
explicit function of x^, x^, ..., Xp^i, Xp and the p — 1 derivatives 
with respect to tir) is now to be regarded as involving those jp — 1 
derivatives and Xp explicitly, and the quantities iii, w„ ..., iip-i, Xp 
implicitly through theii- introduction instead of ^, a^a, .... Xp^i, 

m 

Taking now any one of the quantities Y we may write 

where the (unexpressed) subscript index of F is the same as that 
of u. Taking the derivative of both sides with regard to Xp and 
remembering that, in consequence of the above explanation, Xp 
occurs in X explicitly (on account of its original occurrence) and 
implicitly (on account of its introduction through the substitutions 
for a?i, a?2, ..., Xp^i)j we have 

dxp ^dudxp ^dudxp '" ^^dudxp 

,^K^^^ /9^ dxi dX, dx^ dXg_ dxp^ 3Z,\ 

gz^idu \dxi dxp dXi dxp dxp^i dxp dxpj' 

But by equation (4) we have 

«=jr,+jr.|+2r.|+...+jr^,^; 
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and therefore, again remembering that u occui-s implicitly in X on 
account of its introduction through the substitutions for a?!, o^s, ..., 



^i>— 1> 



oxi du 0X2 ou oxp^i ou 

J"^ dxt fdXt dxi dXt dx^ ^ dX^ dxp_i \ 

t=^idxp\dxi dti dxt du '" dxjy^i &a / 

OUOXp OUOXp ^ OU/OXp 

Substituting from this equation for the last gi'oup of terms, which 

.ay , 

group occui-s in ^— , we nave 

OXp 

dY ^P^^P^^dx,dxt dX, P^dX,dx, 
dxp «si izzi du dxp dxt «-i dxp du 

-.V ?:^ 35? _ V *i^ ^ ^^' ^-^ 

When the first and last summations are combined then 

dY J*^ V ??! ?^« . V ?^» 
dXp "" ,=1 e=i •'* du dxp ,=1 *'^ &et ' 

where a,,e is defined as before by the equation 

^''^-a^e a^. ^^^' 

or finally 

But by (6) ^-^=;*y 



a^cp 



*^<k -XT CXg 



«=i 



du 



^u 4. '^v IT dx, Pz} ( P-^f dxA] dx, 

so that ^ 2 Z. ^ = 2^ |a,, + 2^ (a., ^J\ y^ . 

This equation holds when u = Ui,ii^, ... , Up^i] so that it represents 
a system of equations which are linearly homogeneous in certain 
quantities of the type 
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the equations being 

for r = 1, 2, . . . , p — 1. Now the determinant of the coefficients of 
the quantities 6 is not zero ; for, by hypothesis, the functions in 
(2) are independent of one another and therefore 

\Xi , a?2, , flj>-i) 

does not vanish. The system of equations therefore can only be 
satisfied by making each of the quantities 6 zero ; and therefore 
we have 

xr . 9j?2 , 3a?3 , , 9^»-i' 

xr .9^1 . 9aj3 9irp-i 

M.= «..P+ ««3^ + «»a^+-+'^^'-a^ 

XT . 9iri 3a?5 9a?«_, 



J- 



(8). 



y _ I 9^1 , dxi 9a?s 

and 

T — 9a?i 9a:2 9a?8 9arp_i 

the last equation being obtained from (4) and the first p — 1 equa- 
tions in (8), because 

■xr XT ^*^l XT ^*^ XT ^*^V—l 



9j^ 9^ 9a!y_i 

'P 



"■■■'^'^a^"'^'''a^"' "'*^^''' 9^. 



since all the terms of the second degree in the first derivative of 
a?i, a?, ..., acp^i with respect to Xp disappear^^^afii}, because ag^t^—at,», 
this equation is the same as the last of (8). The whole system of 
equations may be made more regular in form ; for by substituting 



they become 



1 1 9a?r /nx 
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r .» • 

[oo. 



J' 






— ^p- 



...(10). 



56. This system of equations is a system of p algebraical 
equations involving p quantities in the first degree ; and, unless 
the equations are inconsistent or are subject to identical relations, 
they will determine these quantities yi, y2> ...» Kp. l*et ^be deter- 
minant of the coefficients on the left-hand side be denoted by A, 
so that 



A = 



U, (li2f (lis, , dip 

(hi, «39, 0, , a 



sp 



(11); 



then the solution of the equations (10) is of the form 

Ayr=F, (12), 

where Vr is the value of the determinant obtained by replacing 
the column a,,r, as,r» «3,r,. . . by Xj , Xg, Xs, . . . ; and r has the values 
1, 2, 3, ...,p. 

57. So far as regards the effectiveness of the result, there are 
three alternatives to be considered. 

First, if A do not vanish, the values of yi, yj, ..., j/p in 
equations (12) are unique and determinate. The system (10) 
is then a consistent system and its members are independent of 
one another. 

Second, if A vanish and also all the quantities Vr vanish, 
the values of j/uy^,..., yp in equations (12) are (in their present 
form) indeterminate. The members of the system (10) may then 
be not independent of one another. 

Third, if A vanish and if some of the quantities Vr do 
not vanish, the values of the corresponding quantities yr are 
infinite and those of the remainder are indeterminate ; if yi be 
infinite, so that fi is zero, it may happen that the values of 
yrlyi are finite and determinate. The system (10) may or may 
not be a consistent system. 
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The primary discrimination among the alternatives is thus 
made by the value of A. 

58. Now the determinant A defined by (11) has its con- 
stituents such that ae,«= — «»,t and at,t=0] hence it is a skew 
symmetrical determinant*. 

If p be an even integer, the determinant A is a perfect square, 
which may vanish on account of the forms of Xj, Xj, ..., Xpy but 
will not necessarily do so. 

If p he an odd integer, the determinant A is evanescent 
whatever be the quantities Xj, Xj, ..., Xp. 

59. Taking the former of these two cases, let p be an even 
integer ; and suppose in the first place that A does not vanish. 

Let A = Pp» = P« (13); 

then P is a Piaffian of order p and is determined by the laws 

Pp=[l,2,3, ...,p] 

= i a,,,[«+l,« + 2,...,p,2,...,«-l], 

Pa = 0,2. ^ ' 

If At^ be the minor of a,,e in A, then 

^,, = (-!)•+« pp.., 

21,.. = (-!)•+'+> PP,,.. 

where P^^^ is, for i<ky the rfaffian obtained from P by the 
omission from its symbol [1, 2, ... , p] of the integers % and k 

Also, if « < r — 1, then 

P,,^=[l, 2, ...,«-l,« + l, ...,r-l,r+l, ...,p] 

= (-l)*"'[«+l>« + 2, ...,r-l,r + l,...,p, 1,2, ...,«- 1]; 

if 5=:r — 1, then 

-* r— i,r = [■'■» ^» ... , f — 2, ?•+ 1, ..., p] 

= (-l)'^[r+l,r + 2, ...,p, 1. ...,r-2]; 
if « = r + l, then 

= -(-l)*^*[r + 2,r + 3,...,p, 1, ...,r-l] 

* Scott*8 Determinants, Chap, vi., §§ 4—16, where the properties of Bnch 
determinants and their minors are proved. 



\ 
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(by the preceding case) 

= (-l)'-[r + 2,r-|-3, ...,p, 1, ...,r-l]; 
and, if « > r + 1, then 
P =- P 

= -[1, 2, ..., r-1, r+ 1,*..., «- 1, « + l, . ,,p\ 

= -(-!)*-«[« + 1,« + 2, ...,p,l, ...,r-l,r + l, ...,«-!]; 

so that tn all cases when p is even 

where afb,,..,k are the integers 1, 2, ..., jo (with s and r omitted) 
taken in their cyclical order beginning with that integer next 
after s which remains. 

Hence equations (12) become 

P 

= I (- ir' PX. P,,r, 

8-1 

and therefore 

(-l)-^Py,= l(-l)-iZ.P,,, 

= I Z,[«+l.« + 2,. ..,«-!]] ,,., 

= Tr, ) 

where, for every term under the sign of summation on the right- . 
hand side, the integers s, «+l, « + 2, ..., s — 1 are the integers • 
1, 2, . . . , r — 1, r + 1, . . . , p in their cyclical order and, in particular, . 
the coefficient of JCr-i is [r + 1, . . . , p, 1, . . . , r — 2] and the coefficient • 
of Xr is zero. 

Thus, for p = 4f, the equations are 

[1 234] yj = + Z, [34] + Z, [42] + Z, [23] 

- [1234] y, = X, [34] + X, [41] + X, [13] 
[1234] y, = Z, [24] + X, [41] + X, [12] 

- [1234] y, = Z, [23] + Z, [31] + Z, [12] 
where [hri] = a/,», 

[1 234] = r/,2 ^34 + ai3 ^42 + cr,4 cTs ; 
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and, for p = 6, the equations are 

[1 23456] y 1 = + [3456] Xg + [4562] X, + [5623] X^ + [6234] X^ + [2345] X^ >^ 

[123456] ^2 = [3456] X^ + [4561] X3 + [5613] X4 + [6134] Xg + [1345] X^ 

[123456] 2^3= [2456] Xi + [4561] X^ +[5612] X4 + [6124] X4+ [1245] X^ 

[123456].y4 = [2356]X, + [3561]X2 + [5612]A'3 +[6123] X^ +[1 235] X^ 

[123456]y6=[2346] Xi + [3461] Xa+[4612] X3+[6123] X4 +[1234] X^ 

[ 1 23456] yo= [2345] Xi + [3451] X2+[4512] .V3+[5123] X4 + [1234] Xg ) 

It may be remarked that all the quantities Wr in equations 
(14) cannot vanish; for otherwise, the determinant of the coeffi- 
cients of the non- vanishing quantities X m W must vanish, 
but the determinant is equal to P^~^ (as is easily proved) and 
therefore, on the present hypothesis, not zero. 

And similarly all hut one of these quantities Wr cannot vanish. 
For forming the fiinction 

X^TTi-XaTr^ + XsTr,- -XpTT^, c 

it vanishes identically and therefore, if all the quantities Wr save 
one, say TTj, vanish, then X^Wi vanishes or, since X^ is not zero, 
Wi also vanishes ; so that all the functions W would then vanish 
which, on the hypothesis of a non-vanishing A, has just been 
proved impossible. 

60. It follows then that, when p is an even integer and A 
does not vanish, the equations (14) constitute a determinate 
solution of the equations (10). The quantities y are 



so that by (14) 



_ 1 __ 1 dXr 






and therefore 

dXr . ,.. W. 



Hence, to obtain the functions Xr of § 54, we have the p — 1 
ordinary differential equations 

dx^_ dx^ _^»_ _<^p--i_ dxp 

W, --W.^Wr "TVi'-TTp ^^^^' 

equations which are called the subsidiary Pfaffian system. 
F. 
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At least two of the quantities W do not vanish, one of which 
may be supposed to be TF^*; so that the equations of the 
subsidiary system determine x^^ a?a» ..•! ^j»-i as functions of a?p, 
the functions involving arbitrary constants. Thus we might 
have the integrals of (15) in the form 

where /i, /j, ..., /p-i are independent functions of a?i, aj,, ..., Xp, 
and where Oj, a,, ..., ap_i are arbitrary independent quantities, 
constant so far as variations of Xp are concerned. ^ !^* 

Now the equations of substitution in § 54 imply that 
a?i, a?5, ..., Xp^i are to be functions of Vj, u^, ..., Up^i as well as 
of Xp ; while the integral equations just obtained involve only 
one, viz. Xp, of these variables. The reason is that the subsidiary 
equations which give a?i, x^, ..., a?p__i do not involve any variations 
of these quantities dependent upon the variations of tij , i^a, . . . , ttp^i . 
Thus the variables u stand in the same relation to the equations 
as the quantities a ; and therefore the subsidiary system will still 
be satisfied, if Oi, a,, ..., Op-i be replaced by p — 1 independent 
functions of Wi, i/,, ..., Wp_i, for example, by i^, i/,, ..., iip^i. 

When, then, the equations thus obtained are used as giving 
substitutions for a?i, a?„ ..., Xp^^, the element dxp is removed from 
the differential equation ; and when we divide out by the factor 
M, that is, by expj{— P -r Wp) dxp, the variable Xp is also removed. 
The differential equation then takes the form 

ili= Uidyri+ Uzdvz-^ + Ujy^idvp_i = Oy 

where J7i, J7«, ..., Up^i are functions of t/j, t/,, ..., Up^i alone. 

Hence we can enunciate the theorem : — 
When the coefficients of the total differential equation 
il = Xidxi-\- X^dxj+ -\'X2ndx^ = 

* The subsidiary system is symmetrical in all the variables of the original 
equation ; so that, if Wp were found to vanish and Wg did not vanish, the desired 
reduction of the differential equation would be effected by the removal of Xq and 
dxq, instead of ai^ and djcp, from explicit occurrence. 
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are functions of Xi, x^y ..., x^, such that the determinant A, vdth 
constituents 



dXi dXj ., , - ^ . 



does not vanish^ then the differential equation can he transformed 
into 

where £7i, fTo, ..., U^nr-i are functions of u^, u^, ..., u^zn-i alone, by 
substitutions 

The quantities /i, /g, ..., J^i-i are functions of the variables 
Xi, X2, ..., a?2n-i> ^2n» determined so that 

are 2n — l independent integrals of the subsidiary Pfaffiian system 
(15) associated with the original equation fl = 0, viz,, of 



dxi dx^ dx^ ^dx^n-i dx^n 



• ••••• "~ -wrr "~~ -rrr ••••••••••• alX O). 



And the relation between the quantities ft and fti is 

ft = fti expJ{''P'^W^)dxmy 

where P, the square root of^,is the Pfaffian constructed from the 
coefficients Xi, X2, ..., X^, 

And a similar reduction by one unit of the number of differential 
elements in the differential equation can be made by means of 
substitutions 

Ji^-^it ya^-^a* > yan— 1 = -*a>i— 1> 



where /i, /a, ..., I^n-i a^^ Ihe same cw before and /i, /s, ..., /, 
are 2n — 1 independent {but otherwise arbitrary) functions of 



an— 1 



Before passing to the next case, it may be remarked that a 
very simple symbolical form (due to Cayley) may be given to the 
subsidiary Pfaffian system. Replacing X^ by ao,m for each of the 
indices m, we have 

7-2 



^« 
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#=1 
= [0,1, 2, ...,;)], 

where in the series 0, 1, 2, ..., jo the integer r is omitted; and 
therefore 

(^iyWr = [r-{-l,r+2, ...,;), 0, ...,r-l]. 

The subsidiary system (15) now, on the omission of a factor — 1, 
takes the form 

^i dx^ dx^ 



[2,3,4 p,Q] [3,4...., p, 0,1] [4, 5,.. .,p, 0,1, 2] 



dxp 



[0,l,2,...,p-l]* 

in the general case ; and, in particular for p = 4, the equations 
have the form 

dxi dx^ __ da?3 _^ dx^ 

[2840] " [340r] ■" [4012] "" [1)123] ' 

61. Next, \eip still be an even integer, but suppose now that 
A does vanish ; so that 

i) -'^= 2 aa,,[« + l,« + 2,...,j[),2,...,8-l] = 0, 

with other equivalent summations according to the general laws 

'"S»- „,^ 

Two cases require discussion (i) that in which all the Pfaffians 
of order p — 2, composed of the quantities aij^ do -not vanis^ 
(ii) that in which they all do vanish. 

62. For the former, it is necessary that at least two of the 
quantities Wr on the right-hand side of (14) do not vanish; for 
every Pfaffian of order j9 - 2 occurs twice in the system of TFs 
in complementary positions, that is, if it occur as the coefficient of 
Xi in Wj then (save as to sign) it occurs as the coefficient of Xj in 
Wi. Suppose that Wp is one of the non- vanishing Ws ; if it were 
zero, the only difference would be that we should attempt to 
eliminate from explicit occurrence in H some other variable with 
the same index as one of the non- vanishing Tfs, 
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In n let Xr be increased by an arbitrary variable quantity V ; 
the quantities Oy are unaltered unless i or j' is r and then 



so that 



n' -n I ^^ 
^ rs — 'Vtf i" o > 



A'= Z a„[s+ 1, 5 + 2, ...,p, 1, ..., «-l] 
«=1 



=^ 2 (^r*+g-] [« + l, 5 + 2,...,p,l,...,«-l] 
= t ^— [«+ 1,5+2, ..., JO, 1, ...,5-1], 

because A is zero. Since \r is an arbitrary quantity, A' can only 
vanish, if the coefficients of the derivatives of X^ all vanish, being 
those Pfaffians of order jo — 2 which occur in Wr- Two at least of 
the quantities TTin (14) do not vanish, being Wp and at least one 
other which may be taken as Wr- 

We thus have a new system of equations similar to (14) of the 
form 

(-l)»-'P'y„'=Tr„'; 
and they give 



Now let us pass to the former ecjuations by making the 
arbitrary quantity \ zero ; the p — \ eciuations giving the new 

^\ come to be the same as (15), which therefore 

arc still valid under the present circumstances. But the modified 
form of P' is P the value of which is zero, and Wp' comes to be 
Wp and is not zero; hence the modified form of ft', being the 
original /x, is zero and therefore (§ 54) 

80 that M is independent of Xp, Considering then the origin of M 
in § 54, it follows that M is either a constant or a function of 

*r.2 1 • • • J *^p • 
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Hence we infer : — 

The theorem o/*§ GO w still true when tlie determinant A vanishes 
and the equations (15) are a subsidiary system valid for the desired 
reduction, provided at least two of the quantities W do not vanish; 
and tlie effect of Hie vanishing of ^ is to transform Si into Hi without 
the necessity for the removal of any integral factor involving Xp, 
for such a factor cannot then occur. 

If some of the quantities TTn in the subsidiary equations 
vanish, only formal mention need be made of the evident result — 
that the corresponding variables in ft need not be transformed: 
for in such a case an integral of the subsidiary system is given by 

Ex, 1. The equation 

given by Monge (1. c § 45, p. 533 ; au integral equivalent of which is formed 
by him in three equations) falls under this head; for A is zero and the 
subsidiary system is 

dx^ __ dx^ ^ dxj^ _ dx^ 

Xa Xa Xa X\'T~^2^X9 

Integrals of this system are 

Ut ^ <* I ~" Xo , 

^3=80:42- (^i+^2+-^3)* ; 

and then Q=Ji(2tt2-t^)dui~^(Ui+ri^)du^+ldu^, 

Ex, 2, Similarly for the equation 

0=0= {(xi+a)8+xfl dxj^+ {{x2+a)8+Xi^} dx^^ {(^s+a)*+j?8«} dxj^ 

+ {(x^+a)8+x^^}dji:^j 

in which a is a constant and s denotes x^+x^+x^+x^ ; it will bo found that 
A vanishes, that the subsidiary system has three integrals which may be 
taken 

Ui^^X^ •rX2 T^3 t^4j 
ll^^^X^ -rX^ I ^3 iX^ , 

Wg^^ilCi "TrXa T<2»3 I ^4 J 

and that O = ^ «i du,^ +ai^ du^ + J du^ . 

Ex, 3. It may occur that A vanishes through having some row of its 
constituents all zero; for instance, Oij* «i3> ...> c^i.p niay all vanish. These 
give the relations 

dxr dxi V'--A«i» ^Ph 
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Hence there exists a function u such that 

„ _ 8m 

where Vr is independent of a;^ but may be a function of x^^x^y ,„yXp', and 

then 

£t=^du+V2dx2+v^dx^+ + Vpdxpy 

the desired reduction being thus effected and the multiplier M being unity. 

63. For the second case, in which all the P&ffians of order 
p — 2 vanish as well as A, there must exist some lower limit 
of order at which the Pfaffians do not all vanish ; for it is assumed 
that the quantities a«,t do not all vanish. Let this order be m, 
and suppose that [1, 2, ..., m], [2, 3, ..., m + 1], and others of 
this order do not vanish ; but that all the Pfaffians of the system 
of orders m + 2 and higher (even) integers vanish. 

The result of § 62 may be applied. Let m + 1 new variables 
t42, tij, ..., i^w+a he introduced, which are functions of a?!, a?,, ..., Xp, 
such that when we substitute for a;,, ..., x^^^ in fi, the term in dooi ^ 
is absent ; then we have 

fl = if(i73dlZ3+ i7,dli3+...+ i7m+adt^m+a)+ 2 YfdXr, 

m+S 

■ 

and the quantity M is independent of a>^. It will now be shewn 
that Fr , (r = 7M + 3, . . . , jo), is explicitly iTidependent of a?i, so that it 
is a function of </a, ..., u,n+a> ^m+8> ...> a?p only. 

By comparing the two expressions for fl we have 

m + 2 fin* 

for the values m + 3, . . . , p of r ; hence 

dxi dxi ,=2 9^« 3^1 

"^^ dxs /dXs ^ dXj dx^ dX, dx^;\ 

«=:2 9^r \9^i 3^ dXi 3^mfa 3^ / 

m+2 T^n^ 

-+- Zf A, :^--^~ • 



104 EVEN [63. 

But since dxi is absent from the second expression for fl, we 
have 

= -3ri4-^2g— + -^ Xfn+2 ~^Z~ • 

Taking now the complete derivative of both sides with regard 

to Xr and subtracting from the value of -^ the right-hand side of 

the derived equation, it is easy to find (after an arrangement of 
terms similar to that in § 55) the equation 



dYr ^ dx^ dx^ 



= Or,! + dr.^K- + + ar,«i+J 



m+a 



But, by §§ 60, 62, the values of the functions x^, ..., Xm^^ are 
determined by equations of the form 

dxi dx^ __ dx^ _ c2a7m+s 

where the quantities W are of the form 

m+2 

Wr= 2Z,[«+l,« + 2,...,5-l] 

defined as in § 59; and, as in the other cases, Wi does not vanish, 
while the quantity /i for the present case does vanish. 

Now a reference to the equations for the particular case, which 

are the same as (8) in the general case save that, as just remarked, 

/i vanishes, shews that the coeflBcient of each of the terms 

dx . dY 

^ (« = 2, . . . , m + 2) in ^ - vanishes, so that 



dYy dx^ dx. 



— Ctfl "r d'Ti o • • "^" ^, 



»n+2 



dx, " ' "dx, ' "^•'"■^= dx, • 

When in the right-hand side wc substitute for the various terms 

nx^ uX 

^ , -^ ' , . . . , their values in terms of the quantities W, it is easily 

OXi OXi 

proved by the properties of Pfaffians that 

TT.^ *■= SA'.p, 2, 3, ...,s-l,r,s + l,...,m + 2]. 

ox, ,=i 
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But the coefficients of Xg on the right-hand side are all of 
them Pfaffians of order m + 2, which vanish by our initial hypo- 

thesis; hence, as W^ docs not vanish, we have ^ ^=0, or the 

coefficients Yr are explicitly independent of the variable Xi when 
the substitutions are cflfected. 

Hence wheii all the F/affians of the system of order higher than 
m vanish, it is sufficient to use equations for m + 2 variables similar 
to those of ^ 62 and so to transform the first m + 2 terms of the 
differential expression into m + 1 terms by the introduction of new 
variables determined from those equations; when the transformation 
by means of Hiese variables is effected throughout the expression ft, 
all the coefficients are explicitly independent of the variable, tlie 
differential element of which has been removed from explicit occur- 
rence*, 

64. All the alternatives, in the case when p is an even 
integer, have now been discussed, with the following general 
result : — 

"A differential expression ft containing an even number of 
" diflferential elements can always be transformed into another, 
" which contains the next smaller odd number of differential 
" elements ; the new variables which ai*e necessary for this trans- 
" formation are determined as in §§ 60, 62, 63 according to the 
" properties of the coefficients in ft ; and the new coefficients are 
"such that, except in the form of a (possible) common factor, 
" they involve only the (smaller number of) new variables." 

This transformation, by which the even number of differential 
elements is reduced by unity, may be called the even reduction ; 
and it is to be borne in mind that, by this even reduction, the 
number of variables, which occur in the new coefficients (save 
in the common factor), is also reduced by unity. 

Also, this even reduction is not unique. For the purpose of 
the transformation certain new variables are introduced, being 
derived from the integration of certain differential equations. 

* The effect of the vanisbing of A and its minors upon the form of the normal 
reduced equivalent of fl will be discussed later (§§ 117 et seq., §§ 144 et seq.) : the 
object of the present cbapter is to prove the possibility of the reduction on the lines 
of PfafTs original memoir. 
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Though all solutions of these differential equations are func- 
tionally equivalent to one another, the forms may be different; 
and thus we may have different sets of new variables introduced, 
each set leading to an even reduction, with some kind of functional 
relation among the sets. 

65. In the case in which p is an odd integer, A vanishes iden- 
tically whatever be the values of the quantities X; so that the 
process adopted in § 61, whereby a temporarily non-evanescent 
determinant was formed, is no longer effective. 

Now, in general, the first minors of A do not vanish, so that 
the values of the quantities y^ ^t^^ infinite. Instead of taking these 
infinite values, which are subsidiary to the determination of the 

values of x -'' , we return to the equations (4) and (8), retaining all 

but the last of (8) which is (4) transformed after multiplication 
by /i. If /i be not zero, the last of (8) may be retained ; if fihe 
zero, we use (4) in place of that last equation. 

Taking these cases in order we have first, from the full set (8), 
the relation 

fl 2 XrAr^p = 0, 

where Ar^p is the minor of ar,p in A; and therefore since /* is not 
zero 

p 

2 XrAr^p = 0, 

or substituting for Ar^p its value*, we have 

iz^[r+l, r+2, ...,r-l] = 0. 

Secondly, if /* be zero, we solve the first p — l equations of (8) and 
substitute the values of ^— thence derived in (4) ; and multiply- 

OXp 

ing up by [1, 2, 3, ..., p — 1], which is not in general zero, we 
come to the condition obtained in the earlier case. 



* 8cott*8 Determinants, § 14 ; and § 59 preceding. 
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It therefore follows that, in order to have the subsidiary 
equations a consistent system, the condition 

lz,[r+l,r + 2, ...,r-l] = 

must be satisfied. 

66. If this condition be satisfied, the system contains only 
jp— 1 independent equations at the utmost; and .they are not 
sufficient to determine /* and the p — 1 derivatives with regard 

to Xp. 

To transform A = into an equation, so that it may contain 
one variable fewer and be without the differential element of that 
vaiiable, we proceed as in § 63. Neglecting for the moment the 
variation of a?i, we transform 

X^dx'i'^ X^dXi-\- +Xpdxp 

into M ( CTadita + U^du^ + + Up^idup^i), 

by equations 

dx^ 9a?4 dx. 






^ dx^ dxi dxp^i 

^^^^ ''^dccp^'^dxp'^ +^'^^-ax7- 

Then if 

Q, = Xidxi-\-X2dx.2+ -hXpdxp 

= M{U>idu^+ U^duz-\- + i7p_idwp_i)+ Y^dxx, 

when we resume consideration of the variation of a?i, we have 






\\ = X,^-X,^-\-X,^-\- +x 

and also 



o.z.+jr.|!+jr.^^+ +z^,^' 



From the former we have, as in § 63, 

aF,^az,_^VaZia3_^i'2x ^ 

dxp dxp ,=2 9^» 9^p i=2 ^dxidxp 



+ 



^^^ dxi fdXi dXi dx^ dXi dxp^\ ^ 

i^idxi\dxp dx.2 dxp dxp^^ dxp/^ 
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and from the latter 

^ ~ ^~Zr '^ ^ 7\^ ^ "^ ^ ^» 7\»> 7\~r^ 
OXi i-% OXi OXi i-% OXiOXp 

+ "2 -^' {^--i + ^-^^ ^^^ + . . . 

«s2 dxp \ dxi dx^ dxi 

Subtracting corresponding sides of the latter from the former 
equation, it follows that 

dx. 



+ 



dx. 



p-i 



dxi / 



)xp ^ ,=2 *dxp *=2 9^i ( ^ ^=2 ^9^p) 



dxg 



The coeflScient of p.— on the right-hand side is fiXg] let 






3a?. 



3a;, 



3a:, 



so that 



^^''=e+/2z> 



3a;, 



«=s 



3a?i * 



Substituting from the subsidiary equations, used above in the 

uX uX 

preliminary transformation, for ^~ , ..., J^^ , we have 



3a;j, 
fy, (I12, ttu. 



3a?, 



a,p ; = 0. 






/iXp, apa, ttpj, 







But the condition expressed at the end of § 65, supposed to be 
satisfied in the present case, may be written 

/AAi, ai2, tti,, , 



a 



ip 



fiX^, 0, a,,. 






= 0. 



fiXp, ttpit dpi, ... 
Hence 6 = /aJT, ; and therefore 

dY, {^ . P-i^ 3a?J 







3a?, 



( P-i 

= fi\X^+ 1 

( « = 2 



/•a4^'*^" 



which is the requisite condition that, if Xp occur at all in F, , it 
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occurs only in a factor M; and therefore fl is transformed to 

M(UidUi-^ + Up-idup^i -^ Zidxi), 

where F, = JlfZi and Z, is explicitly independent of Xp, The 
differential expression is thus transformed in the required manner. 

Kv, Letp=3 and suppose the condition satisfied, viz. 

.Y, [23]+Z2[31] + .V,[12]=0, 
the known condition of integrability of the equation 

Xi d^i + X^ dx^ + X^dx^ = 0. 
The equations in their most general form taken so as to remove ^3 are 

M-M = «13 + «12g^> 

•J 

If we take /i=0 so that the third equation is satisfied in virtue of the first 
two, the new variables are obtained by integrating the equations 

dxi dx^ dx^ 

and this, in effect, is Bertrand's method (§ 16). 

If, however, we do not take ft zero, we may omit the first of the three 
equations (for only two of them are independent) and use the second to 
determine /x ; there is then left only a single equation 

to be satisfied. We may then assign any condition, not inconsistent with 
this equation, for the determination of x^ and x^. Thus as a condition we 
may require that x^ shall be unchanged ; then the original variable x^ and 
the new variable, which is obtained from the integration of 

dx^ 



— X^ + X^ ^-7 , 



will be the new variables leading to the required transformation. This is, in 
effect, the ordinary (Euler's) method of int^ratiou of the equation. 

As a special instance, consider the equation 
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Wo have 0^2 =2<;, 0^3=20, a^^2b; the subsidiary equations are (omitting a 
factor ^), in the first method, 

da^i dx^ cLf^ 

a h ~^ e ^ 
so that new variables are 

1/ r= — * * flj^ * -"* • 

a i»' ^ 6 c ' 

and it is easily shewn that 

O = abc {ydu - udv), 

so that Jl=abc and /i=0. 

Proceeding by the second method and keeping Xi unchanged we have, as 
the equation determining the new variable, 

{ax^ - cxi) ^ + (6^1 - a.ra) = 0, 

so that we take x^ and u— — ^ ^ 

as the new variables. It is easily shewn that 

a 
so that 2/"= - (aa?3 - cx^\a and M ( = 1/ o ~ ) is ^^^t zero. 

67. If the condition of § 65 for the coexistence of the deter- 
mining equations be tiot satisfied, then the system of those 
equations is not consistent and therefore the transformation, 
which is to be determined by them, is not possible. Hence the 
most general equation, which contains an odd number of differ- 
ential elements, cannot be subjected to a complete even reduction, 
that is, the number of differential elements cannot be reduced by 
one unit so as to leave the coefficients of those elements functions 
of the (reduced number of) new variables, save as to a common 
factor. 

But though this reduction be not possible, another transforma- 
tion may be effected. Let the first 2n — 2 terms of 

n = Xidxi + XidXi^ + X^M^2dx2n-.2+ ^2n-ida:m-i 

be denoted by *, which contains an even number of differential 
elements, and may contain all the variables. Let an even 
reduction be applied to ^ on the supposition that x^n-i does 
not change, so that the only variables which are transformed 
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are a?i, a?2, ..., x^g,^^', then * comes to be of the form Jfi*', where 
^' denotes 

Uidui + Uidu^+ + Uin-zdVfn^. 

Of the quantities which occur in ^', the variables tij, i/,, ..., thn-a 
are functions of a:,, rcj, ..., rcan-s ai^d of aiiy non-varying quan- 
tities that may occur in Xj, X2, ..., Xf„^, ie. of iCinr-i also ^ 
general ; the coefficients iJi, U^, ..., C7»i_3 are explicit functions of 
Wi, t/2, ..., Uin-z and of any non- varying quantities that may occur 
in X,, Xg, ..., -STjjn-a, 10. of ir2,i_i also in general. And Mi is, in 
general, a function of all the variables in ft. 

Removing now the supposition of non- variability of aw-u 
introduced for the purpose of changing the form of ^, and taking 
the complete variation of that changed form, we have 

ft = Jlfi (Uidui + Uzdti^ + + U^n^dtiii^s) + X'tn-^i dx^n^u 

where 

X an-i = -X^sn-i ~ ■'" i I t7i 5 1" Uo ^- h + t/in-a ^Z I • 

Let this be denoted by 

ft = ififti + X^n-idx^^i. 

The transformation thus effected is an incomplete even re- 
duction, being applied to 4> only; in view of the tact that ft, 
the quantity to be transformed, contains an odd number of 
variables the transformation may be called the odd redvction. 
It is a reduction which diminishes the number of differential 
elements by unity; but, unlike the even reduction, it does not 
in general leave the new coefficients, save as to a factor, in the 
form of explicit functions of the new variables alone. 

Since the even reduction can always be applied to a quantity 
with an even number of differential elements such as ^, it follows 
that a quantity ft with an odd number of differential elements 
can always be subjected to an odd reduction. 

And, as before, an odd reduction is not unique. 
Ex. To form tho odd reduction of 

Taking the first four terms and constructing the subsidiary equations of § 59 
for the incomplete even reduction, we find them to be 
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—— i__ — i__ ^ 

Taking 6=\og x^y these become 

djCi__ dx^__ ^4_ 

and therefore new variables (§ 60) are given by 

X^=^U^ — X^0y 

x^^u^-u^B-\r\x^{6-\)\ 

Passing now to the complete variations, so as to obtain the odd reduction, it 
is easy to shew that 

O = ^3 {x^dUi + 111 ^^ + ^^) + ^'b^6 > 

where Z'5=«3-ii2^+ia?6(^-l)2+j6*(l-2t^^-2^-^). 

This verifies the general proposition for the particular case ; we have 

68. We are now in a position to reduce the number of terms 
in any given differential expression to a general minimum. In 
particular cases the number of terms in the finally reduced form 
may be smaller than that expected from the number in this 
general minimum ; the possibility of such a result depends upon 
the satisfaction of certain conditions, the consideration of which 
will be deferred for the present. 

First, taking the case in which the expression fl to be re- 
duced contains an odd number 2n — 1 of differential elements, say 

we apply to ft an odd reduction so that 

ft = Ififti + X'2n-\dx^nr-\< 

Now fti contains an odd number of differential elements 
w,, Wa, ..., 1/^-3, and their coefficients are functions of these 
variables and (possibly) of sc^^i ; hence applying to fti an odd 
reduction we have 

where fto = F,rfvj + V^dvo + + F^^-s^Vjin-s, 
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^1 . .17 ^»»-B^ 



and 



F --M (r-^+ +F ^'»-' '\ 



The variables Vi, Va, ... , V2,i_6 of fta are functions of Wi,t^, ..., ti^y^-^t 
possibly of n^^s and possibly of a!^-u in case the latter occur in the 
coefficients ?7„ iJa, ..., ?72n_4; and the coefficients ViyV^, ..., Fsn^g 
of fia are functions of Vi, Vj, ..., Vsn-si possibly of i^3»_3 and possibly 

01 iPon— !• 

i5!r. Thus the modification of Oj in the last Example is 

where ^=^2+^5 log w^ ; and so 

O = ^3 Wj rfv + ^aC^Wg + (-.r's - x^Ui log 1*1) cLfj . 

Applying now an odd reduction to fij, which contains an odd 
number of differential elements, and bearing in mind the variables 
that occur in fij, we obtain a result the most general form of 
which is 



ftj = Jlfgna + V^tn-ndv^n-fi + U"in^idu„^ + Z^^^dx, 



8»— 1> 



where flg contains only 2n — 7 differential elements. Proceeding 
in this way, we shall ultimately reach a quantity ft»_i which 
contains only a single diflferential element, say of the form Pdp^ ; 
and the value of ftn^, which unreduced contains three differential 
elements, will be of the form 

when all the variations are taken into account. Substituting 
then for all the quantities fi^ ^ turn, we evidently have a result 
of the form 

ft = Pidpi + Qzdqt + Ridn + ... + F^^-idaw-i ; 

for each unreduced ft has two differential elements fewer than the 
ft earlier in the succession, one of them having been removed by 
reduction and the other having been set aside in order to apply 
the incomplete even reduction. 

The reduced form of ft evidently contains n differential 
elements, that is, i(p+l), where p is the odd number which 
F. 8 
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occurred in the original form of the expression ; and the variables 
and the coefficients are, all of them, functions of the original 
variables. 

Secondly, take the case in which the expression O to be reduced 
contains an even number 2n of diflferential elements, say 

ft = Fidy, + Fjdys + ... + 7m-idym-i + T^dy^; 
we apply to ft an even reduction, so that 

ft = M{XidXi + ZjCfea + ... + Xtnn-i dx,n-i) = Mil', 

where ft' contains only 2n — 1 differential elements and the 
coefficients in ft' are functions of the variables fl?i, x^, ..., x^n-i* 
Thus ft' is an expression of the type considered in the former 
case ; carrying out the full reduction on ft' as there indicated, we 
have a reduced form containing ^ {(2n— 1)+ 1}, that is, n differ- 
ential elements, and so 

ft = M{P^dih + Qsdjs + ... + TTon-idaw-i) 
^PrdjH^Q\dq^+ ^-W'^^.dx.^,, 

The reduced form of ft contains n, that is, Jp difiTerential elements, 
where p is the even number of differential elements which 
occurred in the original form of the expression. 

It is to be noticed that, in the case when p is even, no one of 
the differential elements in the reduced form is the same as any 
one in the original form — always supposing ft to be the most 
general expression possible — so that then P\pi, Q's, ?s, ..., W'^n-i 
and x^n^i are together p functions of yi, ya, ... , y^ ; and one of the 
variables in the reduced form is an integral of the first subsidiary 
system. But, in the case when p is odd, one of the differential 
elements in the reduced form is the same as one in the original 
form, so that then Pj, pi, Qj, q^, ... and TTan-i are together p 
functions o{ Xi,^^, .,., Xp, 

We have now proved the possibility of reducing an expression 
containing p differential elements to one containing either ^p or 
i (p + 1) diflFerential elements. Other and less laborious methods 
of effecting the reduction will be given, on the assumption of 
this now proved possibility ; and they will take account of the 
fact, that the reduced form is not unique owing to the want of 
uniqueness in the successive steps of the reduction as effected by 
the foregoing method. 
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Ex, As a simple illustration of the general result we may deduce a 
theorem stated by Jacobi* relative to the equation 

The application to O of an even reduction gives 

Q=:M(U^du^-{- U^du^+ U^du^^MQ\ 

where Ij\, U^, U^ are functions of u^yU^^Un^ alone and M may be a function of 
^11 -^2) ^3) -^49 while t^i, v^, v^ are determined from the int^ration of the 
equations (§60) 

dx^ dx^ dx^ dx^ 

[2340] " [3401] " [4012] " [0123] ' 

which, being three ordinary equations of the first degree, require three inte- 
grals in order to bo satisfied, these three being taken (§ 60) to be ti|, iiji ^^ 

When an odd reduction is applied to O', one of the variables, say 1^3, is 
lefb unchanged and we have a result of the form 

Q!=Ndv-{-V^du^, 
Hence the equation 0=0 can be replaced by 

Ndv-{- Fjrfi^ssO. 

If now we make u^ a constant, this equation comes to be Ndv=0, Le. 
dv=Of and so an integral equivalent of the equation is given by a single 
equation. Now the relation ^3= constant is one of the integrals of the 
subsidiary system ; and thus it follows that, when one of the integrals of the 
mlmdiary eyetem of the equation 

Xidxi+ X^dx^^ X^dx^^ X^dx^^O 

is used to diminish by unity the number of differential elemerUs and the number 
of variables^ the resulting equation in only three differential dements can be 
represented by a single equation as its integral equivalent and therefore its 
coefficients are such as to satisfy the condition of integrability. 

This is the theorem referred to. As a special instance, we may take 
Ex. 1, § 62. One of the integrals of the subsidiary system being 

we take ^1=0:2+ a, 

where a is a constant ; when this is used to transform the equation, the new 
form is 

a?2^2 + ^^dx^ + {X2 + a) dx^ + x^ dx^ = 0, 

which is evidently integrable. 

It may be added that the process thus indicated is one of the most 
effective processes for obtaining an integral equivalent of an unconditioned 
Pfaffian in foiu* variables. 

* Crelle, t. xxix., p. 253 ; see also Cayley, Crelle, t. Ivii., pp. 273—277. 

8—2 
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69. When the differential expression il has been reduced to 
the smallest number of terms, an integral equivalent of the equation 
n = is easily obtained. 

(i) In the case of an even number of original variables, the 
final form of the differential equation is 

Uidui-^ U2diii+ + UndtLn = 0, 

where the quantities U, u are functions of the original variables, 
among which no identical relation subsists. 

Then an integral equivalent, corresponding to the complete 
integral in partial differential equations of the first order, is 
given by 

where ch, a*, ..., On are constants; and, in virtue of these n 
equations, the equation fl = is satisfied. 

Another integral equivalent, corresponding to the general 
integral in partial differential equations of the first order, is 
given by 

where ^ is any arbitrary function ; again, the integral consists of 
n equations, Le., of as many equations as there are differential 
elements in the reduced form. And if, instead of taking only a 
single arbitrary functional relation <^ = 0, we (less generally) take 
k such relations, say 

then there are other n—k equations to be associated with these, 
being the n — A equations which are the independent relations of 
the set 

d<f>i d(f>i 9<^i 

dvri' dii<i* ' dun 

d<f>2 d(f>2 d<f>>2 

dui' du^' ' dvn 



d^ 3^ 9^1; 

9m, ' 9?/2 ' ' dvn 

U„ U, , Un 



= 0. 
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(ii) In the case of an odd number of original variables, the 
final form of the differential equation has been proved to be 

where the quantities U and u are functions of the original 
variables one of which is x. 

Then an integi-al equivalent, corresponding to the complete 
integral, would be given by taking 

and (as it would not then be possible to integrate Uidx + U^du^ = 0) 
by taking 

4> {^> Wj) = 
with the relation 

J. 3^ ^ 1 a^ 

Ui dx Ui diL^ * 

where <f> is arbitrary. And another integral equivalent (really a 
more general case of the latter) is given by 

ia^^j^a<^_ =^^ 

Ui dx U^dUi * Undun 

where <f> is ai'biti'aiy. 

It is, however, not necessary hei-e to discuss the forms of 
solution, as the discussion will be an essential part of Clebsch'a 
theory. 

El'. Reduce to its canonical form, and so integrate the equation 

+ {x^x^ + x^x^ + x^x^ dx^ + x^x^dx^ = 0. 

(Tanner.) 

70. In the case of an even number of original variables 
the following simplification, due to Jaoobi* is worthy of notice. 
Each of the elements in the reduced form is an integral of a 

* See the memoir " Ueber die Beduction der Integration der partieUen Di£fe- 
rentialgleichungen erster Ordnung zwisohen iigend einer Zahl Variabeln auf die 
Integration eines einzigen Systemes gewdbnlioher Di£ferentialgleichungen." CrelU^ 
t. xvii. (1837), pp. 97—162, especially § 12, pp. 166—162 ; or in the Collected 
Works, vol. iv., pp. 67—127, especially pp. 120—127. 
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subsidiary system such as (10) ; and so for each of the stages 
there is the implication that a subsidiary system is to be formed. 
The proper choice of the integrals of the successive subsidiary 
systems can be made effective to avoid the successive transforma- 
tions of the differential expression : the essential idea being the 
introduction of what are called "initial values " of the variables 
suggested first by Cauchy and afterwards by Hamilton, to whom 
Jacobi attributes it*. 

Since the number of variables in the original PfafEan 
expression is even, the subsidiary system of § 60 has 2n — 1 
integrals: let these be 

Ur (^1 9 ^tW-ii ^t^) = constant = On 

for r = 1, 2, ..., 2n — 1. The right-hand side being constant, its 
value will not be affected, if we assign to any variable a particular 
value, say c^ to x^. This assignation is a limitation on the 
variations; since there are 2n — 1 equations in 2n variables, 
one of which is (temporarily) determinate, the others will also 
be determinate and so we take Ci (for i = 1, 2, ..., 2n — 1) as the 
simultaneous values of Xi, Hence we have first 

forr = l, ..., 2n— 1 ; so that Ci,...,C2»--i are functions of Oj, ...,c^in-i, 
and so are constants which, when the values of Oi, ..., Om-i in the 
forms u{xi, ..., x^ are substituted, lead to functions of the 
variables and constitute integral equations. These 2n — 1 integral 
equations of the subsidiary system may be taken in the form 

for I = 1, . . . , 2n — 1, where Vi reduces to Xi when x^ = Cjuf. And 
secondly, we have the 2n — 1 equations 

SO that solving for a^i, ..., x<m^i we have 

~y » (^ij • • • » ^an— 1 » Can, •^/« 

When these values are substituted in the expression H, we find a 

* See note to § 109, poet. 

t These are ' principal integrals * of the Bystem. 
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result of the form 

In this form we have 5 = 0, because the quantities Vi are 
integrals of the subsidiary system chosen so as to lead to the 
evanescence of the differential element cLv^n] and the variable 
x^n occurs explicitly only, if at all, in X. Hence 

2« 2JI-1 

2 Xidxi = Sl = \ 2 Gidvi. 
f=i t=i 

Now the right-hand side is, except possibly in the factor X, 

independent of x^n ; and therefore, except in that factor, will not 

be altered by the assignation to Xjn of any special value, say c^. 

The consequent values of Vi , . . . , v^n-i are the degenerate forms of 

those variables for the special value of x^tn, being Xi, ..., x^n^i 

respectively ; and therefore . 

2tt-i aii-i 

2 [Xi] dxi==[il] =[\] 2 [Ci] dxi 

= V 2 [d] dXi 

say. This being an identity, the coefficients of the differential 
variations arc equal to one another on the two sides of this 
equation, so that 

a result which gives the form of (7», and is equivalent to the 
result which would be obtained by substitution. Since it is valid 
for all variables, we change the variables Xi into Vi\ and then 
\.Gi\v^x becomes (?»•. Let X' become X", which thus is the value 
of X when for Xi, ..., x^^nr-n ^m we substitute Vj, ,.,, t;j»_i, c^; 
and let Vi denote the consequent form of [Xi]^^e^t so that when 

we make these same svhstitutions in Xi we denote the result hy Vi, 
Thus 

\"Gi^Vi, 

2»-l 

and therefore ft = X 2 Gi dvi 

X **~^ 
= -^2 VidVi, 

A. i=»l 

where Vi is derived from Xi merely by the substitution of 
Vi, ..., iv-i, Cju for Xi, ..., x^tir-u x^n respectively. 
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It thus appears that when the integrals of the subsidiary 
P&ffian system are taken in the form of "principal" integrals, 
the transformed expression of il (save as to a fisictor which is 
negligible from the point of view of the integral equivalent 
of ft) is derivable from the original form of ft merely by a 
literal change. 

In obtaining the integral equivalent, we take one of these new 
variables v as an integral (§§ 68, 69), say 

after which the differential equation becomes 

SM'— 8 

where V'iis the value of Vi with a»^-i substituted in it for Van-i, 
that is, is the value of Xi with Vi, ..., v^n-i, (hn-i, Otn substituted in 
ii for x^, ..., iCj^j, Xtn-i, x^ respectively, Oj^-i and c^ being 
reckoned constants. 

The characteristic form of the new (reduced) equation is the 
same as that of the original equation; and the new coefficients 
are derived by merely Uteral changes from the original coefficients, 
so that much of the analysis leading to the equations, subsidiary 
to transformation, will after the same literal changes be useful for 
the succeeding system of subsidiary equations. 

Ex, Shew that, if ztr^o,- (r= 1, 2, ..., n) be n integral equations satisfying 

Xidx^+ X^dx^+ ^X^dx^^^O^ 

and if n new int^ral equations be formed, first by solving for a?i, j?^, ..., or^ in 
terms of j?^+i, ..., ^2», «!, ..., ^n, say 

and next by constructing 

^«l>^4t+ +^n^^+^K=0, ir=l »). 

then the 2n - 1 equations, resulting from the elimination of X among the last 

n equations and the original n equations, are equations containing 27i-l 

arbitrary constants, viz. a^, ..., a,j, bjb^j ..., b^-Jb^ and are the complete 

integral of the Pfaffian system subsidiary to the even reduction of the 

differential equation. 

(Jacobi.) 



CHAPTER V. 
Grassmann's Method*. 

71. The variables Xi, ... , a;^ of the PfafBan equation 
Xidxi + Xidx2+ +Xfnda!m^O 

are independent, and the coefficients X are functions of the 
variables x. To apply the processes of the Ausdehnungslehre to 
this equation, we consider a region (Hauptgebiet) of m simple 
units say ^i, ..., €,„; and from them and the variables we con- 
struct an extensive magnitude x in the form 

05 = a?iei + iBaej + +a?m^/i, 

a magnitude of ordinal (Stufenzahl) unity. We take the comple- 

* Grassmann's method of dealing with PlaJf 8 eqoation is to be found in 
§§ 500 — 527 of the 1862 edition of the Aaadehnangslehre. 

The present chapter has been included only after very considerable hesitation, 
which arose not from any doubt about the substantial character of the contribution 
to the theory of the Pfaffian equation effected by Grassmann, but from a feeling 
that it is not possible to give an intelligible account of his method without either 
assuming, what is probably not common at present, some adequate knowledge of 
the analytical method of the Ausdehnungslehre or giving some adequate explana- 
tion of the method. The latter would require more space than could fairly be 
granted in the present treatise ; and so it happens that what is to be found in the 
present chapter is little more than a translation of the above-quoted sections. In 
order to be understood, it must be read on the basis of an acquaintance with 
Grassmann's analytical method. 

The reason for the inclusion of the chapter, in spite of the foregoing very 
serious objection, is the necessity of rendering justice to Grassmann in an 
acknowledgement of the definite results and, in some details, of the definite 
novelties (§ 48) obtained by his analysis. So far as concerns the present question, 
his results are always remarkably concise in form, as may be seen by a comparison 
with the expression of the same results in other methods; their difficulty lies, partly 
in their interpretation, partly in the proofs which are not always dearly explained. 
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mentaries of the units e, denoting them hy Ei, ... , Em', and con- 
struct another extensive magnitude X in the form 

X =XiEi + X2E2+ + XmEfn, 

a magnitude of ordinal m — 1. Then we have 

Xdx = {X^E^+ + XmEm) (eic&a + + e^dx^) 

= (- If"-^ (Xidx, + Zacfea + + Xmda:^) 

a numerical quantity (Zahlgrosse). Hence the original differential 
equation can he replaced by 

Xdx^O, 

in which w is an extensive magnitude and X can be expressed as 
a function ofx, but Xdx is a numerical quantity. 

This result indudes the partial differential equation of the first order as 
a special case. The result can he extended to partial differential equations 
of order higher than the first or, what is the same thing, to systems of 
simultaneous Pfaffians; and Qrassmann shews that a whole system can be 
replaced by a single equation 

Xdx=Oy 

where a? is an extensive magnitude, JT is a function of x and Xdx is also an 
extensive magnituda 

72. Other investigations (§ 69) connected with the Pfaffian 
equation shew that its integral equivalent is composed of a set of 
simultaneous equations, assumed to be the smallest number, in 
vii'tue of which the differential equation in the ordinary form 
can be satisfied. Let then 

be such a system of equations in numerical quantities, in virtue of 
which the differential equation is satisfied : then there must exist 
quantities U such that 

Xdx= Uidui+ U^Ui+ + Undthi. 

For since the foregoing system of integral equations is the smallest 
number, in virtue of which 

Xdx = 

is satisfied, it follows that 

dui = 0, du2 = 0, , dun = 

is the smallest number of exact equations, in virtue of which the 



72.] EXTENSIVE VARIABLE 123 

differential equation subsists. Since all the equations are linear 
in the differential elements of the variables, the original equation 
can be only a linear combination of the n exact equations, so that 
we must have quantities U such that 

Xdx= Uidiii+ U^u^-\- + Undu^, 

All the elements du must occur: otherwise the equation would 
be satisfied by the vanishing of those which do occur, that is, by 
an integral system containing fewer members*. 

73. We have, by the definition of a differential coefficient 
with respect to an extensive magnitude. 



and therefore 



J- ctr = dUf 
cue 

2 U4ui = ^Ui^ dx, 



SO that wc may take 

and X is an expression with a single gap (LUcke). Hence 

— = 2 - -* ^ + i Z7. — * 
dx i^i dx dx i^i * da^ ' 

an expression with a double gap; and some of the parts of it, 

dhc 
viz. each quantity -j-^ , have the two gaps interchangeable. 

When we proceed to form the interrupted (Itickenhaltig) pro- 
duct represented by 

we may omit fi:om the -j- those parts which have two inter- 
changeable gaps, because they lead to vanishing quantities. Hence 

_^r jj^ dvidUjdujdUkduk "] 
^ \_ * dj) dx dx dx ^ '"]* 

* For the more general form of the integral system in virtae of which ZUdu 
vanishes, see § 142, note. 
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where the number of different indices i, j, A, ... is n+ 1, and the 

bracket implies the usual law of interrupted multiplication. Now 

since there are only n quantities u and there are 7i + 1 indices, it 

du 
follows that two of the quantities -r- in any of the combinatory 

products are the same and therefore each such product is zero. 
Hence every term of the sum vanishes ; and therefore 

[-(S)"]-». 

ifXdx he expressible as in the last paragraph. 
If the same process be applied, so as to form 



V (f n • 



we cannot in general assert that it will vanish: nor, if it be 
applied so as to form 

[©"]■ 

can we in general assert that it will vanish*; but, if it he applied 
so as to form 

mr] ■ 

it is easy to see that tlie expression must vanish, 

74. The two equations, symbolical in the interrupted products, 
just obtained, viz. 

[-(sn-». [(sr]=«. 

can be replaced by numerical equations. 

Let us fii-st consider the former. Since X has a single gap 
and ~r- a double gap, we have 



["^(da;) ^•^^•••^'^«J=^> 



where a, /8, ..., t, ^ are any 2m + 1 of the integei-s in the series 

* The expression will vanish, if the quantities U and u be not independent of 
one another ; see references in note to § 63. 
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First, if m < 2n, then at least some one of the quantities e can 
be expressed linearly in t^rms of the remaining ones by means of a 
relation, the coefficients of which are numerical ; hence the product 
is necessarily zero, and so there is no condition to be infen^ed. 

Secondly, let m = 2n + 1 ; then there is only one equation 






2(±X. 



Now, except as to a power (— 1)"*^S we have 

Xea = Xa , 

and therefore 

dX d ^ d XT dXfi 

The foregoing expression, being an interrupted product, is 
thus equal to 

Jli 3A'Uo 

* dxy dx0 J 

except as to a dropped numerical factor equal to (2n + l)!, the 
summation extending to all derangements of the indices from the 
sequence 1, 2, ..., 2n + 1, and a positive or a negative sign being 
associated with a term according as it arises from an even or from 
an odd derangement of the sequence. If the derangements be 
taken in pairs, such that in each pair the derangements are one 
odd and the other even and are the same except for the two 
deranged indices, then in such a case we can combine in pairs. 
For instance, if we have one term 

y dXp dXj dXj 

dXy dx^ dx0 

we shall have another term 

Y dXy dX^ dXi 

dxp dxg dx0 

which two added together give 

+ X«a — ^— *. 

^ 9ar, dxs ' 

Proceeding in this way we shall have 

2 ± (X^apyU^ a^e) = 

which, with the now limited derangements, coincides with the 
Jacobian condition (§ 65). 
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Thirdly, if m > 2n + 1, we have the equation 

[^{^h'" H=^ 

subsisting for every selection of 2n + 1 integers a^ fi, ..., i, fix)m 
the set 1, ..., m; and every such symbolical equation leads to a 
numerical equation 

2±(Z.a^y a,,) = 0. 

Thus the number of numerical equations of this form is the 
same as the number of selections of 2n + 1 integers from the 
system 1, ..., m; but they are not all independent, and it is 
sufficient to retain only those which have some specified index, 
say 1, common and which therefore are in number equal to the 
number of selections of 2n integers from the series 2, ..., m. 

The second equation of § 73 



mi - 







may be treated in the same way : it leads to 

for every selection of 2nH- 2 integers from the series 1, ..., m. 

If m be less than 2n + 2, the product is necessarily zero. 

If m be equal to 2m + 2, then as before we are led to the 
numerical condition 

^ i IShi (hn+if an+sj = 

with the same laws of summation. 

If m be greater than 2n + 2, then there is for every selection 
as above indicated a numerical equation of the form given for the 
case m = 2n + 2. 

These conditions are not independent of the former, of which 
important property Qrassmann gives two proofa It is not 
necessary to repeat them here and it may be sufficient to point 
out that his first proof is, after the translation of his analysis into 
numerical forms, equivalent to a proof of the identity 
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where on the right-hand side 1 is omitted from the series 
i+l, i + 2, ..., I— 1: the establishment of the identity is a 
justification of the statement. 

Ex, If the Pfaffian equation 

can be satisfied by a single equation i£=c, so that it takes the form 

i XipUci=Udu=0^ 



i-\ 



then the conditions for this are the aggregate contained in the symbolical 
equation 



[-S]-». 



which, when numerically interpreted as above, are the aggregate 

for every three indices a, ft y. 

75. When the conditions necessary that the equation 

Xdx^Q 

should have an integral system of n equations have been obtained, 
the next process is the transformation of the numerical quantity 
Xdx ; and, as in other methods which treat the PfafEan equation, 
the transformation is gradual. 

The extensive variable a?, constructed from m units, is to be 
expressed as a function of another extensive variable a, constructed 
from only m — \ units, and of a numerical variable t\ and the 
transformation is to be determined so that, when substitution 
takes place for x in the equation, the expression Xdx is to be 
independent of dt and, save possibly as to a numerical factor N, 
independent of t If then we take 

dx = dflfl? + dfXy 
we are to have 



Writing 



XdiX = 
dt ^ XdaX = 



._dtN 



128 EQUATIONS SUBSIDIARY [75. 

the second equation gives 

\XdaX = dt {Xdax) = dtXdttX + XdtdaX, 

Also by the first equation we have 

= dfl {XdfX) = daXdfX + Xdadtx, 

and t is numerical so that 

dadfX = dtdaX ; 

hence by subtraction we have 

XXdfific = dtXdaX — daXdtX 

dX J J dX J J 
~ d^ duo 



or 



— XXdffio = -^ dofl? d^a? , 



the right-hand side now being an interrupted product, in which 

has a double gap. 
ax 

Then we have the proposition : — 

If c denote any quantity of the same species as x and dgX and 
if for every such quantity c, the equation 

be satisfied, then 

Xdtx = and dt^XdaX = 0, 

dtN 
where -v^ = X which is supposed to he different from zero. 

First, since the equation 

is satisfied for every quantity c of the species indicated and since 
dtx is such a quantity, we have 

— XXdtX = -y- dfX dtX 

= 0. 
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Also X is numerical and different from zero : hence 

XdtX = 0, 
which proves the first of the equations. From it we have 

= daXdfX + XdadfX 

= -v- daicdtX + XdadfX, 

Again in the equation, which is satisfied for the quantities c, 
substitute for c a quantity daX which is of the implied species; 
thus we obtain 



\XdaX = -T^ daxdtx 



dX , J dX J J 
= -j^ dapcdtx --^dtxaaX, 

which, when subtracted from the result just obtained, leads to 

XXdajX = XdadtX + -7— dfjxdf^ 

= XdadtX + dtXdfjfl) 
= XdtdgX + dtXdaX 
= dt (Xdax) 



and hence 



dt (jj^ Xdapsj = 0, 



proving the second of the equations In fact the whole proof is 
little more than a reversal of the earlier investigation. 

Since 

Xdx = XdaX + XdtX 

= Xdapi^, 

we have 

XdaX = 0, 

and therefore, as i\r is numerical, also 

an equation which involves neither t nor dt and is therefore the 
transformed form of Xda = 0. 

F. 9 
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It thus appears Utat the satisfaction of the characteristic equa- 



tion 

— \Xc 



= Yi H 



is sufficient to lead to the required transformation. 

76. We now proceed to find a value of dtpo, such that the 
characteristic equation 

— \Xc = I ^- cdix 



=[SH 



is satisfied for all quantities c of the same species as x, that is, is 
linearly constructible from the units which enter into x. The 
method adopted for this purpose is to find dfX for one particular 
quantity c of the appropriate species and to shew that the inferred 
value of dipD allows the equation to be satisfied for all such quan- 
tities. 

In the first place we assume that the equations 

[^(sr]-». [(©><- 

are not both satisfied, for these are the conditions that the original 
Pfaflian equation Xdx = should be satisfied by n — 1 integrals ; 
hence m > 2n — 1. Also the set of equations 



m] ' 







would, if satisfied, be a consequence of the set 

[-(sr]=»^ 

and therefore it will be assumed that 

as is justifiable. 

77. First, let m = 2ri ; and in the meanwhile assume that 
i-r) does not vanish. 
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As in § 71, let ^r denote the complementary of Br so chosen 
that \erEr'\ = 1 ; evidently Er is the product of 2n — 1 units, and 
may be taken (— \y~^er^i ... e^e^ ... ^r-i- 

Since ~-r- is an expression with a double gap, the quantity 



m-'A 



is linear in the units e and is therefore of the same species as 
x\ hence it may be substituted in the equation, which thus 
becomes 



-\Z 



[(fr-']=[f[(sr^H- 



// ) ^^\ 

a quantity which is linear in the units, it follows that 

is a numerical magnitude, and that it can be expressed in the 
form 

Similarly the right-hand side is a numerical quantity which can 
be expressed in the form 

[(g)" H^ 

and therefore the equation is 

- [-^ (sr^-] - [('i)"H 

Now, when i is different from r, we have [-^r^] = ; and also 

[E^r] = (- ir-' [BrErl = - 1 ; 

thus we have 

4^ (sr^'] = [(£)>• 

9—2 
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[77. 



The coefficient of \ on the left-hand side being numerical and 
involving 2n — 1 indices, it will (when interpreted numerically) be 
an algebraical sum divided by (2n— 1) !. Similarly the coeflScient 
of dt3Sr on the right-hand side will (when interpreted numerically) 
be an algebraical sura divided by 2n !. Hence taking 



M = 



2n! X 



(2n-l)! 



2n\ 



we have 



"-lif^gr*-] 



(1). 



and therefore 



2« 



'kH^m'^'^'] 



A' (Mr 



] 



(I). 



which gives a value for dtX. 



78. It is now necessary to prove that this value of dtx will 
permit the equation in c to be satisfied, whatever quantity of the 
appropriate species be substituted for c. 

Since X has a single gap and -7— has a double gap, the in- 

r /dXy^"^! 
terrupted product X f -p- J has 2m — 1 gaps, while there are 

2n units e; hence it is a numerical quantity, when its gaps are 
occupied by any set of all the units save one. Since there is thus 

X I -J- j a factor unity and 

assign a gap to this factor without altering the signification; 
and so 



[^OT=[«(fr] 
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since XCa is numerical. Hence, substituting this in the value (I) 
of dtfc, we have 

Now when a is different from r, we have [erEa] = 0, and when a 
is r, we have [CrEr] = 1 ; hence 

on substituting the value of fi. This holds for every index r ; and 
since every quantity c of the assigned species is of the form 

C = 2 Crl/r, 

where the y*s are numerical, we have 

or the value of dtfic is consistent with the satisfaction of the 
equation, and is therefore sufficient to lead to the required trans- 
formation of Xdx. 

The equations (I), being numerical equations, can be put into the fol- 
lowing form. Wo have 

and therefore as in § 74 

D^cir'^']=(iS)i^±(^««« «-— > 

with the same derangements of the indices occurring in the summation, the 
index r being omitted. For example, let n = 3; then 

r^ ( cL ) ^M ^ 120 ^^2 ^^^" " ^^^ "^ ^^^ " ^^ ^^""" " ^"** "^ ^'^^ 

+ A'e (a^46 - 0^4035 + a^sajj)}, 
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+ Xfl (au,a45 - 014035 + 016034)} 
and BO on. And the subsidiary equations (1) take the form 



dxi dx^ cggg ^ji^ 

' 2» 



which, after the above expansions, are easily seen to agree with the first 
subsidiary PfeifiGlan system as obtained by ordinary analysis. 

79. It was assumed in what precedes that ( j- ) does not 
vanisL Taking now the alternative supposition that 



we have any of the subsidiary equations of § 77 in the earlier form 

^[^(sr*-]-[(S)"]*- 

= 0, 

and the coefficient of X does not vanish ; }ience X itself vanishes 
and so JV is independent of t Therefore, if the transformation be 
possible, it is to be expected to be such as to leave the new form 
of Xdx free, not merely fi^m dt, but also frx)m t 

Now, just as in the corresponding case in the reduction of 
§§ 61 — 63 with an even number of original variables, the subsidiaiy 
equations (and consequently the equation which gives dtx) aie 
valid, though obtained on a supposition which no longer holds: 
that is, we have for m = 2n, 

even when the Pfaffian f-i— ) vanishes (§ 74). The proof is as 

follows. 

We have, for this value of dtx. 
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When we form this interrupted product as in § 73, we shall 

du 



have in it ti + 1 factors involving only n quantities t-, so that 



du 
every term will contain some quantity -r- at least twice and must 

therefore vanish ; hence the sum will vanish, and we have 

Xdt^^O, 
the first of the essential equations. 

Next, we have from the value of dtx, as in § 78, 

[S...] = -^,z.[(g)"].o, 

and therefore for any quantity c of the same species as a; we have 
Now daX is of this kind and therefore 



that is, 



[gd<^d^]=0. 



^ do^de^- ^dt^dops=^0, 



and therefore 



daX . dtX — dtX . dgX = ; 

whence by the addition and subtraction in the left-hand side of 
the equal quantities dadtx and dtdaX we have 

da {Xdtx) — dt (Xdax) = 0. 

But we have proved that 

XdtX = ; 
hence 

dt (Xdax) = 0, 

so that XdaX is independent of t Moreover 

Xdx = XdaX + XdtX 

— XdaX, 

so that the transformation determined by the equation 



*•- [^cir] 



13G 



INTEGRATION OF THE 



[79. 



makes the new form of Xdx independent not merely of dt, but aiso, 
in the case when ( -p ) = 0, 0/ <. 



80. The equation 



*-- [^(sn 



determines the derivatives d^Xiy ..., dtx^n, and fi; but as it is 
equivalent only to 2n equations, we may consider one of the 
quantities left undetermined and therefore assumable at wilL 
We take t = x^, the assumption adopted in other methods applied 
to the Pfaffian equation; which, substituted in equation (1) of 
§ 77 subsisting for r = 2n, gives 



^ = 



2ndx. 



sn 



[dtcJ 



R 



tn 



Let 



so that 



Then 



y^iCiei'\-a^'\- ... + a?2n-i^»i-i* 



or 



y = 


X — X^n/ie^n* 

2ndx^ 


dy __ 


2n 


dx^n 


k"i) '-"J 






^CM?2» 



^» 



When on the right-hand side we substitute y + ;rjne»i for x, 
it comes to be a function of y and x^n- 

This equation on integration gives the result first in the form 

y = a-\- x^(f), 

where ^ is ta function of y, arau and a, and where a is the vahie 
of y when x^ is zero, that is, it is the value of x when x^n is zero ; 
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and so it involves only 2n — 1 of the units : and then we have 
a in the form 

a = function of y and x^ 
= function of x and x^ 
after substitution for y*. 

81. Let the numerical quantity N, in which x^n occurred if it 
occurred anjrwhere, be denoted by N(x) when expressed as a 
function of x. We have 

x = a + X2n((l> + e^n), 
and therefore 

Now the transformed equation, which is 



thus comes to be 

1 



N(x) 



■^ XdgX = 0, 



X(x)(da + Xfn da4>) = 0. 



But the left-hand side is independent of x^, and thus retains 
the same form whatever value be assigned to as^n- When the 
value zero is assigned to it, x becomes a; and the equation is 

T^r, N X(a) da = 
iV (a) ^ ^ 

or removing the numerical &ctor N(a) and writing A for X(a) we 
have it 

Ada = 0. 

The quantity a involves only 2n — 1 of the units; and thus 
the equation has been transformed and it involves only 2n — 1 
numerical variables. 

* This is a point of weakness in Grassmann's method regarded in any light 
other than most purely theoretical; for the form of the function is an infinite 
scries, arising from a reversion of a Taylor's series, and there is no proof that the 
series converges. Even if the series converge, the form of the integral so found 
is such as to render this stage of the method unpractical ; and so it must remain 
until some other process is devised for the integration of a differential equation 
with its dependent variable an extensive quantity. 
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It is oosy to soc that the exteusive equation 

a = function of j; and x^^ 

leads to 291- 1 numerical equations of the form 

Oj^fiinction of ^^ , x<^f 

so that these 2n-l equations are eciuivalent to a set of integrals of the 
ordinary subsidiary system. Their form corresponds to the form in which 
Jacobi (§ 70) took the integral system, viz., in the introduction of the 
principal int^rals, a correspondence directly intended by Qrassmann. 

82. We now take m > 2n; we have 

The characteristic equation which, if satisfied, makes the trans- 
formation of Xdx possible is 

cdtx = XZc, 



[SH^ 



where c is of the same species as x. Let c = ei, ..., em in turn, 
and write 



Gb= ^^»^«^ -XXe,; 



then the characteristic equation is replaced by 



[©•] 



First we shall assume that ( , 1 I docs not vanish and 

therefore also that X does not vanish. 

Let Ci , . . . , e^, Br be 2n + 1 of the m units, for r = 2/1 + 1, . . . , m; 
let E denote [ei...e2ner] and take Fg as the product of all the es in 
E except e„ so that [etFg] = E; and finally let a, denote the 
numerical expression 



[©>.]• 



Then 



OT[SH-^'4(S)"^ 



-(2ft + l) 



[dxj 



Edtx\ - \ (2n -I- 1) \x (^^XeI . 
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But we have 

[.(-)"J-o,.a[(^Jr]-o.- 

hence the light-hand side vanishes, and therefore 

Whence it follows that there is a numerical relation between 
2rn- 1 of the equations ff = ; and by varying the choice of 
units that there is a relation between every 2n + 1 of those 
equations. 

It may happen that for some selection of 2n + 1 units some of 
the quantities a may be zero; this however cannot happen for all 

the selections, otherwise (;r-) would vanish, contrary to hypo- 
thesis. Hence some of the equations must contain 2n + 1 terms Q; 
and therefore we can choose a set of 2n of the quantities 
Gu •••» Omy say Oi, ..., Gan, such that the remaining m — 2n are 
numerically derivable from that set. 

We thus have only 2n numerical equations, independent of 
one another and involving the quantities dtx^, dtjX^, ..., dtx^ and 
X. As before, we replace X by a corresponding quantity fi; the 
equations will be solved so as to give quantities dtXi, As there 
aie only 2n equations, only 2n of the quantities can be determined ^ 
definitely; those associated with the remainder will be taken to 
be zero. Let those so determined be dtCCi, ..., dtx^; then aJjn+i, 
..., iCjn ai*6 regarded as constants. The 2n equations are now 
equations in /jl and dtXi, ..., dtXm] when treated in the same way 
as the set in § 80, they lead to 

and therefore, as dtXr = for r = 2n + 1, . . . , m, we have 



'^=f[^{^T'^-'^]- 



This equation is integrated as before and the integral involves 
an extensive constant a, which is the value of x when t (taken to 
be x^) is zero ; and substitution leads to an equation of the form 

^rfac=0, 
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where A is the same function of a as X is of ^, and the new 
quantity a involves only m— 1 units viz., d, ..., e»i_i, e»»+i, ..., Cm- 



[(f )■] " - 



It was assumed that ( j- ) I is different from zero. When 
the alternative holds, viz., when 



[(©•]-»• 



so that \=0 and therefore N is independent of t, then as in § 79 
we prove that 

which is the value in the preceding case, is still correct and is 
sufficient to effect the required transformation. For with this 
value we have, for « = 1, ... , m, 

= 

under the present supposition. As this is true for each of the m 
units, we have, on constructing daX, the equation 



and therefore 



[g dMic'^ = 0, 



dapsdtx -J— dtxdaX = 0. 



dx dx 

Also, as in the earlier case, 

XdtX = ; 

from which point the rest of the proof is as before, leading to the 
result that 

XdaX = (i 

is independent of t and dt and is expressed by means oi m—\ 
unita 

Hence hy the transformation derived from the integration of the 
equation 
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vw pass from the equation Xdx = 0, where x is an extensive magni- 
tude involving m units (m > 2n), to 

Ada = 0, 
where a is an extensive magnitude involving m — 1 units and A is 
the same function of a a^ X is of x. 

83. The equation 

is identically satisfied whatever be the value of x. If then we 
replace xhy a and X hy A, the same function of a as X is of /r, 
we have 

If now m — 1, the number of units in a, be greater than 2w, we 
can use the foregoing method to transform Ada = into Bdb = 0, 
where 6 involves (m— 1)— l=m — 2 units and B is the same 
function of & as il is of a and therefore as X is of a? ; and we have 



HT)'] 



= 0. 



Proceeding in this manner we can reduce the equation until 

the extensive variable k involves only 2n units : and it takes the 

form 

Kdk = 0, 

where K is the same function of A; as X is of «; and this reduction 
has been effected under the supposition that 

conditions which are necessary and suflScient. 

Finally, applying to this equation the process of § 81 we come 

to an equation of the form 

Ydy = 0, 

where y involves 2n — 1 units only and Y is the same function of 
y as X is of a?. 

84. The rest of Grassmann's reduction of Xdx = to the 

n 

form X U{du^ = proceeds as in the P&ffian method One of the 

numerical variables in y is made constant, so that the equation 
Ydy = then involves only 2n — 2 numerical variables and there- 
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fore 2n — 2 units. The reduction of the modified Ydy to involve 
only 2w - 3 units is effected as in § 81 ; and then one of the new 
numerical variables is made constant, so that the equation now 
involves 2w — 4 numerical variables and therefore 2n — 4 units: 
and so on until the end. Evidently n reductions are necessary, 
each reduction furnishing a numerical variable made a constant 
and therefore furnishing an integral, so that n integrals are ob- 
tained ; and then the formation of the expression 2 Udu^ if desired, 
is only a matter of comparison of coefficients. 

Ex, 1. Denoting by [1, ... , n\^ the system 

3 3 3 



_3_ _3_ 3 

3^1* 3^72* 






where there are 2r rows and in the expansion of a determinant the ^ factor 
of any term is to be taken from the t"* row, shew that [1, ... , w]2,.=0 is the 
condition that 



should be reducible to the form 






Ex. 2. Similarly denoting by [1, , n\^^^ the system 

So?!* SoTj' ' dx^ 



(Tanner.) 



whore there are 2r+l rows and the law of expansion is as before, shew that 
[1, ... , n\^^i—0 is the condition that 



should be reducible to the form 



2 X(dxi 

1=1 



2 Vijdui. 
1-1 



(Tanner.)* 



* These results are to be found in Prof. Tanner's memoirs "On the transforma- 
tion of a linear differential expression/" Quart. Math, Joum. vol. xvi. (1879) pp. 45 
— 64. Their form will be seen to have a close resemblance to that of Grassmann's 
conditions (§ 73), which is the reason for placing Prof. Tanner's results in this 
connection. 



CHAPTER VI. 
Natani's Method. 

85. In order to transform the differential expression in 

X,da:, + ZjAra + Zjcirs -f +Xndxn = (I) 

80 that it may contain a smaller number of differential elements, 
Natani* introduces a set of n functions of the variables ^, ^, ..., 
tp,iti, U2, ... , Ug, where p-{-q = n, which in the first place satisfy 
the single condition of being functionally independent of one 
another. Thus 

m=l r-l »=1 

where the variations of the variables x are any whatever ; and the 
coefficients T and U are given by 

Tf V v z^^ jj ^ y ^*^w» 

m-1 (^h- «=1 OUg 



When the variations of the variables x are such as to have (I) 
satisfied, the consequent variations of t and u are subject to the 
relation 

r=:l #-1 

This relation can be satisfied by simultaneous equations of two 
kinds : (a) those formed by equating the differential elements to 
zero, and (jS) those formed by equating the coeflScients of differen- 
tial elements to zero. An equation of the kind (a) implies that 

» CrelU, t. Iviii. (1861) pp. 301—328; and Natani, Die mhtre Analyrit (1866), 
pp. 304—327. 
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the variable with the vanishing differential element is unchanging ; 
and we should thence have 

function (^, ^, ... , ^n) = constant 

as a relation which is used to satisfy (I) and which is therefore an 
integral of the differential equation. An equation of the kind (13) 
leads to a partial differential equation of the form 

I X«— =0 

where dz is one of the non-vanishing differential elements. And 
we consider included in (a) any homogeneous relation among the 
new differential elements, which leads to an equation 

function (^, ^, ..., <y, i^, ..., t^^) = constant ; 

because the substitution of their values for ti, ,,,, tp, tti, ... , Ug 
leads to an integral of (I) as just explained. 

86. We take then all the new variables with vanishing differ- 
ential elements to be the variables u, and all those, the coefficients 
of the differential elements of which vanish, to be the variables t 

From the first of the suppositions each of the quantities u is 
an integral of the equation (I). 

From the second supposition there are p equations of the form 

ixJ-^=o (II) 

for r = 1, 2, . . . , p. In the initial substitution the quantities ti,...,tp 
were functionally independent of one another; the transforma- 
tion of the differential equation has given no relation among their 
variations ; and hence they may be looked upon as p independent 
variables. Moreover because the equation is satisfied whatever be 
the variations of the variables t, it follows that the variables t may 
be taken to be quite arbitrary quantities subject to the single condi- 
tion that no identical functional relations among ti,...,tp,Ui,.,,,Ug 
exist. Since then we have 

n 

and ti,t^, ... ,tp are the only independent variables, we have 



* dXrn 

m=l 9<r 



2 X^^ = 
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for r = 1, 2, . . . , p, which is the system (II) ; hence the system (II) 
and the equation (I) are co-extensive* and therefore Mi,..., Uq 
which are integrals of (I) are also integrals of (II). 

87. Thus there will be ultimately a set of integral equations 
and a set of independent variables. That aggregate of equations 
and independent variables will be looked upon as the most general 
combination, which contains the greatest number of independent 
variables and consequently the smallest number of integral equa- 
tions; for in that combination the variations of the variable 
quantities will be the least limited. Hence the most general 
solution of the equation (I) will be obtained by making q a 
minimum. 

Now, since we have 

2 -3r^&r,„= Z U^g (Ill) 

111 = 1 9=1 

after the preceding inferences, it follows that 

dug 



z„=i u,^ (III*). 



a system of equations n in number; they may be regarded as 
determining the (as yet) unknown quantities u and tT, which are 
2q in number. 

If n be greater than 2^, so that there are more equations than 
unknown quantities to be determined, the elimination of U and u 
from the system (III*) will lead to relations among the quantities 
X Such relations we shall at present assume not to exist ; and 
hence 2^, which is to be a minimum, must be chosen so as to be 
not less than n. 

« 

When n is even, the equations (III*) can be considered as 
determining q{= ^n) quantities u and q(^^) quantities U; and 
thus we have, for the most general case of unconditioned coeffi- 
cients, 

in n 

2 X^&r^= 2 UgSug (1). 

m = l $=l 

* For a similar result in the theory of systemB of exact equations, see § 22. 
F. 10 
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When n is odd, we have (since 2q may not be less than n) the 
smallest value of q given by 

2^ = n + 1. 

There are thus J (n -f 1) coeflScients U and J (n + 1) variables u to 
be determined from only n equations; and so we may have, 
either 

(A) ^ (n -f 1) coeflScients U and J (n — 1) variables u deter- 

mined and the remaining variable left undetermined ; 
or 

(B) ^ (n -f 1) variables u and J (n— 1) coeflScients U deter- 

mined and the remaining coeflScient left undetermined. 
But in (A) the undetermined variable cannot be an 
absolute constant, for otherwise the corresponding term 
will not occur and there will only be n — 1 quantities U 
and u given by the n equations, implying that there is 
one relation among the quantities X : and in (B) the 
coeflScient may not be taken to be zero, for otherwise 
the corresponding term will not occur — on account of 
the same unjustified inference as before. 

Since that final arrangement among the variables is being 
sought which contains the smallest number of integral relations, 
we choose (A) in preference to (B) as being slightly more general : 
it has i (?i — 1) determined integral relations and one which is 
arbitrary, while (B) has i (w + 1) determined integral relationa 

Let if) be the arbitrary variable left undetermined in (A) ; then 
we have 

2»+l n 

2 Xm8Xm = \S<l)+ 2 UgSUg (2), 

tn=l «=1 

where X, tJi, ..., £7^, i^, ..., Wn are the 2n + l quantities deter- 
mined by the associated 2/i + 1 equations of the type (HI*). 

88. We consider first the case, in which the number of 
variables in equation (I) is originally even ; we then have 

2n n 
f2= 2 Xm^fn= ^ UgSUg (1), 

where the coeflScients U and the n new variables u are functions 
of the variables sc^, ..., aj^n and independent of one another. The 
integrals of the equation 12 = are 

1*1 = constant, , ^/n = constant ; 
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that is, n of the new variables give integrals of the equations, and 
the remaining n of the new variables ti, ..., tn do not explicitly 
occur in the integrals. And we have seen that the variables t arc 
undetermined and are arbitrary, subject to the single condition 
that no functional relations subsist among the quantities u and t 

Thus the variables u are explicitly independent of the variables 
t and at the same time are integrals of the equations 

m=l ^Cr 

for r = 1, 2, ..., w. The manner in which this result exists is as 
follows : From the equation Ug = constant we have 

^^ du 

m-l Ca/m 

and, since ^, ..., ^ are the independent variables, we have 

SO that 

or, since all the variations Sir are independent of one another, we 
have 

0=2 ^'^^ 

for « = 1, 2, ..., n and r = 1, 2, ..., n. From this last set of equations 
we can find uniquely, for each of the values of r, expressions for 

^-^, -^f"-f ^ which are linear in -^, ..., or-; when these are 
01 ot ot ot ot 

substituted in 

2 Xfn 



2j ^ a^m 



the resulting expression vanishes identically whatever be the 
values of —^ , ..., -^ . 

Thus t^, ..., Mn are solutions of the system of equations 

2 XJ^ = Q (3); 

10—2 
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and, in particular, since ^, fe, ..., tn are independent <>( ti, we have 
'Wij •••! ^, Uf •••! ^n as solutions of 






2 Z«^ = 0. 



89. So far, the question has been regarded as one of trans- 
formation of n to a form which shall contain the smallest possible 
number of diflferential elements ; in order to obtain the integral 
equivalent of ft = it is necessary to have the explicit forms of 
i^, ..., Wn- These (being independent of ^, ..., tn) are unaflFected 
by particular forms properly assigned to ^, ..., tn', and so we 
assume, in conformity with PfaflF's result (§ 60), that ^ enters into 
n only as a factor V common to all the coefficients of the dif- 
ferential elements. This assumption, repeated for successive 
reductions, might be expressed by taking (as a possible way) 

I7;=Fa„ 17,= Fa„ ^Un^Von 

with 



VI &2 C]^^ V3V3 . • • &|t 

which are consistent with all the inferences which have been made 
and with all the conditions which subsist; but this form of 
coefficients is of course not unique. 

Replacing ^ by -4 we have 

2 AXmBxm= 2 a,Sw, (4), 

m=l #=1 

where the right-hand side is independent of ^,; and the equation, 
which has ^, ..., ^„, t/i, ..., t/^ for solutions, may be written 

2 AXj-^ = (5), 

in=l Oil 

which is identically satisfied when the proper values of ar in terms 
of t and other variables are substituted. 

Take now any arbitrary variations of the variables*; then we 

* In this idea of two independent sets of variations of the variables Natani 
was anticipated by Binet, who, in his memoir **Sar la transformation de Pfa£f 
relative auz fonctions diff^rentielles lindaires contenant on nombre pair de variables," 
Comptes Rendus, t. xv. (1842), pp. 74—80, had applied it to the case of an even un- 
conditioned Pfaffian. The association of initial values of the variables with the 
equation is also discussed in this memoir; and the transformation to the form 
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have, in virtue of the solutions of equation (5), 



or 

A 2 pSX,,+ 2 AXX-^+fl. xJ^AbA = 0, 

m=l (^h m=l Oti \,»=i Oil / 

which, since the last term vanishes, gives 



an ^«. 2n ^rp 

2 95SX„+2 AXy-^ 



n 

But, since 2 a«St^« is independent of ^, we have by (4) 

or 

S ^(^Z^)Sa?^+ S ilZ^ 5- Sa;^ = 0. 

m=l^ti m=l C^Ci 

Now &?,„ is an arbitrary variation of a?^, so that 



^ 5i^ _;^^^«». 
3^^^- = ^^' 



and therefore from the last two equations we have 



And 



m=l C'Ci m=l<^^ 



2» 3X 



where the variations Sx are arbitrary, so that coefficients of Sx 
must be equal on the two sides of the resulting equation ; hence 
from the coefficients of &c, we have 

*» t)x dX 3 
m=\ dti dxa dii 



m 



m 
lldXm dti 



(4^) (sec § 01 poBt) is also indicated. Binet however limited himself to this result ; 
his object was to iudicate a process of transformation new at the time of pab- 
lication of his memoir. 
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for -4 = ^ ; and therefore 

X. = A 2 a,„..5'»=«. 2 a,„..^^» (6); 

and this holds for s= 1, 2, ..., 2w. It is a system of equations 
satisfied in virtue of the solutions of equation (5) ; it involves the 

2n quantities ^ -^ and thus a complete integral of the system is 

constituted by i«i, ..., Un, ^i ..., ^ (which are all explicitly in- 
dependent of ti) and the equation 



'°8^'/l(»-x)- 



The last equation is unnecessary for pur immediate purpose — the 
deduction of the quantities u] hence we only consider the 2n — 1 
other integrals. From them the rejection of t^, ..., tn must be 
made : and this can be effected by other differential equations of 
the tjrpe (5). 

90. The 2w — 1 retained integrals of the system (6) will not 
necessarily occur in the forms i^, ..., i^, ^, ..., tn', let them be 
A> ^31 ••• > ^sn-i) so ^hat all the quantities u and t — and hence also 
all the coefficients a in (4) — can be expressed in terms of the 
quantities j3. Substituting them in the right-hand side of (4) we 
have 

2n 2it-l 

and therefore the differential equation (I) is replaced by 

2n-l 

XBsdj3g^0 (7), 

where all the coefficients B are functions of the variables j3 alone. 
It has thus become an equation in an odd number of variables, 
and therefore (§ 69) one of its integrals is §irbitrary, say 

This without any loss of generality may be taken to be ^i, for 
every integral of one system can be expressed in terms of the 
integrals of another equivalent system. Hence we take )8i as an 
integral ; since it is of the form 

t^ = )8i = constant, 
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the equation (7) is, by the use of this integral, reduced to contain 
ouly 2n — 2 variables, that is, an even (and a diminished) number 
of variables, after one of the integrals Ui of the original equation 
has been obtained. 

The foregoing process may now be re-applied ; each successive 
stage diminishes the number of variables by two and provides one 
of the integrals u of the original equation. Hence finally we 
shall have, after n applications, the set of integrals v^, ,,., tin of 
the equation. 

91. The actual expression for the transformed value of ft 
depends upon the choice of the individual members of the system 
of integrals of the equations (6). In order to have the expression 
simple, Natani chooses the principal integrals (§ 70) for this 
system. Taking any set of integrals, say the system of the 
quantities /3, we have them in the form 

^r(^i>^2i ..., iran) = constant = ^r, 

the functions ^r being known; the right-hand side is unaltered, if 
we assign any particular value to x^ and the corresponding values 
to arj, . . . , a?2n. Let the particular value of x^ be zero (or, if this be 
inconvenient, a constant) and let the values of the remaining 
variables be a?/, ..., x'in'y then we have 

I3r{0, a^\ Xi, . . , , Xm) = constant = /Sr- 

This is a system of 2n — 1 equations in 2n — 1 quantities x\ and 
the equations are independent of one another ; they therefore give 
these quantities of as independent functions of the ff& and con- 
sequently as a system of integrals of the equations (6). 

Introducing these quantities x' as integrals into the equation 
(4) and bearing in mind that the tt's and the a's are functions of 
them, we have 

in fin 

where the coefficients K are functions of the variables x^ only. 
The equation just obtained holds for all values of a^, iFj, ..., x^^ 
and therefore for 



Xi = (or the constant value), X2 = x^'t > ^2n = ^: 



2n} 
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hence, if A' and X' be the values of A and X on the substitution 
of these values, we have 

an 2i» 

m=2 in=2 

the term on the left-hand side, which corresponds to m = 1, no 
longer occurring. Since the quantities x^ are functionally in- 
dependent and the variations are arbitrary, we have 

^m = -4 X^ , 

so that, when a^', ..., oi^ are known, the coefficients in the ti*ans- 
formed value of H are, save as to a factor, determined by in- 
spection; and the result is 

2n A' ^^ 

n = 2z„&B„=i 2z„'&c„' (n 

Now since xi, ..., a/j» is a system of integi-als of (6), the first 
of the integrals of the differential equation A = is, as in § 90, 
given by 

ajj' = constant = Ci; 

and the equation to be integrated is now 

2n 

fl,= 2 X^dx^^Q (10, 

191=3 

containing only 2?i — 2 variables. 

We proceed in the same manner with (Ii). The system which 
corresponds to (6) is constructed and integrated, with a result of 
the form 

7r(^', a?/> •••, a^an) = Constant, 

where r = 1, 2, ..., 2n — 3; and introducing the principal integrals 
of the new system by taking a?3' = (or, if this be inconvenient, 
a constant) and xl^xl', ..., af^^x"^, the system of principal 
integrals a?/', ..., aj^jn is given by the 27i — 3 equations 

where the function jr is known. As before, these lead to a 
transformation 

2n A"^ 

2 Xff^hXm = "j ^ Xm^m\ 
m=3 . -^a 111=4 

where X^^ is derived from X^i by substituting x^ = 0, a?/ = a?/', . . . 
x'^^x"^ i.e., from A',^ by substituting a:i = 0, x^^Cit ^8 = 0, 
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a?4 = xl\ x^ = 078", . . ., ^2» = ^"sn aJid so ia given by iiispection. The 
first of the integrals of ftj = (and therefore the second of the 
integrals of fl = 0) is, as before, given by 

xl' = constant = c% ; 

and the equation to be integrated is now 

ft,= 2 Z„"(it,„" = (I,). 

The process may now be similarly applied to flj ; and so on in 
succession, until finally we obtain the system of n integrals of 
n = in the form 

^i =^ Cif X4 = C], ^Q = Cj J 9 ^- = On* 

At each step the quantity A can be obtained, as in § 89, by a 
single quadrature; and the resulting final form of the transforma- 
tion of ft is evidently 

2n A * A ^ A " A ' A " A '" 

A ' A " A '" A ^"^ 

The coefficients Xi, Xl\ ... are derivable from Xj, X4, ... by 
inspection, when the values of the quantities x\ af\ a/", ... are 
known. And these values are given by the integration of the 
subsidiary systems (6) which are n in number, there being one 
such system for each reduction of the number of variables in the 
quantities ft. 

It is hardly necessary to point out that the system (6) is essen- 
tially the same as the first form (8) of § 55 of the subsidiar}*^ 
equations in PfafF s reduction, and it can therefore be replaced by 
the equivalent subsidiary system (14) of § 69 resulting from the 
solution of the equations considered as a system linear in the 
derivatives of a?!, a?,, ... 

92. Considerable simplification arises in any case in which a 
number, say n — p, of the original coefficients X vanish*; let them 
be Xn+p+i, -3r„+p+3, ... , Xjni the remaining non-vanishing coeffi- 
cients being supposed to be functions of the variables a?!, a^a, ... , 

* See also Jacobi, G«». Werke, t. iv. p. 125. 
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When p integrals have been obtained, consequent on the inte- 
gration o{p of the subsidiary sjrstems, in the form 

X% — C\% ^4 — Cj , . . . , X — Cp, 

the equation remaining to be integrated is 

^(P) , (P) , ^(P) . (P) J , yriP) , (P) ^ 

X ax +Z dx +...+JI dx =0. 

2p+l 2p+l 2p+2 2p+2 n+p n+p 

For the original equation n^-p integrals are still necessary; buL 
these are given by 

(P) _ (p) _ (p) _ 

2p+l ''^^ 2p+2 ^^'" * n'\-p "* 

80 that only p integrations of subsidiary systems are necessary. 

This is of especial importance in the integration of partial 
differential equations of the first order ; for, if the equation to be 
integrated be 

we have 

dz — P\dXi — ... — Pn-\ dXn-i — i\>dXn 

— . dpi — . dpa — . . . — . dpn-i = 0, 

so that n — l of the coefficients X vanish and therefore only a 
single integration of a subsidiary sjrstem is necessary*. 

Ex. 1. As an example of Natani's process, consider 

Q = x^i + x^^ + x^dx^ + Xffix^ + x^^ + x^dx^ = 0. 
When we form the equations (6), they are 

^2=^ ( - dx^^dx^\ '*^»"5^ (^1 " ^s)' 

^e='^i<^i-dXf), ^i=^(-dxi'{'dx^), 

from which it follows that dti=0 and that dx^^dx^^dx^, dx^^dx^=dx^. 
From the former we have 

^^= constant, 

or il=:constant; 

and, since A does not involve the variables, the value of A, viz. A\ when 

the principal integrals are substituted is unaltered, and therefore -j = l. 

* See Chap. vu. 
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Tho other equations however are insufficient in their present fonn. The 
present example is an illustration of § 62, for it is easy to verify that 

[1 23456] =0, 

while non-vanishing Pfaffians of next lower order are 

[1234] = 1, [1236]=-!, [1246] = 1, [1256]=1, [1346]=-!, 

[1466]=-], [2346] = 1, [2356]= 1, [3456] = 1. 

The theorem of § 62 therefore applies : we easily find 

and tho subsidiary equations are 

dx^ dx^ dx^ dx^ dx^ dx^ 

Five independent integrals of those equations are 

jCg - jCi = constant = x^ 
jTg - jr J = constant = x^ 
^4 - -^8 = constant = x^ - x^ 
x^-x^— constant = x^ - x^ 

(a:i+^3+^ft) (.i'2+^4+^e)=constant=(^3'+:r5') (j^s'+^Z+o^e ) 

with the introduction of Natani's variables : they determine x^^ x^^ x^^ x^, x^ 
as functions of the original variables. 

A' 
Since -j is unity, we have 

by the general theory: there are only four difierential elements but there 
are five variables on the right-hand side, an illustration of § 92. The first 
int^;ral of Q =0 is therefore taken in the form 

x^ = constant » C| ; 

and the equation now to be integrated is 

X^dx^ + Xh<^K + ^ctTft' = 0. 

Though it is easy to see at once what the integral system of this equation 
is, the application of the general rule is of interest The equations (6) of 
§ 89— or, their equivalent, the subsidiary system of § 62 — ^give 



dt^^dx^ ^ dxj __ dx^ ^ dx; 
•J Xf^ . •" x^ u ~* x^ ~* x^ 



First, we have 



. , constant 

A^^ti = —f , 



Xa 



and therefore, in accordance with Natani's process. 



4£ 
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Three independent integrals of the subsidiary system, not involving t^^ are 

x^ = constant = x^' 

x^e^i = constant = xl' 

x^e *«'= constant =a;4"« *«" 

when we take 0^3' =0 and denote by x^'y x^\ x^' the resulting values of the 
variables : and hence 

A " ^> -^ - •?■«"'» 

Thus 

x^bx^+x^hx^-\-x;^^=e '»-i (V*^4"+ V*^6"), 
and therefore 

xj^i + ^a&Tj + x^l^Xf^ + argdx^ + x^^ + ^1^5 = arj'djJj' + e *»-l (Xf^"dx^" + x^'bx^')^ 

which is evidently the final reduction of 12. The second integral of 12=0 is 
evidently 

x^' = constant = c^ ; 

the equation then to be integrated is 

the integral of which is 

x^' = constant = Cj. 

The three integrals of the original equation are thus 

x^ =Ci, x^ =^2, x^ =^3, 

or, as is easily found by solving the equations which determine these 
variables, 

J, n _ ^l^i ~^ -^I^e ~^ ^4'^3 ~^ -^l-^S ~ '^I'^l gXft^i _. c I ' 

and the coefficients which occur in the transformed value of 12 are 

X^ __ X^ ( J?3 -t- ^s) ~r X^ ( J?4 -♦• J?2) ~ ^V^% I "^3 ~ "^l 
^4 "^1 \^2 ' "^6/ ' "^4 N*^3 ' *^6/ ~ «^i^4 X^ — X^ 

Ex, 2. Integrate 

{x^+x^dx^^-{x^-{-x^dx^ + {x^-{-x^dx^-[-{x^+x^dx^-\-{x^-\-x^)dXf, 

-{■{x^-\-x^dx^ = 0. 
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93. We now pass to the case in which the number of vari- 
ables in equation (I) is originally odd ; we have, by (2) of § 87, 

2n+l n 

11= 2 X„,Sx^=^X8<f>+ 2 UM* (2). 

m=l «=1 

One of the integrals of fl = is ^ = a ; if, by means of the 
equations 

<f) = ay S^= 2 ^— &r^, 

we eliminate from fl the quantities a^jn+i and &r»i+i, then fl takes 
the form 

2n+l 2n 

n= 2 X^Sx^=^ 2 F^Sar, + XS<^ = e + X8<^, 

where 

1 

5^ ' 



^ — ■ -^»H-i 



Fj — X, — Xj^+i 



d<f> ' 



dx^n 



+1 



The expression 8 contains only 2n variables, and therefore the 
equation = has, by the preceding investigation (§§ 88 — 92), a 
system of n integrals ; and, if the principal integrals of the sub- 
sidiary equations be introduced, then 

A ' A ' A" A * A " A *'* 

e = 4^ V.'&r.' + ^^ Vl'W + ^^/j 7 F."'S«."' + , 

where ar/, a?/', a?6'", ••• are principal integrals of subsidiary systems 
analogous to (6). The first of these systems would be obtained by 
replacing X in (6) by V and eliminating x^j^^ from F by means 
of ^ = a ; and, affcer integration, a would be replaced by ^. . 

We may however construct the subsidiary equations directly 
in the manner of § 89. If, in the equation 

2n+l n 

2 Z«&F„»-XS^= 2 17^,, 

m=l #=1 

we assume that the independent variable enters only as a factor 
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- { = -j) common to the coefficients on the right-hand side and we 
take /i = ilX, then 

2n+l n 

with the earlier notation. The variables in the new equivalent 
form are ^, Wj, ... , tA„, ^, ... , t», among which there is no identical 
functional relation ; and so we have 



dxm 



2n+l 



(for r = 1, 2, ... , n), since the variations of Bt do not occur on the 
right-hand side. 

The last equation is an identity, when the proper values for x 
are substituted : taking any arbitrary variation in the result, we 
have, for r = 1, 

or 

A 2 -^BX^ + A 2 XX-^^ + BA 2 X«^ = 0, 

SO that, as in the last term the quantity multiplying SA vanishes, 
we have 

A 2 pSX„ + A 2 X™S9?=0. 

But we have 

Sn+l 
2 AXfnBXfn ^ flS<f> 

n 

equal to 2 a«5t/, and therefore explicitly independent of ^ (just 

as in the hypothesis of § 89 with the values there adopted for the 
coefficients a) when the proper substitutions are made for x: 
hence 

g-j 2 AXfnSxm-fiS<l>v = 0, 
or, since <f> is explicitly independent of ^, we have 



l^^^aiCC^^-^ 



= ^- 2 Xw BXm + -4 2 -^ &C,n + -4 2 Xm ^ (&Pm)- 
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Now &i?^ is an arbitrary variation, so that 

3^ (&r„) = S -g^ , 

and therefore, from the two equations which involve these equal 
quantities, we have 

I «* - * i, ^" ^ + -*.!. (1: «^ - 1 '^-) • 

dA 

We have ^^ = 1, because -4 = ^ ; and 

Substituting these and remembering that the variations of the 
variables arc arbitrary, so that the coefficients of any the same 
variation on the two sides of the equation are equal, we have thje 
2n + 1 equations 



and therefore 






3<^ 3^ 2M-1 dw„, 



an equation which holds for 8 = 1, 2, ..., 2n + 1 ; and, since <^ is 
independent of ^ when the substitutions are made for x, we have 

T^^.O (8.,. 

These 2n + 2 equations are satisfied in the first instance as in the 
earlier case by 

<^ = a, Ui, , Un, Uf ti, , tnt 

(being 2n integrals) and by the subsequently deduced values of ^ 
and of fi. If among the 2n + 2 equations we eliminate ^ and /jl, 
we have 2n equations remaining which involve 2n + l variables 
a^, iFj,..., iTjn+i ; aiid these have the system of 2w integrals^, w,,..., 
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94. We now, as in § 91, introduce the principal integrals of 
the subsidiary system (8). The integral ^ = a is retained; we 
take a?i = and denote the remaining principal integrals by x^y 
x{^ ..., a?'j^, the (unnecessary) value of ar'an+i being then given by 

When these are substituted, we have 

2 AX^ Sxfn = A {\S<f> + S VJSxg) 

»=2 

If we take ij> = ay x^ = Ci (so that we have one determined, in 
addition to one arbitrary, integral) then the equation to be inte- 
grated is 

#=8 

containing 2n — 2 variables ; or, if we merely take auj' = Cj as the 
single integral, then the equation to be integrated arises from the 
differential expression 

Ai&^ + il' 2 F;&r;, 

which contains 2n — 1 variables. In either case, the proper alter- 
native of the two methods for an even or an odd number of 
variables respectively may be applied and the solution be thus 
gradually obtained; but the earlier of the two methods would 
in general prove the easier. 

95. The subsidiary equations (8) evidently occur in a form 
different from that which characterised the subsidiary equations in 
the corresponding case of PfaflTs reduction, but the coeflScients of 

vX 

the quantities ^- on the right-hand side of (8) are the same as in 

the equations (1. c.) in that reduction. The determinant of those 
coefficients in the 2n + 1 equations (8) vanishes, being a skew 
determinant of odd order; but the earlier investigation (§ 65) 
shews that, if the equations be multiplied by the Pfaffians 

[2,3, ..., 2w + l], [8,4, ...,2n + l, 1], [4, 5, ..., 2n + l, 1, 2], ... 
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in order and be added together, the terms involving the quantities 

di 



uCC 

^ all disappear. Hence we have 



9m *=i 



2n+l 
S Z,[«+l,S + 2, ... ,5-2,^-1] 

(9), 



^^ '2'|^[5 + l,s + 2,..., 5-2,5-1] 

so that, when ^ is known, the integration of this equation at once 
gives the value of /x. 

We may now use any 2n of the equations (8) together with 

(8*) to determine the quantities ^ ^ . Retaining the first 2n of 
them and writing 

«-^--ti-- « 

where ^ has the value given in (9), the equations are 

oil t»=i OTi 

for « = 1, 2, ... , 2n. Using now the solution as given in § 59 we 
have 

(-l)'»-«[l, 2, 3 2n]<,^= W^ + t, ^' A„. 

where 

W„,= 2 8,[s + l, s + 2, ..., «-l], 
#=1 

in which for every term under the sign of summation on the right- 
hand side the integers 5, «+ 1, ...,«- 1 are the integers 1, 2, ... , 
m — 1, 7/1 + 1, . . . , 2?i in their cyclical order, and 

2n 

A,„ = 2 a,,2„+i[« + l, «+2, ..., 8-1] 

= [1, 2, 3, ..., 2n + l], 

in which m does not occur in the sequence 1, 2, ..., 2r? + l of 
integers. But we also have, by (8*), 

9iCi dti dx2 dti 9a?2n+i 9^ 

F. 11 
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whence, on multiplying by [1, 2, 3, ... , 2n] ^, we have 

Taking firet the part on the right-hand side, the terms involving 
^f which occurs in 0, when we substitute for Tr,„, have, as the 

coeflBcient of ^ , the quantity 

2(-.l)-^^ 2^[. + l,. + 2,...,.-l], 

the numbers 5 + 1, 5 + 2, ...,« — 1 being the numbers 1, 2, ... , 2n 
with the omission of 8 and m, it being necessary that 8 and //i are 
diflferent integers. -In this double summation the coeflScient of 

(- i)*-'D+ i.i + 2 i- 1] +(- iy-'[t + 1, t+ 2 t- 1] 

= {(- !)*-»+(- iy-+*-*-'} [j+ 1. i + 2. ... . j - 1] =0. 

Hence the right-hand side of the equation giving J""'"' is 
2 (-iro- 2 X,[«-»-l, «-t-2, .... »-l] 

m^l ^^m #=1 

= 2 1 i-ir^-f-x,[8+i. 8+2,..., a-n 

where in the symbol of the Pfaffian the integers 8, «+ 1, «+ 2, ... 
are the integers 1, 2, ... , 2n (with m omitted) taken in cyclical 

order. And the coeflScient of ^ —^^ is 

oti 

= 2 ^ [m + 1, m + 2, ..., m — 1], 

where the integers m, m + 1, w + 2, ... are the integers 1, 2, ..., 
2n + 1 taken in cyclical order. As this coeflScient is symmetrical 
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in regard to all the variables, we may conveniently introduce a 
symbol for it : let 

2»+i d<i> 






[m + 1, m + 2, . . ., m — 1] 



(11); 



it will be noticed that V is the denominator of ^ in (9). Then 



v<, 



did 



•^+^- % S(-ir|-*-Z,[5 + l,5 + 2,. ..,«-!] ...(12'). 



dt. 



2n 2n 



dx 



in 



96. This value may be substituted in the equations, which 

dxj 



express "~ in terms of —^^ , to find the values of the quantities 



dU 



dx. 



dx. 



^'j or the equations may be solved again, taking ^ as the 



dx. 



initially undetermined quantity, in place of -^ . In either case, 

the result which includes the values of all these coefficients may be 
expressed in the form 



9^ 211 + 1 2«+l 9^ 

(-l)p-V<,5= 2 2 (-ir'^X.C^ + l.s + 2 «-l](I2). 

^H m=l *=1 OXffi 

where 5 + 1, s + 2, ...,s — 1 are the integers 1,2, . . . , 27i + 1 {wiih 
s, m, p omitted) taken in cyclical order beginning with s-\-\\ the 
integers s, m, p are to be different from one afiother, so that the 
values m=p, s=p may not occur on the right-hand side and the 
terms corresponding to s = m do not occur ; and the value of m' is 
m, when m <p, and is m — 1, when m > p. 

In particular, when there are three variables (so that n = 1) we 
have 



V = [23]^n[31]^$ + [12]^^1 



9ari 



dx^ 



dx^ 



V^=[23]Z,+[31]X, + [12]X, 



oti 

_ V/ ?5? = X — 
dti dx^ 






-X, 



dxi 



V ^ ^^' = X — - X, — 
dti dx^ " 9d7i 



y : 



11—2 
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and when there are five variables (so that n = 2) we have 

V^ = [2345]Xi + [3451] X,+ [4512] Z, + [5123] X4 + [1234] Z, 

in which the sjmibol {X, fi, v] is defined by 

{X, /A, 1/} = {/A, i;, \} = {i;, \, /i} = Xx[/Ai/] + X^[v\] + X^[\fjL]. 

97. From the value of ^ as given in (9) we have an im- 
mediate verification of Jacobi s result given in § 65. If 

2n+l 

S X,[5-hl,« + 2, ...,«-l] = 0, 
#=1 

then ^^ vanishes and therefore fi when expressed in terms of the 

new variables is explicitly independent of ^ ; and in that case the 
diflferential equation to be integrated is, when transformed, 

n 

fjLd<f>+ S ag dug = 0, 

in which the variables are <^, Wj, ..., w^, ^2» •••, ^n, which are 2n in 
number. But such an equation, involving only 2w variables, has 
its integral equivalent constituted by n equations — in the present 
case after only a single (§ 92) integration of subsidiary equations ; 
and hence we infer the result already obtained (§ 66), viz. that 
the equation 

2n+l 

2 XmdXm = 
m=l 



" 9 
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can be represented by n integral equations, when the condition 

2n+l 

2 Z,[5 + l,« + 2, ...,5-l] = 
is identically satisfied. 

98. Natani does not give the solutions of the equations (12) 
which have just been obtained; it appears evident from their not 
too simple form that the derivation of the integrals and thence of 
the principal integrals would, even for a specified unarbitrary 
function <^, be a matter of some diflBculty. In actual practice 
probably the simplest method would be to reduce the equation 

2»+l 
fl = S XfndXfn = 

by means of the arbitrarily assumed integral = a to an equation 
ft' = free from cc^+i and cUc^n+i > that is, to an equation involving 
an even number of variables ; and to apply to this reduced equa- 
tion the appropriate earlier method, as given in §§ 59, 60. 

Thus by taking the very special form 

we may derive the former system (§ 59) of subsidiary equations : 
for ^- vanishes for m= 1, 2, ..., 2n and we also have 

V = [l,2, ...,2n], 
which is the modified form of (11), and 

(_l)2>-iV^^f^?=SZ,[^ + l,5 + 2,. ..,«-!], 
^^ #=1 

where « + 1, 5 + 2, ...,«- 1 are the integers 1, 2, ..., 2w (with 8 
and p omitted) taken in cyclical order. 

99. Hitherto it has been assumed (§ 89) that no relations 
exist among the coeflBcients X in the diflferential equation, and the 
consequent minimum number of equations in the integral system 
has been indicated. It may however happen that some relations 
are satisfied which will reduce this number to be less than the 
general minimum : to the consideration of these relations we now 
proceed. 

100. We take first the case of an even number of variables in 
the original diflferential equation. 
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The subsidiary equations (6) are, when the variable ^ is 
eliminated, 2n — 1 in number ; and in the general case their 
integrals are the quantities t^, v^, ..., i^n and the quantities 
tj, ^, ..., ^ or (what is equivalent to the latter set) UJUi, U^Ui, ... 
..., Un/Ui, being a system of 2w - 1 integrals, the proper number. 
But if the original differential equation can be reduced to the 
form 

then there will be only 25 — 1 integrals viz., t/,, ..., tt^, U2/U1, ..., 
Uq/Ui, Since the 2n - 1 equations have only 2^ — 1 independent 
integrals, it follows that 2n — 2q of the equations must be derivable 
from the remaining 25—1 equations ; the conditions for this 
derivation, being the conditions that there are only q differential 
elements in the transformed expression for fl, will be the con- 
ditions that II = can be satisfied by q (< n) integrals. 

Since 2n — 2^^ of the 2n equations (§ 89) 



2f» 



Xg = ti 2 a 



3a?, 



m 



m=l 



fn,i 



dti 



are derivable linearly from the remainder, we must have, on the 
supposition that the first 2q of the equations are independent, 
relations of the form 



where r has the values 2^ + 1, 2^ + 2, . . . , 2fi and p has the values 
1,2, ...,2/1; and the quantities c^.f, which are of the nature of 
indeterminate multipliers, must be eliminated before the con- 
ditions can be obtained. 

When these quantities c are eliminated, the resulting equations 
are of two kinds. There are equations of the form 





On 

(hi 



, 



(hi , 
. 



(h, 2q\ 

(h, iq. 



(h,r 
(h,r 
(h,r 



(hq,\i Ctj^, a> (hq.zt » , (hq, r 



=0...(13), 
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where r has the values 2^ + 1, 2^ + 2, ..., 2n; and there are 
equations of the form 



^n > , (^3 i t ^, 39> ^, r 

CI31 , ^33 , U , , CL%^^i Ctj^ r 



= 0...(14), 



^27, 1 > ^27, a> ^'37, 3) > , flj^^ f 

^ti, 1 > ^#, 3 > ^*, 3 ) > ^«, 27> ^», r 

where the possible values of r are 2^ + 1, 2^+2, . . . , 2n and those 
of s are 2g + 1, 2^ + 2, . . . , 2n. 

The former set (13) are independent of one another, and so 
contribute 2n — 2q conditions. 

The latter set (14) furnish conditions only if r and 8 be 
different integers, for when r = « the resulting equation (arising 
from a skew determinant of odd order) is evanescent. Also the 
same condition is furnished by r = i, 8 =j as by r =j, 8 = %, on 
account of the relation 

hence the number of conditions is the number of pairs of different 
integers from the series 2^ + 1, 2g + 2, ... , 2/i, that is, it is 

i(2n-23)(2n-2?-l). 

Hence the toted number of indepetident conditions necessary that 
tlie equation 

2 Xmdx,n = 
m=l 

rnay be satisfied by q(<n) integral equations is 

2/i - 2^ + i (2w - 2q) (2n - 2g- 1) = (n -g) (2n - 2j+ 1); 

and the conditions are the equations (13) for the values r = 2^ + 1, 
2(jr + 2, ... , 2/1 and the equations (14) for ail possible pairs of dif- 
ferent integers from the series 2^ + 1, 2^ + 2, ... , In for r and s. 

In particular, if gr = 1 so that the equation is exact, the number 
of independent conditions is (n — 1) (2n — 1), which agrees with the 
number previously (§ 6) obtained. 
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101. We now take the case of an odd number of variables in 
the original diflferential equation. 

If the arbitrary integral exist, it evidently from (12) enters 
into the subsidiary equations; and then the simpler plan will 
be to use the arbitrary integral to eliminate some one of the 
variables and the differential element of that variable and thus 
to reduce the equation to one which contains the next lower even 
number of variables. The conditions that the new equation may 
be satisfied by a number of integral equations smaller than the 
general minimum (which will occur if the old equation be so 
satisfied) may be obtained from the preceding investigation. 

If the arbitrary integral do not exist*, then the subsidiary 
equations (8) take the form 

^8 = ti 2 (hn,8-^ (8'), 

and they are 2n4-l in number; when ^ is eliminated, there are 2n 
equations. This number must however be reduced by unity on 
account of the relation 

2n+l 

t Z,[« + l,«+2,...,«-l] = (15), 

which is the necessary condition that the modified equations (8') 
may coexist. 

Supposing then that the given differential equation can be 
satisfied by q integral equations, we have 2q—\ integrals of the 
foregoing subsidiary equations in the forms w,, Wa, ..., w^, UzjUi, 
... , Uq/Ui. Now, by the satisfaction of the foregoing single con- 
dition, the last of the equations (8') can be derived from the first 
2n of them and therefore may for the present be omitted from 
consideration. The first 2q of the equations (8') will suffice to 
determine ti and the desired 25 — 1 integrals ; and therefore the 
remaining 2/1 — 2q equations in (8') must be derivable from the 
first 2q of them. The conditions of this derivation are the con- 
ditions that the differential equation may be satisfied by q in- 
tegrals. 

* Natani gives no means of determining whether an arbitrary integral does or 
does not exist. Subsequent investigations (of Glebsch, and especially of Lie) 
render this determination unnecessary, owing to the modifications effected in the 
reduced form so as to make it normal. 
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The analysis is similar to that in the preceding case, and the 
result is that there are 2/i — 2q equations of the form 

, Oia , ^13 , , aj,39» Oi.r =0 (16), 

^si f (ha t " J > ^s,2g > ^,r 



^^,1 > ^^,2 J (hq,s f > " » ^97,r 

Ai , X2 t -^J I > -^29 > -^r 

for r = 25 + 1, 25 + 2, . . . , 2n ; and there are equations of the form 

, ai2 , Oi, , , ai,9,, ai,r =0 (17), 

CI21 , U , CI23 , ) ^,299 C^r 

Ctji , Ctsa , U , , <lz^%qy di^r 

C^,i , Ct27,2 > ^^,J > > ^ > ^'s^i'' 

^#,1 > ^#,2 > Ctj.j > > C^,29 > G^#,r 

for the values 2^ + 1, 2^ + 2, ... , 2n of r and the values 2q 4- 1, 
2g + 2, ... , 2n + 1 of «. The number of equations in (17) is : 

2/1 -2gr, for « = 2w+l andr = 2g + l, 25 + 2,..., 2n; 

together with 

i(2n-2g)(2n-2g-l) 

for the different pair-combinations of r and 8 from the series 

2^^4-1, 2^^-1-2,..., 2?j: 

hence the total number of these equations (17) is 

i (2n - 2q) (2n - 2gr + 1). 

And, lastly, there is the condition (15). 

Hence it follows that, if the single condition (15), the 2n— 2^ 
conditions (16) and the {n — q) {2n — 2q -\- 1) conditions (17) — 
making in all (27i — 25 + 1) (?« — g + 1) conditions — he satisfied, then 
the equation 

m=l 

can be satisfied by q integral determinate equations. 
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In particular, if 5 = 1 so that the equation is exact, the number 
of independent conditions is ?i(2fi — 1), which agrees with the 
number previously (§ 6) obtained. 

102. The integration of the subsidiary equations must now 
be considered. Suppose that the original differential equation 
is, owing to the satisfaction of the necessary conditions, satisfied 
by a system of q integral equations ; then the preceding investi- 
gations shew that 2^^ -^ 1 quantities (independent of ^) must be 
determined and therefore that the number of subsidiary equations 
independent of one another and free from ^ is 25 — 1. These 
quantities involve all the variables of the original differential 
equation; and therefore in the subsidiary equations we treat 
25—1 of the variables as dependent and the remainder — viz., 
2n — 2g + 1 or 2n — 2g + 2 according as the original number is 
even or odd — as independent. Let then 8 denote this number — 
2n — 2g + 1 or 2n — 2^ + 2 in the two cases — and let the indepen- 
dent vaiiables be taken to be a^, «2, •••, ^»; let the dependent 
variables be taken to be yi, ya, ... , ya^i; then the 2^' — 1 sub- 
sidiary equations, when ^ is eliminated, are all of the form 

for /A = 1, 2, ... , 2y — 1 ; and the coeflBcicnts Z and T are of the 
form 

This is a system of 2^ — 1 differential equations in more than 
2q vai'iables and it is satisfied by a system of 2q—\ integral 
equations. Hence it is a system of exact equations; and we 
obtain the integrals by one of the methods already indicated in 
Chap. II. If in particular we use Natani's process (1. c. § 33) and 

introduce the principal integrals, which will be y , y , . . . , y 

when after 8 integrations we make a?i = 0, a^a = 0, . . . , ar, = as 

usual in that method, we may take y. to be a? and then the 

differential equation is 

2 X^^ dx^n = ~r- ^ X dx =0, 

m-l ^ 1-1 *+< #+i 
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where A'^ is the value of X when we take a:,- = 0, for y = 1, . . .. « 

and a: =a: , for i= 1, ..., 2(7 — 1. 

We now have a dififerential equation 

27-1 (») (*) 

S Z (ic =0 

•=i #+» «+» 

involving 2(/ — 1 variables and satisfied by q integrals ; it is thus 
of the normal unconditioned form previously (§ 93) considered. 
We may take as a first integral 



w = a? = constant ; 



and then the ecjuation 



27-1 (») («) 
2 Z (ir =0 

t=2 #+» *+» 



in 2^ — 2 varuibles has g — 1 integrals which, with the one already 
obtained, form the system of q integral equations ; or we may take 
as a firet integral 

<i>(x ,...) = constant, 

and, eliminating by this integral the quantities x and dx 

from the equation, we shall have a similar equation in 2^^ — 2 
variables, to be integrated as before. 

The second of these suppositions contemplates the reduced 
equation as one in an odd number of variables, — and the integral 
adopted is the usual necessary integral (§ 69) of arbitrary form 
which is taken for the integnil of the equation. The first of them 
contemplates the ecjuation as being the first reduced form in an 
equation which involves 2q vjuiables ; and the integral adopted is 
the usual (I.e.) first integral of such an equation. The relation 
between the two integral systems will be seen when we come to 
consider Clebsch*s method. 

Ex. 1. To intograto 

■\-{Xf^-x^-\-x^-x^dx^-\-{x^''X^-{-x^-x^dx^^O, 
For this oqiiation wo have 

[1234] = [2345] = [3451]=[4512]=[5123] = 4; 
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the condition (15) is satisfied, but for ^=1 none of the conditions (16) or 
(17) are satisfied and for q=2 the conditions (17) do not exist, while the 
only form surviving from (16) is (15). Hence the given equation can be 
satisfied by two integrals. 

The subsidiary equations are 

y - _ 2/ ^^ X - -zt ^^ 

^«~ ^1 dti ' "^»"" ^^^ dti ' 

of which only four are independent; they may be written 

dXi dX^^ _ dX^ __ dX^ F _ dX^ __ dt^ ~| 

Three independent integrals are 



JLq ^9 Ji.M 

*=?;' ''=^' ''=3;' 



from which we find 



572=^1 (1+w)+:Fi, 
Xj=Xi(1 + 2m+v)+Xi, 
:F4 = J!'i(2M+2t; + !r + l)+a:i, 
Xf^=Xi{u-\-v-\-w)-\-x^, 

When these are substituted in Xydxy^^-X^^^-X^^-^-X^dx^-^-XffiXf^^ it 
takes the form 

X^^{(v-{-w-\)du-{-(w-%c-'\)dv-{u'{-v-\-\)dw}, 

thus giving an indirect verification of JTi"* as the value of t^ derived by the 
integration of the subsidiary equations: for tfi is, in the new form, inde- 
pendent of t^. Thus the equation to be integrated is 

(v-H tr - 1) rfw+ (it - 1* - 1) rfv - (tt+ v+ 1) fl?«^=0, 

and, as is to be exx)ected, it does not satisfy the condition of integrability. 
Its two integrals may be taken in the form 

t;= constant, 

w+i' + l . . 

— : — - = constant ; 
v-\-w-l 

or two integrals, in virtue of which the original equation is satisfied, are 

-^^«±^*^^*=con8tant, 

* -^= constant 
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Ex, 2. We may add, as a note on the foregoing, the remark that when 
the condition (15) and no other condition is satisfied for an equation in an 
odd number of variables (§ 65), then, without regard to the existence of the 
arbitrary integral in § 100, a reduction to the next smaller number of 
variables can often be made by omitting from the subsidiary equations the 
variation of some one variable. 

Thus, if it be supposed that x^ does not vary in the subsidiary equa- 
tions (or what is the same thing if we find variables suitable for the trans- 

4 

formation 2 X/iXr)y these equations are 



dxi 


dx^ dxv^ 


dxM 


Xi—X^ 


^t ~ ^6 "^i" ^6 


x^-x^ 


hence variables suitable to transformation are 




x^ — x^ 


2/ = ^3-^6^ 

x^ — x^ 


x^ — x^ 


Then we have 


J?l = A + "^Jg , 

Xa ^S K.U T" Xf. , 

x^=\v/-\-x^\ 




when these are substituted we 


find 





2 XidXr=>>^{(v'-v/'l)du'-\-{v/-'U' + l)di/+{u''-'i/-l)dv/}=:0, 

SO that the equation to be integrated is 

{i/-v/-l)du'+(v/-u'-hl)di/+{u'-'i/-l)dv/=0. 
The integrals of this equation are 



u'-iZ+n/ 



= constant, 



—;= constant. 
The general justification of the method is given in § 66. 

103. The knowledge of one of the integrals of the subsidiary 
equations (and therefore, as it is the first, an integral of the given 
difterential equation, supposed to be an equation in an even 
number of variables) can be used* as follows to diminish the 
number of equations in the subsidiary system. 

* Natani's inveBtigation was published before Jacobi's memoir in CrelU^ t. lx.; 
otherwise the following results might have been replaced by results in that memoir. 
Natani's result here given coincides, though not in explicit expression, with the 
results obtained by Clebsoh (§§ 121, 122). 
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Let t^ be the integral which is known and v^, ..., u^ those 
which have still to be found. Then we have 

2n \ n 

where A{=ti)is the variable which occurs only as a common factor 
in coefficients in the right-hand side; the quantities a are in- 
dependent of ti, and we leave them in their general form not 
adopting the special forms of § 89. From this equation it follows 
that 

2 ilX,n&Cm — «i8t/i = OaSWa + ••••.. + OLffiu^ («)• 

111=1 

Applying to this equation the same process as in § 93 and now 
bearing in mind that aj and ^ are independent of one another so 
that there are two independent variables, we arrive at the 2n 
equations 

^•^^=^ Sai + t 2 a,n,iBx^ (18), 

for 5=1, ..., 2n. 

Now two of these equations will be required to determine 
the new independent variables ^ and aj as functions of the old 
variables x; and there will therefore be 2?i — 2 equations left 
to determine such quantities as remain. Now for the equation 
(a) there are only 2n — 3 quantities to be determined from the 

equations (18), viz., u^, ..., t^, — , ..., — : since therefore the 

2w — 2 equations which survive from (18) have only 2n— 3 
integrals (being the foregoing quantities), one among those 
equations must be a merely linear combination of the other 
2n-3. 

Each of these equations involves two independent variables 
in their variations and therefore leads to two equations of the 
forms 

Z, = ^^2^a«., -g^ (i), 

9t/i ^ 9*1/ 

<^ = a^. + ^^=,«»-'a^ <"); 

SO that we have two systems each containing 2n — 3 independent 
equations. The quantities t^ and a^ are detenninable by quadra- 
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tures and Ui is given; so that of the variables ^ and the 2n 
variables x three may be considered as removed, and the 2n — 3 
equations in each system will contain 2n — 2 variables. 

Now when no integrals are known (i) is the subsidiary system; 
and it has 2n — 1 integrals, all independent of ti. Of these 2n - 1 
one is necessarily w, ; other 2n — 3 are those common to the double 
system (i) and (ii); and the remaining integral is evidently «!. 

If we take the solutions of the equations (i) in the form 

UJyni _ V y P 
Oti ,=1 

then the solutions of the equations (ii) are 

^ da, - ,ri dx, ^"*'" 

Hence, if be any function of the variables x and it be ex- 
pressed in terms of the new variables, we have 

dti fn=l dXfn dti 

and 

= -.1 2 2 — — i2m 

ti «=l «=1 dXfn dXg 

It at once follows that, if d be an integral of the Pfaffian dif- 
ferential equation, say an integral m, second to Ui, so that in the 
new variables it is independent of t, and of a,, then it satisfies the 
two equations 

fin 2n ^ 

m=l #=1 ^^m 

tn=l 8=1 OXff 0*Cm 

which agree with those given subsequently in Clebsch's theory. 
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104. Such being the effect of the knowledge of one of the 
integrals of the subsidiary equations (6) of § 89 or (i) above, which 
is also by the nature of the question an integral of the differential 
equation, let us now consider the effect of knowing two integrals 
of the subsidiary equations (6) or (i). 

One of the two is an integral of the differential equation and 
so may be denoted by Ui; let the other be denoted by 0, Then, 
since both of them are integrals of (i), we have 

9n 2n 3l^ 

m=l #=1 OXfn 

2fi 2n ^ff 

2 2 XgRm,8 5— = 0. 

Now may or may not be an integral of the differential 
equation; we have, by the last paragraph, 

and since d is an integral of the system (i), it is a function of t^i, of 
«!, and of the 2w— 3 solutions common to the systems (i) and (ii) 
or, say, of a^ and these 2n — 3 solutions alone, for wherever tfri occurs 
it may be replaced by a constant. Hence, whatever be the form 

of 0, we shall have ^- a function of these same 2w — 3 solutions 

OCti 

d0 
and of «!, so that 15— is also a solution of the system (i) or of the 

equivalent partial equation 

2fi 2i» ^1^ 

2 2 XgRm^ « OT = ^• 

m=sl *=1 OXfn 

Four cases may occur, as to the above value of ^ . 

7i0 

First case, ^ may vanish. This is, by the last paragraph, the 

condition that satisfies the equations which determine a second 
integral of the Pfaffian equation; and therefore in this case is a 
second integral j say u^. 

Second case, ^ may he a pure constant^ say - ; then we have 
flj = c0. Hence in this case the second integral of the subsidiary 






104.] BY TWO OF ITS INTEGRALS 177 

system is a mere constant multiple of the coefficient of the differential 
element du^ of the first integral in the formation of the reduced 
Pfaffian expression. This is slightly more advantageous than 
being compelled to determine aj by a quadrature. 

Third case, ^^ mxiy he a function ofOy say /(d); then we have 

. _ d0 

or 

SO that «! is determined by a quadrature. Unless this quadrature 
be easier than that which has determined «!, there is in the 
present case no advantage to be derived in this direction from the 
knowledge of the second integral of the subsidiary system. 

7)0 
Fourth case, ^ may he a non-vanishing function of variables 

which is not expressible in terms of 0; let it be denoted by v. Then 
V is a new solution of the subsidiary system (i); and it therefore 
has the same possibilities as 0. Hence v may be a second integral 

vV 

of the original PfaflSan diflferential equation; or, if 5- be either a 

OCli 

constant or a function of and v, a very simple quadrature for the 
constant or a comparatively simple one for the functional value 

will determine a^; or ^ may be different from all of these and so, 

f)0 
as in the case of ^ , be again a new solution of the subsidiary 

system (i). 

As that subsidiary system has only a finite number of solutions, 
there will be a limit to the development of the successive possi- 
bilities represented by the fourth case: so that we shall ultimately 
obtain either a second integral of the Pfaffian equation or shall 
derive a^ by quadratures. 

105. Just as, in § 103, we investigated the modification of the 
subsidiary system rendered possible by the knowledge of one 
integral of the differential equation, so similarly we may investigate 

F. 12 
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the modifications rendered possible by the knowledge of two 
integrals of the differential equation. 

Taking then two integrals, supposed known, to be t«i and ii„ 
the equations which correspond to (18) are 

There are three independent variables ^, Sj, a,, which will 
require three of these 2n equations for their determination by 
quadratures. Of the remaining 2n — 3 equations, only 2/1 — 5 are 

independent determining, as they do, the quantities Wj, ...,Un, -, 

..., — ; and since there are three independent variables, each of 
the equations leads to three equations in the forms 

Xg^ti 1 <hn,t'^ (i), 

m-l Oh. 

^"a^/'-ix^^'asr ^"^' 

^ = a^/^!i""''9^ ^"^^^ 

Hence there are three systems of subsidiary equations, each 
system containing 2n — 5 independent members ; and since i^ and 
II, are constant and ^, Si, a, are determined in terms of the 
variables x, it follows that the equations subsist in 2n — 4 
(= 2n + 1 — 5) variables other than those three independent 
variables which do not enter into the expression of their integrals. 

The condition at the end of § 103 that u^ should be independent 
of «!, viz., 

0=2 S|^ii„,,^. 

is easily proved to be the condition that Wj should be independent 
of tta. And it is easy to verify, as there, that a third integral of 
the original differential equation satisfies the relations 
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which agree with those given (§ 122) by Clebsch's theory. 

And so on, either for any number of independent integrals of 
the original subsidiary system supposed known; or for any number 
of the integrals of the differential equation supposed known. 



12—2 



CHAPTER VII. 

Application to partial differential equations of the 

first order. 

106. As Pfaff *s investigations were originally initiated with a 
view to the solution of partial diflferential equations of the first 
order, it is of some interest to indicate briefly the form which the 
solution takes when deduced by the theory of PfaflSan equations. 

Let 

f{z,Xu ...,a?n,p,, ...,pn) = a (i) 

be any differential equation, the integral of which is required. We 
have always 

— dz '\- pidx^ '\- +pnC^n = (ii), 

which, in connection with the equation (i), may be regarded in 
two views. 

First, we may by (i) find the value of any one of the quantities 
z,Xx, ..., ^n> l>i» ••• > Pn ill terms of the remainder, say 

then (ii) becomes 

-dz'\-pidxi'\- +pn-idxn-.i-{-0dxn = O (iii), 

a PfaflBan equation in 27i variables z, Xi, ..., 3?^, jt?i, .,,, pn-i. This 
is the view in which Pfaff* regarded the question. 

Secondly, we may consider (ii) as a PfaflBan equation in 2n + 1 
variables z, Xi, ..., a?n, />i, -"> Pn] it is known that one of the 
integrals of the equivalent system may be assumed at will (§ 69), 
and so equation (i) is taken to be that assumed integral. This is 
the view in which Natani regarded the question. 
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These two views will be taken in turn, so as to exhibit the sub- 
sidiary system of equations, which are materially simpler than in 
the general ease owing to the zero values of the coeflBcients of the 
elements dp, and so as to indicate the solution of the equation. 

Clebsch 8 method is avowedly the generalisation of Jacobi's 
method for partial differential equations of the first order to the 
Pfaffian problem ; and so his method does not in itself furnish any 
advance beyond the general Jacobian theory, that is, no advance 
along the lines of Pfaff s equation. 

The application of Lie*s method, practically repeated by 
Darboux, is given as an example (§136); and the method of 
Frobenius is entirely limited to the theory of the transformation 
of Pfaffian expressions. 

107. To obtain the Pfaffian solution of the given differential 
equation we take (iii), which, when written in the form 

will agree with the general Pfaffian equation considered in the 
preceding chapters, if in the latter we make 

x^-z\ Xn+r=Prf for r = 1, ...,n- Ij 
X^^-l; Xn+r = 0, for r = l, ...,n-l; 

Xn= 0] Xr=Pry fOY r = 1, ..., 71 — 1. 

Then to form the subsidiary equations (§ 55) we need the 
quantities Oij, These are easily found to be 

a^j = 0, if neither i nor j be greater than n — 1 ; 
^n,x = ^^, for 1 = 1, ...,n-l; 



a^^ = always, for all values of q ; 

dpr 
d0 



(in,n+r = ^^;r > ^^^ r = 1, ..., n — 1; 



^^'^ " dz ' 



a„+r,r = - 1, for r = 1, ..., n - 1 ; 
an+r,i = 0, if i and r be different, for i = 1, . . . , n — 1 ; 
a„+r,n+»=0, (or 8= 1, ..., n and r = l, ..., w; 
a^^i = 0, for 1 = 1, . . . , ?i — 1. 
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Then the equations already referred to take the form 



Xi = - t/n^ + yn+i, for i = 1, ...,n-l; 

SB 

Xn+r = - yr - yn g- , for r = 1, .... « - 1 ; 

Now since =/>„ is derived &om the equation (i), we have 

^^— + o =0, forr= 1, ..., n; 

dpn Opr Opr 

dpn dz dz 

Substituting from these equations for the derivatives of 0, 
inserting the values of the quantities X, and bearing in mind the 
definitions (equations (9) of § 55) of the quantities y, we have 

cUci _ __ dxn __dz ^ dpi _ __ dpn 4 

F" "T~^~7r~ "■?:• 

dpi dpn 

where 

1=1 opi 
and the value of /it is 

Pdz' 

108. In the Pfaffian process of solution, it is necessary to 
integrate the subsidiary system just found and use the 2n— 1 

* These are the subsidiary equations for the derivation of the first integral with 
the form of equation given in the example in § 213, Treatise; they of course 
correspond to the subsidiary system of the simpler form of equation considered in 
§ 215, Treatise. 
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integrals other than /=a to transform the original equation. 
One of the integrals thus used is taken as an integral of the 
original equation; and so the modified equation comes to be an 
equation in 2fi — 2 variables. 

We proceed now as in the general case already considered. It 
is thus necessary to integrate n subsidiary systems of equations ; 
and each subsidiary system leads to one integral of the differential 
equation. We shall thus ultimately obtain n integrals, which will 
involve the variables z, Xi, ..., Xn, Pu •••, Pn and n arbitrary 
constants; when from these n equations, taken with/=a, the 
n quantities piy ..., pn are eliminated, the result is an equation 
between z, Xi, ..., x^ and n arbitrary constants, which is the 
Complete Integral of the equation. 

109. The last section requires that n sets of subsidiary 
equations shall be integrated. A great simplification was made 
by Jacobi, so that the integration of the first system alone is 
necessary: this was effected by the introduction of "initial values" 
of the variables* — a step connected with the construction of the 
principal integrals of a set of differential equations. 

Let 

be a set of 2?i — 1 independent integrals of the subsidiary system, 
which may be taken in the form 

* See the memoir '* Ueber die Bednotion der Integration der partiellen Differen- 
tialgleichnngen erster Ordnnng zwisohen irgend einer Zahl Variabeln auf die 
Integration eines einzigen Systemes gewdhnlidher Differentialgleidhangen," Crelle, 
t. xvii. (1837) pp. 97—162, especially § 9, pp. 136 sqq.; or in the Ck>lleoted Works, 
vol. iv., pp. 57 — 127, especially pp. 100 sqq. 

The idea of introducing these initial values is there assigned to the then recent 
investigations of Hamilton on dynamics; and, in consequence, the method is often 
called the Jacobi-Hamiltonian method. It is however pointed ont by Lie, Math, 
Ann. t. viii., p. 215 (note) and by Mansion, "Th^orie des Equations aux d6riv6es 
partielles du premier ordre," p. 115 (note) that the method is really dae to Caaohy, 
who had published it in 1819: see also Caadhy's "Ezercioes d' Analyse et de 
Physique Math^matique,** t. ii, pp. 270—272. 



184 jACOBi's [109. 

the remaining integral of the system being the given equation 

/=a. 

Take «, Wi, .,., u^^i as a new system of variables and express 
Xi, ..., Xn,pi, ..., Pn in terms of a, z, Wi, ..., Uii^u then, when the 
values are substituted in the foregoing subsidiary S3r8tem, those 
equations are identities. Now since 

we have from the first n equations 

which with the substituted values is an identity. It gives on 
differentiation 

Q_,^Pl^, dpn dXn 

du dz du dz 

'^P' hid'z'^ P'di^z'^ ■*'^~aiiy^ 

for each of the quantities u\ and this by means of the first n 
equations leads to 

3pi du ' dpn du y^ bu dz ^^ du dz) ' 

Again the equation /= a is an identity after the values are 
substituted ; and therefore 

dpi du dpn du 9a?i du dxn du 

(bearing in mind that t^, ..., lUm^u z are the 2n independent 
variables) or, by the use of the last n equations of the subsidiary 

system considered as giving the quantities ^- , we have 
dpi du dpn du 

_?^i/papi df\ .^^nfpdpn.^ df\ 

'duVdz^P'dzJ^ -^d^Vdz'^P^dzJ' 
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Equating the two expressions obtained for S ^ ^ , we have 

and therefore on integration 

where C is a, quantity independent of z. 

It is at this stage that the ''initial values" are introduced 
Since C is independent of z, its value will be unaltered, if any 
special value be assigned to z, say a zero value. Let the values of 
the variables x for this value of -gr be fi, ..., f„ and those of the 
variables p be tti, ..., 7r», all of which will be functions of Ui, ..., 
Usi^i determined by the 2n independent equations 

y (0, fi, ..., fn> 'Ti, ..., 7rn) = a I 

Ui{0, fi, ..., f», TTi, ..., TTn) =a« = W<J ' 

for I = 1 , . . . , 2n — 1. The forms of the result are 

^i = function (a, Wi, ..., itfn-i) 

= function {Z, SCi, ..., Xn,Pu >.., Pn), 

when for a we substitute f{z, Xi, ..., ^m Pi> •••> Pn) and for u^ its 
value in terms of z, x,p] and the form of the function is such that, 
when z is made zero, it reduces to Xi. 

To determine C we insert these simultaneous values in the 
equation above obtained, assigning zero (because it is the special 
value of z) as the lower limit of the integral in the exponential 
term ; and we find 






so that 



^ 9^1 , , ^ dXn ( 3fi ' 3f n\ ^ " Jof i T 
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Substituting now for a^, ..., Xn their values in terms of 
z,Uq,,.., fi^n^i, we have 

-dz+jhdxi-{- +pnd^n 

The left-hand side is zero: the coefficient of dz on the right- 
hand side vanishes, as indeed it ought because we are carrying out 
a Pfaffian reduction ; and so the original equation is replaced by 

• OX' 

Substituting for 2 pi ^ from above, and rejecting the exponential 
factor which does not furnish a solution of the equation, we have 

The quantities fi in this equation are functions only of a, i^, ..., 
Ufn-i, and so also are the quantities v; hence the new equation 
involves only 2n — 1 variables and is thus the transformation of 
the original Pfaffian equation. But, further, since ^ is a function 
only of the variables u, we have 

and therefore the equation is 

TTid^i + ^jdfa-h + ITnd^n = 0, 

that is, it %8 the normal reduced form equivalent to the original 
Pfaffian equation. 

We have already seen (§ 69) that an integral system of this is 

fi ~ Ci, fa = Ca, > f n — Cn, 

where the quantities c are constants ; and therefore we infer the 
following result : — 

To integrate the equation 

form the subsidiary system of 2n ordinary equations 
dxi _ __ dxn _dz _ dpi __ _ dpn 



3pi dpn 
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where 

^i^ " ^.^ Pi ^'M i = lf ...,n'y and 

Let a set of 271—1 integrals, independent of one another and of 
f= a {which with f^a moke up a complete system of integrals of 
the subsidiary system) be 

Ug = Ug{Zf Xij . . . , Xnt Pii . . . , pn) = constant = a,, 

for 5 = 1, 2, ..., 2n — 1; and solve the 2n equations 

y*(0> f 1 > • • • > f n> ^1 > • • • > ^n) = tt, 

^•(0, fi, ..., fn> W*!, ..., 7rn) = Cl,, 

so as to give specially the n quantities ^ in the forms 

for r = l, ..., n. Then iJie elimination of p^ ..., pn among the 
n + 1 equations 

J {Z, Xif . . . , Xn, Ply . . . , /)n) = Ct, 
<^r(a, t*i, , tljn-i) =ar, 

o/^ t£;6 have substituted in <f>r for the quantities u their values 
Ur (Zf Xi, ..., Xn, Pit ..., pn), 'will leod to an equation involving 
z, Xi, ...,Xn and the n arbitrary constants 0^. This is the Complete 
Integral of the original differential equation, 

110. The form, to which the preceding consideration of the 

n 

relation between /= a and ciz = S pidxi would lead when Natani's 

1=1 

method is adopted for the reduction, has been most briefly re- 
ferred to in § 92. The result is equivalent to that which precedes 
and may be enunciated as follows : — 

Let Hie 271 — 1 independent integrals of the subsidiary system, 
other than f= a, be 

Ui{z, Xi, ..., Xn.pi, ...,pn) =^ constant, 

for values 1, 2, ..., 2n-l ofi. Then the elimination of pi, ..., pn, 
TTi, ..., Wnfrom ^2/1 + 1 equations 

f{z, Xij ..., Xn, Pu •••> Pn) = «, 
/(O, tti, ..., fln, ^1, •••,^n) = Ct* 
Ui {Z, Xi, ..., Xn,Pi, •"iPn) = ^^(O, tti, ..., fln, ^i> •••» W'n)! 



188 NATANl'S [110. 

{where i = 1, . . . , 2ii — 1), leads to an equation between z,Xi, . . . , a?n 
which involves n arbitrary constants Si, ..., ^ 0,'nd is the Complete 
Integral of the differential equation. 

111. We now proceed to the consideration of the alternative 
relation between f=a and the equation 

in which the equation among the differential elements is regarded 
as an equation in 2n + 1 variables, and has /= a for that integral 
which can be assumed arbitrarily. 

The foregoing equation agrees with 



2n+l 



if we take 



^n+r=Pri for r=l, ..., n; a?2n+i = ^; 
Zn+r = 0, for r= 1, ..., n; Z«,+i = -l ; 
Xg=pg, for 5 =1, ...,n. 

And then we have 

amg = 0, for m and s=l, ..., n; 

am,ii+»» = l, for m= 1, ..., n; 

(hn,n+t = 0, for m= 1, ..., n and « = 1, ..., n + 1, if m and s be 
unequal ; 

aTn+r,n+» = 0, for rand « = 1, ..., n + 1. 

Then constructing the subsidiary equations as in §§ 93 and 102 
and taking by preference the later form, we have as the complete 
S3rstem 

P«S^i = ^ S/i-^8p„for«=l, ...,n; 
= ^ hfi + tihxg,{oT s = l, ...,n; 

there being only one independent variable. 

If 5^ = 80 that the given differential equation is explicitly 
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independent of z, then 8^ = and the subsidiary equations take 
the simple (Hamiltonian) form 

dxg _^ _^ dpr _ 




9p, dxr 

if ^ be not zero, then the equations take the form 

dxg dpr 

dpt dXr dz 

the equations in each case being associated with/= a. 

There are thus 2n — 1 equations in all in the subsidiary system 
and so there must be 2n — 1 integrals; and/= a is not an integral 

n 

of the system unless we associate dz= 'S, pijixi with it. There 

are then 2n equations in the system, and it has 2n integrals. 
Taking the principal integrals, and denoting them by a?/, ..., 
^nt Pi\ ...,/>/ for -2? = 0, we have by § 94 

n n 

A(-dz+ 2 pidxi) = fjdf-{- A' 2 p/dx/, 

or, since/ = a permanently, 

- d^ + 2 padix^i = -T 2 pidxi ; 
1=1 -d. <=i 

and therefore the differential equation is replaced by 

2 p/dw/ = 0, 
an integral system of which is 

This leads to the same result as in § 110. 

If n = 2, the subsidiary system is 

cLci __ dx^ dpi dpq dz 

each of these fractions being equal to 

- -^ and to — vn) 

^^^z 
for this special case as for the general value of n. 
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When the integrals, three in addition to /=a, of the main part of the 
subsidiary system are known, then ti is determined by a quadrature and 
thence A (and so J', by substitution in ^ of the principal integrals); and, ti 
being known, fi is determinable by a quadratura 

In actual practice, however, these quadratures may be dispensed with, if 
only the actual result be desired without the explicit form of all the inter- 
mediate stages. For example, taking the equation 

the subsidiary system is 

dxi __ dx^ __ dpi _ dp2 __ dz 



-Pi -Pi ^i+Pi ^i+Pi -Pi -Pi' 
Three integrals of the system other than the given one are 

(«Pi - XiY^ =B(j)i- »Xi\ 

where « is a cube root of unity and A, B, C are constants. Then it ib easy 
to see that the Complete Integral of the given differential equation is ob- 
tained by the elimination of j^^, Pi^niy ir^ among the equations 

»2 — •^a Wj — afi 

* = 9 

Pi — o>J?i iTi — aa 

Pl — »Xi ITi — ttO * 

Pl — «*ri iTi — ma 

where a and p are arbitrary constants. 

Ex. Treat similarly the equations* :— 
(i) (l+Pi^+p^)z^=a; 
(ii) axi-\-bz-pi+f(Xit p^=0. 

112. Natani also indicated in connection with § 33 what is the 
first step towards the extension of the preceding method to the 
integration of a system of simultaneous partial differential equa- 
tions of the first order. A sufficient illustration will be given by 
supposing a system of two such equations 

/=a, Wi = 5. 

* These are taken from Natani's **Die hohere Analysis'* (1866), pages 841—353 
of which deal specially with the integration of partial differential equations of the 
first order. 
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Then proceeding as in the corresponding case for the total 
equation, we find that the equations, which are subsidiary to the 
equation 

n n 

1=1 <=1 



take the form 



*=2 



the first two of these holding for «= 1, ..., n. In this system 
there are two independent variables, which may be taken as fi 
and Si. 

Writing 

3a?, ^* dz dxg * 
the elimination of Bt^ leads to 

The existence of these equations implies a certain relation 
between /and t^; for we have 

and therefore 

= d/= 0. 

so that 

t=i \dxg dpa dxg dpgj 
is a necessary relation*. 

* This is not explidily given by Natani, either in his memoir or in his treatise. 
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Let us assume that this condition is satisfied. Then each of 
the foregoing equations leads to two : and so the new subsidiary 
equations are composed of the independent equations of the sets 

^f^ty^^o] ^ - # ^* = ' 

dXf dfi dxg dS] 

which are two systems of equations. Then, as in § 103, a complete 

system of integrals is given by ai, ii,, ..., Un, — , ..., — ; and any 

simultaneous integral of the two systems is a function of these 
integrala 

Let such a simultaneous integral be ; since it satisfies the 
first system we have, as above, 

Now suppose expressed as a function of the system ai, tij, ..., w 
— , ..., — ; then we have 

9*1 fssi dxg 3ai t=i dpg dui dz doii 



J ^ny 



= 1 f^ 



dO de\dxg ^d0 dpg 

^* dz) 32, ,=1 dpg dai 



for we have in the subsidiary S3r8tem the implicit equation 



dz ^ ^ dxg 



and therefore 






If be an integral of the required differential equation, then it 
must be independent of a, and the right-hand side will vanish. 

There is however no oooasion that it should be, for he regards 11, = 6 as an integral 
of the former subsidiary system and is investigating the effect of this knowledge 
in diminishing the amount of integration required for that subsidiary system as 
m§103. 

The equivalent of the foregoing relation in regard to a second integral u, is 
explicitly given by him. 
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If the right-hand side do not vanish, then we have the same series 
of alternatives for the subsidiary system as occuired in § 104 ; and, 
mutatis mutandis, the discussion there given is applicable here. 

Ex, Integrate, by PfafTs process, the simultaneous equations 

where the variable z is dependent upon three variables ^i, ^Tj, a:,, the quan- 
tities Pi,P2i Pz being its derivatives with regard to those variables. 

Also, with similar notation, the equations 

Pl=P2^=P^^=P*^' 

(Raabe.) 
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CHAPTER VIIL 

Clebsch's Method. 

113. It has already been seen, in § 68, that an expression 
which contains 2n or 2m — 1 differential elements can be reduced to 
one which contains not more than n such elements; but that, at 
each stage of the method of reduction there used, alternatives are 
possible and therefore any reduced form so obtained is not unique. 

When, however, one reduced form has been obtained, all others 
can be deduced from it by the following process, which constitutes 
the generalisation of any special solution of Pfaff's problem. 

Let the smallest possible number of differential elements in 
^ the reduced form of a given expression be m; and let such a 

I reduced form be 

^<r^ where there is no identical relation among the quantities F^ndf, 
^ Let another (and therefore* an equivalent) reduced form be 

with a similar absence of any identical relation among the 
quantities 4> and ^. Then we have 



m m 



2 F^df^= 2 ^^dif>, 



and therefore, as quantities on one side of the equation are 
independent of one another, we may consider the 2m quantities 
4> and ^ as functions of the 2m independent quantities F and /, 
and as determined by the equations 

* See § 142, post. 
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for i = 1, 2, ..., m and j* = 1, 2, ... , m. When the coeflBcients 4> 
are eliminated from the second set of m equations, the result is 

Now the m quantities ^ are functions of jP,, jPg, ^»», Fmtfiy ^^^ifm* 
and the last equation shews that, from among the m equations 
which express this functionality, the m quantities F can be elimi- 
nated ; the result is thus of the form 

n (^, ^2, •.-, ^myfufiy ...,/m) = (2). 

Moreover, since the only limitation is that imposed by the above 
Jacobian, this fimction IT can be taken quite arbitrary. 

In equation (2) the quantities F occur only implicitly through 
their introduction by the quantities ^: hence for each of the 
indices j'= 1, 2, ..., m we have 

8^ 9^- 8^2 ^F^ 3^,rt 'dFj 

whence from a comparison with the second set of m equations in 
(1) we have 

*'=^a-"; (3) 

(for r = 1, 2, ..., m), where X is an undetermined factor. Again, 
in equation (2) the quantities / occur both implicitly, through 
their introduction by the quantities ^, and also explicitly; so 
that 

ana^^ana^^ ^an a^m^an^^ 
a<^i a/t d<f>2 d/i a^w a^ dfi 

Hence, from the first set of m equations in (1), we have 

^,=<i,,3*?+<j>,^'+ +«i>„^*'» 



dfi ' 'dfi " dfi 



_ /oil 9^ 9n 9^ 9n 9(^w,\ 

" \ dfi 9</!>5 dfi dipm dfi) 



-^% (*> 

13—2 
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These equations (2), (3), (4) contain the generalisation in- 
dicated They are sufficient to determine the m quantities 0, the 
m quantities <1>, and the (superfluous) quantity \ in tenns of the 
given quantities F and /; and thus it is possible to derive a 
reduced form S4>c{^ from a given reduced form XFdf. The course 
of the proof shews that, when IT is the most general function 
possible, the derived reduced form is the most general reduced 
form possible. 

So far as regards the integral equations, which constitute the 
solution of PfaflTs equation, the most important elements are the 
quantities ^. They are determined by the m equations 

n=o, 
1 an 1 an i an 

-^1 a/i F^ df^ Frn^fm^ 

and therefore they are of the form 

where -y^i, an arbitrary function, is dependent in form upon n. 
There evidently cannot exist any identical relation among these 
arbitrary functions -^t*. 

It may be noted that, though the functions ^ in the general case are 
arbitrary and are bound together by no identical relation, yet they are all 
determined in form by the single arbitrary function IT. It is therefore not 
justifiable to assume that any m of the 2m - 1 quantities 

/ / f a El -^m-i 

/i> /2> » /«> F ^ F ' ' F 

may be chosen to represent m quantities ; any one, or any combination of 
them, may be chosen for one of the <^'8, but some of the remaining <^'8 will be, 
and all of them may be, affected by the form of the function chosen. 

Ex, I. A very simple case, included in (5), is given by an immediate 
transformation. Since 

-p',rf/,+ +^«fl(/«=-p'«rf(/«+%^*/— .+ +^/«) 

we have this particular case given by 
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for 1 = 1, 2, ,7/1-1; and 

Ex. 2. The oquation (2) adopted in the text is the most general form, 
because the variations of the quantities <^ and / are thus least limited. The 
Jacobian, which leads to (2), would equally vanish in virtue of a number of 
equations of relation between the <^'s and /'s, viz., 

ni=o, na=o, ,n^=0; 

but it is easy to see that the solution to which they lead is only a special 
case of that which has already been given. 

114. The results of the foregoing investigation are : first, 
tvhen any aolxdion of Pf(iff*s equation consisting of the characteristic 
minimum of integral eqiuitions has been obtained, it can be used to 
obtain the most general solution; and, second, the most general 
solution can be derived from any particular solution. For, when 
the quantities f, ...,fm are known, the quantities Fi, F^, ..., Fm, 
can be obtained immediat^jly from m independent equations of 
the form 

and these are the quantities which are subsidiary to the sought 
generalisation. It is thus sufficient to have any particular 
solution, in order to obtain the most general solution of Pfaffs 
differential equation. 

115. When Clebsch comes to consider the determination of 
the elements of any particular solution, it is necessary to dis- 
criminate between two cases according as the determinant of the 
constituents aij (as they occur in Pfeff's reduction) does not or 
does vanish. The two cases are the same as occur in that reduc- 
tion. 

First, let that case be considered in which the determinant 
either does not vanish or vanishes merely owing to conditions 
among the coefficients which happen to be satisfied; the other case 
in which the determinant vanishes identically will be subsequently 
discussed. 

Wc begin with an unconditioned equation containing an even 
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number (2n) of variables ; then a reduced form of such an 
equation 

2n 

ft = 2 Xijixi = 
»=i 

is 

If any expression of the type considered in § 113 be obtained so 
that we have 

then by the use of ^n = constant = On we have a reduced form, 
given by 

and associated with ^» = a^- By the substitution from <f>n = c^n 
for any of the variables, say for X2ny the expression ft is replaced 
by another, ft', containing not more than 2n — 1 variables, say 

2n-l 

ft = 2 Xi dxiy 
an equivalent reduced form of which is 

containing only n — 1 diflferential elements. 

Suppose now that, for ft' = 0, any base of a diflferential element 
of an equivalent reduced form can be obtained in the shape 

so that a reduced form is given by 

associated with ^n-i = constant = a,^_i ; then by the substitution 
from dn-i = an-i for any of the variables in ft', say for a?2»-i, the 
expression ft' is replaced by another, ft", containing not more 
than 2n — 2 variables, say 

ft" = 2 X^'dxi, 
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an equivalent reduced form of which is 

containing only n — 2 diflferential elements. 

Proceeding in this manner we shall ultimately reach an expres- 
sion n''*~*\ containing not more than n + 1 variables and reducible 
to a form containing only a single diflferential element, say to the 
form 

then an integral system of the original equation is 

116. This being the general march of Clebsch's derivation of 
a particular integral system, the first step is the construction of 
the function ^n* Clebsch s method determines (f>nSLa a solution of 
a single partial diflferential equation of the first order; and the 
form of this equation verifies the inference of § 113 as to the 
general functional character of ^n- The (q + 1)*^ step is the con- 
struction of the function (n-q> which is one of the integrals of the 
equation H^^^ = containing 2n — q differential elements ; it is 
determined, by Clebsch s method, as a simultaneous solution of 
q+1 partial differential equations all of the first order. 

There are therefore, in the first instance, two questions to be 
considered, similar to one another. The earlier of the two is that 
in which a differential expression containing 2n differential ele- 
ments has for its reduced form an expression containing n differen- 
tial elements. The later of the two is that in which a differential 
expression containing 2m + r differential elements is so conditioned 
that its reduced form contains m differential elements; here the 
source of the conditions necessary that such a reduction may be 
possible must be indicated. 

Moreover, when any function <t>n is adopted for one of the 
integrals of ft = and when by means of this integral the number 
of variables in ft is reduced by unity, the consequent modification 
in the form of ft is partly dependent on the form of <t>n ; and hence 
the subsequent integrals may be dependent on this function. In 
fact, any one of the integrals will in general involve the arbitraiy 
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constants of the other integrals previously obtained : thus we may 
write 

When ttn, a,i_i,... are replaced by ^n, ^n-i>«'» then f»-^ is a 
function of the variables x alone ; and the form of the function is, 
in general, affected by the forms of all the integrals which precede 
it in derivation. It will thus be necessary, as a third question, 
to examine this effect on the form of such an integral ; it will be 
determined by means of the linear partial differential equations. 

These three questions are differently treated by Clebsch. In 
his first memoir* the first two of them are solved by the con- 
struction of the single characteristic differential equation or of the 
system of such equations corresponding to the two questions 
indicated ; and, for the third of them, the transformation is made 
by some extremely laboured analysis to the simultaneous equa- 
tions which determine ^, ^, ..., f, ..., -^ as functions of the 
variables alone. The equations which determine any function f 
have their form affected by the functions similarly determined 
previous to f ; and in Clebsch's second memoirf they are obtained 
directly without the explicit intervention and previous determina- 
tion of the earlier functions. The discussion of the third question 
is limited to the most general case of an unconditioned equation 
in an even number of variables ; the extension to a conditioned 
equation is not given}. 

117. First, then, we have to obtain the differential equation 
which is satisfied by the first of the integrals of an unconditioned 
equation in an even number of variables. The equation being 
taken in the form 

2n 

* CrelU, t. LX. (1862), pp. 193—261. 

t CrelU, t. Lxi. (1863), pp. 146—179. 

X A large part of these two memoirs of Clebsch, as weU as another in CrelU^ 
t. Lxv. 257 — 268, is devoted to the theory of the partial differential equations ; the 
work is thas not so entirely limited to the theory of Pfaff's equation as are, for 
instance, the developments in Natani's process, and much of it really forms an 
interesting illustration of properties of systems of partial differential equations. 
For the actual discussion of these classes of equations with the improvements due 
to Mayer, see §§ 38 — 41 in Chapter u. 
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and a reduced form being 

we have (for i = 1, 2, ..., 2n) 

and therefore 

Introducing now the quantities y of § 55, we have 

2i» 

i=i 
and therefore 

this equation holding for i = 1, 2, 3, ..., 2n. Let 

^•L K^= l> 2, ..., n); 

then the system of equations just obtained is 

r=i\ ""dxi *■ dxi) "" 
for i= 1, 2, ..., 2w. 

There is thus a system of 2n equations, linear and homogeneous 
in the 2n quantities — and 0. The determinant V of the system 
is 

^ V^l » > •'^an) 

and this does not vanish because the 2/i quantities / and F are 
independent of one another. Moreover, taking V in the form 

9(^1, , ^ 
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and multiplying the two values, we find 



V« = 






SO that V is the Pfaffiau [1, 2, ..., 2n], supposed to be non-evanes- 
cent because the equation is unconditioned. 

Since the determinant of the system of linear homogeneous 
equations ia not zero, it follows that each of the variables is zero ; 
hence 









dFr 

dai. 



+y».ol' --^r 



3n 



(6). 



which exist for r=l, 2, ..., n. And, if, instead of 2 ^pd/p as a 

reduced form, 2 ^pd(f>p had been taken, the former set of n equa- 

p=i 

tions would similarly have been satisfied by any one of the quanti- 
ties (f>. Taking then one of them, say 0«, it must satisfy the 
equation 



^41+^-1+ +^"1^=^ 



,(7). 



Now of this equation we already have n integrals, viz., 
fiifif •••>/n- But from the second set of n equations we have 

for r = 1, 2, . . . , n — 1 ; so that there are n — 1 other integrals of 
the partial differential equation given by 



I\ F, 



' Fn • 



and we therefore have 2/i — 1 integrals altogether, which arc func- 
tionally independent. In order to construct the most general 
solution of (7), only 2n — I functionally independent particular 
solutions are necessary ; and the form of this most general solution 
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is an arbitrary function of the 2n — 1 particular solutions. Hence 
the general solution of the equation (7) is 

where ^„ denotes any arbitrary function. 

This is a verification of the result of § 115 : and thus it follows 
that a first integral of the given differential equation is furnislied 
by any solution of the equation 

It is to be remarked : — first, that every integral of the original 
diflferential equation must satisfy this partial equation but that no * 
integral, subsequent to the one initially taken, is completely deter- 
mined by this equation : — secondly, that we may take any integral 
of the system 

dxi dx^ dx^n 






the subsidiary PfafBan system, as an integral of the original 
differential equation, for this system is subsidiary to the complete 
solution of the partial differential equation : — thirdly, that, even if 
V vanish (contrary to the initial hypothesis), yet, if not all the 
Pfaffians of order 2n — 2 vanish, the above partial differential 
equation (or the subsidiary system) is still valid for the determi- 
nation of an element ^ (§ 62) provided we retain the ratios of the 
vanishing quantities y*. 

118. We now pass to the case of a conditioned equation in 
(p=) 2m + q variables 

il = Xidxi-^ X^ dXi + + Xp dxp = 0, 

a reduced form of which contains only m differential elements, say 

fl = jPid/i + -\-Pmdfm» 

and we have to obtain the differential equations which are satisfied 
by Hie first of the integrals o/ ft = ; as in the geneml case before 

* The only essential difference between this case and the general case is that, in 
the present case, the fraction F^jF^ admits of no simplification except the (possible) 
removal from the numerator and the denominator of a constant factor, while in 
the general case a variable factor thus disappears. See § 62. 
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treated, this integral will be an arbitrary function of/i, .».» fm* 

jPfn J^m 

Then 

V _ ^ Tpyfr 

r=l OXi 

and, as before, 

Let \, /i, I/, ..., <r, ..., p be any 2m integers of the scries 1, 2, ..., 
2w + q; and let ^ + 1 sets of 2m quantities y be introduced, the 
first set defined by the 2m equations 

8m 
Ztf= 2 (h.il/i (^ = X, /i, V, ,p), 

and the remaining sets defined each by 2m equations of the form 

im it) 

2 ae^iy = - atf,2m+# (0 = X, /i, p, ,.., p) 

(«=1, 2, ..., 5^). 

Proceeding as in § 117 and using the first set of introduced 
quantities y, we have 

r^l 0X0 

= 2 ae^il/i 

i=i (r=i \9^» 3^tf dx0 dxil 
for each of the values \ /i, v, ,,., p of 0. Let 

then the system of equations just obtained is 
for the 2m values ^ = X, /ti, v, ,.., p. 
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It is therefore a system of 2m equations linear and homo- 
geneous in the 2m variables Hr and — f,.. As before, the 
determinant V of the system is a Jacobian of the form 

9(a?x,a?^, ,a?p)' 

and this does not vanish, because the 2m quantities / and F are 
independent of one another; its value is easily proved to be the 
Pfaffian [\, /i, i', . . . , p] of order 2m, supposed to be non-evanescent, 
because m is the smallest number of diflferential elements in a 
reduced form of ft. 

Since the determinant of the system of linear equations is 
not zero, it follows that each of the variables is zero : hence 



(8), 



{, = = J,.f + J„f;+ + y.g; 

B, = = ,4t,,.'^ + ^'-It-"' 

which exist for r = 1, 2, ..., m. 

From the second set of equations we have 

for r = 1, 2, ... , m — 1 ; and therefore we have 2m — 1 solutions of 
the equation 



VIZ., 



/. f El El. -fiw-i 

J I f • • • > Jm 9 Tjt 'IP >•••> jp 



«♦ ■* III •*■ til 



Further, derivatives with regard to a?2m+i» ^2»n+2» •••> mhm+q do not 
occur in this equation ; and therefore the most general solution of 
the equation (9) is an arbitraiy function of 

■^ tn -^ tn -^ m 

Using now any other set of the subsidiary quantities y, say 
y\ ,y' , we have, for«=l, 2, ...,q, 

1 stfl 
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tm+» 









(r = l, 2. ...,m); 



for each of the 2m values X, /ti, i/, . . . , p of ft Let 

«£/(*) a^.\ J^. =H^' 

then the system of equations just obtained is 

for the 2m vahies \, /ti, i^, ..., p of ft The determinant of this 
system of 2m equations, linearly homogeneous in 2m variables, 
does not vanish ; and therefore each of the variables vanishes, so 
that 






H = = y 

r 1 



+y. ^^+ 



dXl ^2 BiTg 



+ y 5 ho — ^ 

2m da?2m 03C^-^9 ) 



...(10), 



which exist for r = 1, 2, ..., m and for « = 1, 2, ..., g. 
Hence we have, as solutions of the equation 

2^1 i^-^y. i^ "^y2«.ai''ai;.=^ ^^^^' 

the 2m quantities /i, ...,/to, ^i, ...,-^m; and, since derivatives with 
regard to iCjm+i* ^mt+s, ...i ^2m+*-i, ^jm+«+i, ..., ^»»n+9 do not 
occur in (11), the most general solution of this equation is an 
arbitrary function of 

Consider now the aggregate of equations made up of the q 
equations represented by (11) and of the single equation (9), viz., 
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. , (2)a<^ , (2)a</> (2) a<^ a<^ 



\ 



...(12), 



^ A 3a:i ^2 3ira ^2m3a:o,„ 3a:sm+9 "~ , 

being g + 1 in all. It is an immediate inference from the 
character of the individual general solutions of each of the 
equations that the most general simultaneous solution of the 
system of equations (12) treated as simultaneous is an arbitrary 
function of 

" m. " nt. jT « 



m ^ m ■*' m 



If, instead of beginning with a reduced form Si^ci/' as equivalent 
to n, we had begim with an equivalent reduced form S4>c{^, the 
preceding equations would have been satisfied by the elements ^ : 
and therefore the most general element entering into a reduced 
form equivalent to fi is given by 

Y'm — V^w l/i> /2> • • • > y m> r? > ~p~ > • • . > r? I > 

where ^,» denotes any arbitrary function. 

This again is a verification of the result of § 116; and it follows 
that a first integral of the given conditioned differential equation is 
furnished by any simultaneous solution of the system (12) of 
simultaneous equations. 

119. Several remarks are to be made at this point. 

(i). The form of the characteristic equations determining the 
elements of a reduced form must be independent of the choice of 
the 2m terms X, fi, ..., p from the series 1, 2, ..., 2m4-g; and 
therefore the values of the coefficients must be the same whatever 
be the selection thus made. The conditions, necessary that this 
may hold, are the conditions under which the equation involving 
2m H- q variables can be satisfied by only m integral equations ; and 



208 clebsch's [119. 

they can, without difficulty, be expressed in the forms already 
given in the discussion of Natani's method (§ 100). Moreover, as 
these conditions are explicitly known, they are sufficient to indicate 
the number of equations in the integral system by which the given 
differential equation is satisfied. 

And as all Ffaffians of order 2m will usually not vanish, m 
being the number of differential elements in a reduced form, we 
should in the first instance choose X, ^, . . . , p so as to give a non- 
evanescent Ffaffian [X, ^t, . . . , p], if it should happen that some of 
the Ffaffians of this order 2m vanish. The first set of subsidiary 
quantities y is then similar to the set in § 117 ; each of the 
remaining sets is easily seen to be made up of quotients of 
Ffaffians of order 2m by the Ffaffian [\ fi, ..., /:>]. For instance, if 

6 

have a reduced form containing only two differential elements and 
if we denote X^ [23] + X^[U] + X^ [12] by [0123], then the three 
equations which determine the first integral are easily seen to be 

P3«l| + p4«l]g + [4012]| + [0m]| .0 

[2346] g, + [Mei] I + [*612] I + [6123] | + [1234] | - 

(ii). The following is the march of the general reduction of 
an equation ft = : the function 0, when determined as a simul- 
taneous solution of the system (12), is used to remove one of the 
variables from the equation, by taking 

if> = constant ; 

we then have a differential equation with one variable fewer and 
integrable by one equation fewer, that is, we have the next simpler 
form of the equation already treated. 

(iii). Every integral of the original differential equation must 
satisfy the system (12) of characteristic simultaneous partial 
differential equations; but no integral, subsequent to the one 
initially taken, is completely determined by the system (12). In 
fact, for each new integral to be determined, the new characteristic 
system, corresponding to (12), must be constructed. 
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Note. The solution of the equations (12) can be effected by the method 
of Jacobi. They form a complete system: it is easy to verify that the 
Jacobian conditions, which may be expressed in the form 

AjAif^ - AiA^=Oj 
are all satisfied. 

The subsidiary system of A<l>=0 leads to 2m -1 subsidiary equations of 
the first order or to an ordinary differential equation of the (2m- 1)*^ order. 
When the general form of ^ satisfying ^^=0 is obtained and is substituted 
in Ai<l>=Of the latter changes into a new equation, of which the independent 

variables may be made /,, , /,,, -—, , — S— ■ and ^sh»+i; so that the 

complete solution of J|^=0 may be made to depend upon the integration of 
an ordinary differential equation of the (2m- 1)* order. And so on for each 
of the equations in the system (12) ; so that the complete solution of that 
system may require the integration of y+ 1 equations, each of order 2m- 1. 

Hence this method would require the solution of 

(i) one ordinary differential equation of order 2n- 1, 

(ii) two equations . . . 2n - 3, 

(iii) three 2n-5, 

(n) n 1, 

for the complete determination of the general integral system of an uncon- 
ditioned differential equation in 2n variables; and each of these solutions 
gives one of the integrals in the integral system. 

The similar results for a conditioned equation are easily inferred. 

120. The foregoing constitutes what may be called Clebsch's 
First Method, as applied either to an unconditioned equation in an 
even number of variables or to a conditioned equation. It requires 
the transformation of the differential equation after each integral 
has been obtained, in order to construct the system of characteristic 
equations which shall determine the next succeeding integral. 

In order to obviate some of this labour Clebsch in his first 
memoir transforms, as already (§ 116) stated, these characteristic 
equations, so that there occur in them only the coefficients of the 
original differential equation and the integrals already obtained and 
not the coefficients of the differential equation modified by each 
successive integral. In his second memoir he obtains directly 
the same results as are obtained by these transformations: to 
this direct investigation, which may be called Clebsch's Second 
Method, we now proceed. 

F. 14 
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121. Clebsch's second method applies solely to the case of an 
unconditioned equation in an even number of variables, so that a 
reduced form of 

Zi Xidxi 

(with none of the critical conditions among the coefficients satis- 
fied) is 

n 

2 Frdfr^ 

Then the 2n quantities F and / are 2w independent fiinctions of 
the 2n independent variables x ; and therefore, conversely, the 2n 
quantities x are 2n independent functions of the quantities F and 
/, which may thus if convenient be considered as a complete set of 
independent variables. 

The object of the method is to obtain the characteristic equa- 
tions which determine the n quantities / without regard to the 
effect on the original equation of the use of successive integrals : 
and these equations are immediately derived by means of the 
following lemma : — 

Let P denote the non-evanescent Pfaffian [1, 2, ..., 2n] and 
let Rij be the coefficient of Oij in P so that 

and Rij differs only by the factor (— iy+*^ from Pij (§ 59): then, 
if 4> and '^ be any frinctions of the variables x, 

which evidently are propositions relating to transformation of 
independent variables. 

We have, as before. 



^ r"! \^^j d^t dXi dXjJ 
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Let Cij denote the corresponding quantity derived when the varia- 
bles X are looked upon as functions of F and/, viz., 



"^^"JtlWrWr'dFrdfr)' 



Then, if X and /jl denote any two of the quantities / and F^ the 
value of 

^ d\ dxj 

im\ d^t ^H' 

is zero, if \ and ^ be different quantities, and is unity, if they be 
the same quantities. In virtue of this relation it is easy to shew 
that 

2 dja^ (« = 1, 2, ..., in) 

is zero, if i and 8 be different, and is equal to 1, if i and 8 be the 
same ; and therefore solving the 2n consequent equations we have 

P^dj = minor of Oij in P^ 

dP 



= P 



ddij' 



and therefore 






Hence for the first of the two transformations we have 

»=!>=! -^ OXjr = l OXi 

= 2222 \F,^fi^Afi3. ?^^_??» ^3\\ 
i^\j=\ r=i f =1 1 '^ 3^t 9^i \3-P« 9/« 3-?'« 9/i/ ) * 

Taking now the terms separately, the typical expression of the 
first is 

„ d/r dxj d<l> dXj 

'dxidf.daijdF/ 

* This theorem is given by Brioschi, La teorica dei determinanti (1854), p. 60 : 
the equations from which the result is obtained are due to Cauohy (1. o.). 

14—2 
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The sum of all these which have the same r, 8, and j is 

which is zero unless b be the sa^me as r : and so the sum is 

J, 9^ 'dxj 
dxj dFr 

The sum of all these which have the same r is 

j^l dXj dFr dFr 

Hence the sum of all the first terms is 

The typical expression of the second term is 

„ d<f> dxj dfr dxj 
dxj dft dxi dFg 

the sum of all these which have the same r, s and/ is 

dxj dfg i^i dxi dFg* 
which is always zero. Hence we have 

thus proving the first of the propositions. 
For the second of them, we have 

itl A rtl \dXi dXj [dFr dfr dFr 3/Jj 



r=AdFrdfr dFr dfr) ' 



which proves the second of the propositions. 
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122. The derivation of the desired characteristic equations can 
now be effected In the propositions just proved, no restrictions 
were laid upon the functions ^ and yfr : and thus, particular cases 
can be obtained by equating them to some of the functions F 
and/. 

We have from the first proposition 

(Fi) = Fu 
and therefore 

(F,^Fn) = 0, 

for all the values of i= 1, 2, ..., n. 
We have from the second 

for all combinations of i and j from the series 1, 2, ..., n ; also 

[Fi. F}] = 0; 
and 

[fi. Fi] = 0, 

if i and j be diflferent, while 

[fi. Fi] = 1 

for each of the n values of i. And we fiirther derive 

if i and j be different, and 

for each of the n values of i. 

The only equations, into which the quantities / alone enter, are 
the n equations 

and the ^n(n—l) equations 

[fi. /^] = ; 
and therefore we have the result : — 

The n simultaneous integrals of the unconditioned differential 
equation 

2n 

2 Xi^i = 



{ 
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(13). 



satisfy the n partial differential equations 

(/m)= 2 S ^^Z,|{"=0 (m = l,2,...,n) 
and the \n{n — 1) partial differential equations 

Further, the other obtained relations shew that these equations 
are satisfied when any of the quantities f^ is replaced by any one 
of the quantities Fr/Fn'y and therefore we infer, in connection with 
the argument of § 113, that these differential equations are sufficient 
as well as necessary for the determination of the fwnctions f. 

123. By referring to § 59, it will be seen that 

is equal to — y^: and therefore the equation (^) = is the same as 

viz., is the same as the equation (7) which occurs in Clebsch's first 
method. 

Further, it may be noticed (though it is not remarked by 

Clebsch) that the factor p may be removed from all the equations 

(^) = 0, [^, V^J = even in the case when P vanishes, provided that 
all the Ffaffians of order 2n — 2 do not vanish and no one of the 
characteristic equations become illusory at any stage. This state- 
ment may be justified by the method adopted, for the similar 
question, in § 62*. Hence Clebsch's second method applies to an 
equation in 2n valuables even when the Pfaffian of all the coefficients 
vanishes, provided the Pfaffians of next lower order 2n — 2 do not 
all vanish and no characteristic equation become illusory at any 
stage, 

* But the method will not apply in the case of an equation in an odd number of 
variables; for no modification of the coefficients can prove effective, since the 
Pfaffian of odd order is necessarily evanescent. Hence the present form of the 
method is not applicable to an equation in an odd number of variables; and 
extensions of this method to such an equation, as well as to conditioned equations 
in an even number of variables, were not made by Clebsch. 
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124. The solution, then, of the original differential equation 
fl = depends, by this method, on the integration of a system 
(13) of simultaneous linear partial differential equations of the 
first order. To determine the first member of the integral system 
which constitutes the required solution, say/i, we take any integral 
of the equation 

or of the corresponding associated subsidiary S3rstem. 

To determine the second member of the solution, say /„ we 
take a simultaneous integral, other than/i, of the two equations 

(^) = 0, [/,.0] = O. 

To determine the third member of the solution, say /,, we 
take a simultaneous integral, other than /i or /j or any function 
of them, of the three equations 

And so on. 

It is evident that each of the members thus obtained is a 
function of the variables only; that the form of every member is 
affected by all the previously obtained members of the desired 
integral system; and that the way, in which the effect of these 
previously obtained members is brought about, is indicated by the 
form of the determining system of simultaneous equations. Thus 
the second and the third questions of § 116 are solved. 

125. The solution of the system of simultaneous partial differential equa- 
tions which determine any member of the integral system can be effected in 
accordance with Mayer's theory of such systems*. We shall not enter here 
into any details of such solution, as the developments belong less to the 
theory of Pfaff's equation than to the theory of partial difierential equa- 
tions. It may, however, be convenient to state here two of the results 
appertaining to the present systems; the proof of these results is not 
difficult. 

Firat^ whatever be the values of any three functions ^, ^, x ^^ the 
variables, the relations 

[[*. ^l xJ+ftf. xl *]+[[x. «]. V'l-o 

and [(0), f ] + [«, W] +[V', *]-([^ f ]) 

are identically satisfied : the simplest proof of these relations is obtained by 
considering all the quantities as functions of F and /. Now in the deter- 

* See note to § 116, p. 200. 
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mination of each of the members of the integral system, it is in every case 
necessary to begin with a functionally new solution of (^)=0; and for this 
purpose the following results, easily derivable from the preceding identical 
relations, are useful : 

(i) If ^ and ^ be two solutions, functionally distinct, of (^)=0, then 

are two other solutions: they may, however, be illusory, or they may be 
expressible in terms of tj) and ^. 

(ii) If ^, ^, X be three solutions, functionally distinct, of (<^) =0, then 
each of the quantities 



W.V'] 



!V'> xl Dt. 0] 



[V'.xl' [x.«]' [*.^] 

is also a solution ; so that, if they be not illusory and be fimctionally distinct 
from combinations of ^, ^ and x* two other new solutions are given. 

(iii) If in the equation [<^, /]=0 the unknown quantity be ^ and if 
/ be considered known, then frt>m two solutions ^ and x & third is given in 
the form 

bk.xl 

if it be not illusory and it be functionally distinct from combinations of ^ 
and X- 

Second, the system of simultaneous equations which determine /» is 

(♦)=0, [/i,«]=0, [/i,«]=0, , [/i-i,«]=0; 

Clebsch replaces these equations by a linear combination of them, constituting 
an equivalent system and constructed as follows. A set of functions Qj, 
Qg, f Qi being introduced, the equations 

(«)=(Oi)(«)i + W(«)2+ + (Qi) Wi ' 

ifn ♦] = [/r, Ol](«)l + [/r, Oj(«)2+ +[/r» Oj (♦)i " 

(where r=l, 2, , t-1) are formed; and the sole limitation on the 

functions Q, which can otherwise be chosen at will, is that the deter- 
minant of the right-hand side does not vanish. Then the former system 
can be replaced by 

(«)i=0,(«)2=0 ,(«)i=0; 

the new system satisfies the relation 

((*)x)m=((*V)a 
and thus is a complete Jacobian system (§ 38). 

Bx, As an illustration of Clebsch's methods, consider the equation 

x^dxi + 2jCidx^ + ^2^8 + 2x^^ = 0. 
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We have 

i23, = [12]=-2, /2«=[13] = 0, /Ja=[14]= 1, 

A2=[34]=-2, iJi3=[42]=0, A4=[23]=-l, 

and [1234] =3, 

so that the Pfaffian does not vanish, and may he omitted from the equations. 
The first of these characteristic equations (<^)=0 is 

Subsidiary equations are 

4ri + 2jF3 2.v^+a'2 2a?i + 4^3 x^-i-Zx^ * 

and the necessary three independent special integrals are obtainable by the 
elimination of 3 between 



Xt T X* -— ^B I Xa — Xa -— X/C I 

Xi-x^=B^f x^+x^-Ce"^, 

We may therefore take 

/j = ^ = (a-j + a?4) (xg - a?4)3, 

as an integral of (<^)=0 and consequently as a first int^ral of the original 
equation. 

Clebsch's first method would require the elimination of say x^ and dx^ 
from the original differential equation by means of its first integral fi=^o,y 
and would then leave an integrable expression. Instead of using this method, 
we shall adopt the second method, which requires for the deduction of the 
second integral a simultaneous solution other than ^ of 

(*)=o. [^ ^]=o. 

Taking the second equation, substituting for ^ and simplifying by the 
rejection of negligible factors, we find that it takes the form 

We must now find some common solution of this and (<^)=0 which is distinct 
from ^. 

We proceed as follows: The subsidiary equations of the new partial 
equation are 

dx^ dx^ dx^ dx^ 

three independent integrals of which are a;,, x^^ {u=)XiX^'{-x^^\ hence the 
most general solution of the new equation is 

where / implies any functional combination whatever. It is now necessary 
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to find what forms of / will satisfy (<^)=0; on substituting, we have after a 
little reduction 

(*)=3H|;-(2^, + x,)|^-(.r«+SU,)g|=0, 

an equation in which all the coefficients are expressible in terms of x^, x^ 
and u. (This result is to be exi)ected because (<^)=0 and [0, V^]=0 satisfy 
the Jacobian conditions.) The subsidiary equations for the new form of 
(^)=Oare 

- 3w "~ 2x^•^X2 " ^4+ 2a;2 

cLfj + dx^ dx^ — dx^ 
'^ 3 (^2+^4) " -(^2-^4) ' 

two independent integrals of which are 

u (^2 + ^4), (^2 + ^4) (^2 - •^4)'- 

The second of these is ^, which may be expected to occur as a common 
solution of (0)=O, [<^, ^]=0; hence <^ is merely a function of (j*2+^4)w, and 
thus we may take as a system of two integrals of the given differential 
equation 

/i = (^2 +^4) (-^1^4 + -^2^3) 1 

/a = (^2 +^4) (-^1-^4)' J 

The corresponding values of F^ and F^ are 

X v^ X\ ~" Xn 



^i=r-^^r. F^- 



J?2 « •^4 ("^2 ' ^4/ \'^'2 *^*4/ 

When we take as the first integral 

5^2= V^= (^1 + -^3) (-^1 -^s)"' 
and proceed similarly, we find 

5^1 = (^1 + -^3) " ^^1-^2 + ^3^4)* 
which thus give another system of solutions. It is easy to shew, in verifi- 
cation of § 113, that 



_ x/ ;+2/, \ 



^' X/,+2/i 



-where X = w • 
^1 



When we take as the first integral 

^ = V^ = (^l+^3)(^2 + -^4)* 

and proceed similarly, we find 

Ai = (x2-j:4)«(a:i-x,)-i 
thus giving another system of solutions : and, for the similar verification, 

Aa=X/j+2/i, AiX = l. 
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126. We now pass to the consideration of the equations which 
cannot be treated by either of the foregoing methods. The case 
which most frequently arises is that of an unconditioned equation 
in an odd number of variables, the Pfaffian of which necessarily 
vanishes ; other cases are the exceptions of § 119 in which all the 
Pfaffians of a given order vanish, though not those of the next 
lower order. 

Let it be supposed that the equation 

ft = I Xidxi = 

has a reduced form 

Fdf+F,df, + .., + F^d^, 

and that no equivalent form can be obtained in a smaller number 
of differential elements than m + 1 ; then the most frequent case 
is that in which p = 2m + 1, and for all other cases je> > 2 (m + 1). 
And, in all cases, the Pfaffian of the original equation ft = 
vanishes. 

First, ii p = 2m + 1, then there are 2m + 2 functions / and F 
of only 2m f 1 variables ; hence there must be one relation among 
these functions and, in the case of an unconditioned equation, not 
more than one relation. But if any one of the coefficients, say F, 
be a constant, which may be taken to be unity, then there is no 
such relation among the m coefficients ^i, ..., Fm and the m + 1 
bases of differential elements /, /i , . . . , fm- 

In all the other cases, all Pfaffians of order 2ni + 2 vanish. 
Now the square of the determinant 

where a, /S, . . . , t are any 2m + 2 integers from the series 1,2,..., 
jp, is the square of the Pfaffian [a, /S, . . . , t], which, being of order 
2m + 2, vanishes by hypothesis ; and therefore each of the fore- 
going determinants, for each selection of 2m + 2 integers, vanishes. 
Hence one functional relation must exist among the quantities 
fff\y "ifmi ^y Fu ...,Ftn, But, also by hj'pothesis, all the Pfaffians 
of order 2m do not vanish ; and therefore all the first minors of 
the preceding determinant may not vanish ; thus there are not two 
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(or more) relations among the quantities / and F*, that is, there 
is only a single functional relation. 

If however any one of the coefficients, say F, be unity, the 
condition that the determinant shall vanish is satisfied : and there 
is then no relation. 

Hence, in every case, the reduced form is either of the type 

with a single identical relation among the quantities /and F, or it 
is of the type 



m 



df+ l^Fidfi. 

127. When in any manner a particular reduced form has been 
obtained, it can be generalised as follows. Let such a form be 

Fdf+F.df,-^ + F„,dfm 

with a single functional relation, say 

among the quantities ; the alternative form will be found to arise 
in the course of th« generalisation. Let the most general reduced 
form be 

4>d<^ + 4>id<^ + + <bmd<t>my 

with the existence of a corresponding functional relation. Then 
taking / /, ..., /,„, F^, ..., J^,n, x^^^, ..., Xp as independent 
variables, we have 

^-*l+*'t+ •^*-^ 

f.-4>!*+*,|^ + + *,^(.-.l, 2 «) 



f-y 



* If, for instance, there were two relations, then F and / could be expressed in 
terms of /x, ..., /., Fj, ..., F^; and thus the reduced form could be changed so as 
to contain only 2m variables and therefore be reducible to only m terms, contrary to 
hypothesis. 
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Eliminating from the last set of m + (p — 2m — 1) equations the 

ratios 4> : 4>i : : 4>,„, we have a number of Jacobian 

determinants equal to zero, from which the inference is that a 
functional relation 

n(/,/i, ...,/m, <l>, iht •••» <f>m) = 

subsists; and 11 may be a quite arbitrary function. Then, as in 
§ 113, it follows that 

^ ^ an - ^ an . ^ an 

F- L^n an Lt _ ^^^ 

When these are solved so as to give (f>, ^, ..., 0wi the elements of 
the generalised solution, it appears that each of these elements is 
a frinction of the quantities / and F; and similarly for the 
coefficients 4>. Since n is arbitrary, each such function is arbi- 
trary ; but all the arbitrary ftmctions have their form determined 
by that of n and so they are not independent of one another. The 
form of any one of them may be arbitrarily assumed — thus in- 
versely determining the form of U — and the forms of all the others 
are then determinate. 

This is the generalisation of the assumed form; being the 
general form, it necessarily includes the simplest as a special case. 
Since, as has just been explained, one of the functions may be 
arbitrarily assigned and the rest will then be determinate, Clebsch 
takes as the foundation of the simplest reduced form the special 
assumption that the coefficient of one of the differential elements 
shall be unity. Thus the normal reduced form is 

df-{-F,df, + F,df, + + F^df„,, 

where there is now no relation among the quantities / and F. 
When such a particular reduced form has been obtained, the 
natural generalisation is to another normal reduced form 

which shall be the most general possible. 

The preceding analysis will apply to this case, so that we have, 
in the first place, an arbitrary functional relation 

n(/,/i, ...,/m, <l>» ^, •.., <f>m) — 
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among the elements of the two solutions. But since F and 4> are 
each unity, we have 



and therefore 






d<i, + df "' 



so that / and <^ can enter into 11 only in the combination <f> —f. 
Taking 

* -/= e, 

the arbitrary functional relation among the elements of the two 
solutions is 

and, if X be the reciprocal of -^ , we have 

*r= Xg^ (r = l, 2, ...,m) 

^'^ = -^37- (* = ^' 2, ...,m) 

These equations contain the normal generalisation of any par- 
ticular normal reduced form, 

128. When these equations are solved, they give each of the 
quantities 0, ^, . . . , <^m ^^ & function of /i, .,.yfm» F\> • . • , ^m ; the 
forms of these functions are dependent on the form of 11, and so 
each function is arbitrary but is not independent of the others. 
Hence, if we regard only one of the elements of the generalised 
solution with the view of taking it as an integral, it follows that 
the moat general first integral of a differential equation with a 
reduced form 

df+ F,df + F,df, + + F^df^ 

is given by 

where <l>m is an arbitrary function. 

The general march of the derivation of successive integrals is 
similar to that of the earlier case (§ 115). By means of the 
integral <l>m = (hn, the differential equation can be transformed into 
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an equation containing only /) — 1 variables and having as a 
normal reduced form 

di^ + *id^i + + ^tn-id4>m-i ; 

as the new coefficients of the differential equation are affected by 
the form of <^ adopted (or, on the other hand, as the remaining 
functions ^, ^i, ..., (pmr-i are affected by the form of ^„i), it follows 
that the remaining integrals will be similarly affected. Hence, 
as in the earlier case, each integral affects the form of all those 
determined subsequently to itself. 

The new equation, with the associated new reduced form, is 
the equation next simpler in treatment than the one already 
discussed ; we shall have a second integral of the original equation 
in the form 

where -^wi-i is an arbitrary function. And then by means of the 
integral -^m-i = «w-i, the differential equation can be transformed 
into one involving only p — 2 variables and having 

as a normal reduced form. And so on, until we obtain a differen- 
tial equation in p — m variables having 

as a normal reduced form, i.e. until we obtain an equation which 
is exact : then 

constitute an integral system equivalent to the differential equa- 
tion. 

129. Having thus generalised any special solution, we have 
now to investigate the equations which determine the integrals. 
For this purpose Clebsch gives two processes, each devoted to the 
determination of a first integral of the differential equation. Since 
by means of this first integral the differential equation is trans- 
formed into another which is simpler and is similarly treated, it 
follows that each of these processes is limited in the same way 
as the first method which applies to the class of unconditioned 
equations in an even number of variables ; neither of the processes 
possesses the general character of the second method which 
applies to that class of equations. 
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130. The first process is as follows. Since 

I Xidxi^df-\- 2 Frdfr, 



we have 



and therefore 



dxi r-i dxi ' 



which is the same in form as before (§ 118) and thus suggests 
a similar method. 

Let X, /A, ..., p be any 2m integers of the series 1, 2, ... , |); 
let p = 2m + 9, and let s be any one of the integers 1, 2, ..., j. 

Then we determine q sets of quantities y , y , ..., y by the 

equations 

1=1 « 

Proceeding as in § 118, we obtain the equations — similar to (10) 
of that article — 

y ^ +V ;r-^ + +V ^r^ + ^ = 






r 
9m+i 



' f 



holding for r — - 1, 2, ..., m, and for «= 1, 2, ..., q. 

Now it has been seen that the first integral of the differential 
equation is a function of/,, ...,/m, ^1, ..., Ft»; hence it satisfies 
the equation 

*^ M 3a?i ^2 3a?j ^itndx^ dx^^g * 

since each of its arguments satisfies the equation. This equation 
subsists for « = 1, 2, ... , J ; and therefore we have the result : — 

The first integral (f> of the differential equation £1=0 is deter- 
mined OS the mast general simultaneous solution of the system of 
linear partial differential equations 

^i<^ = 0, ii,0 = O, ,^,(<^)=0. 
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Each of the quantities y is the quotient of a Pfaffian of order 2m 
by the Pfaffian [X^ a*, . . . , p] ; and as, by the initial hjrpothesis, not 
all the Pfaffians of order 2m vanish, we should naturally choose 
X, /i, . . . , p so as to give a non-vanishing Pfaffian. 

It is easy to verify that the system of q equations satisfies all 
the Jacobian conditions for the possession of common solutions, 
and therefore it forms a complete system. 

,Ex. 1. The simplest case is that in which the number of characteristic 
equations is le^t, viz., ^=1 ; and the single equation then serving to deter- 
mine the first integral is 

2 jc^[«+l, «+2, , 2w + l, 1, ,«-l]=0. 

As a very easy illustration, consider the equation 

Q = x/Lc^ + x^ob:2 + Xidx^ = 0. 
The characteristic equation is 

d.Vi dx2 dx^ ' 
and therefore we may take as a special solution 

Using this integral to remove x^ and (irj, we have 

Q' = x./ix2 + x^dx^ + (a + x^) dx^ 

SO that /=i-'^2*+^2^3 + a»*^3i 

and therefore a special system of integrals is 

/= Jj/ + XiX^ = c, fi=^i- -^2 = ^• 
Moreover, since 

we find Fi=X2-x^, 

To generaliw the integral tyntem we take 

01 = function (/i, /\) 

= function {x^ -x^^ X2- x^ = constant ; 

and this may be taken 

.rj - ^8 = V^ (^8 - JTg, a), 

where ^ is an arbitrary function. Using this to modify the equation as 
before, we have 

Q! = x^2 + 'i^'iV^'^t ~ ^tV^'^3 + ^^2 + ^jC^a + V'^s 
F. l-> 
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80 that, writing x^-x^=z^ we have 

where, after integration, ; is to be replaced by its value x^-x^. Thus the 
two int^rals of the generalised system are 

Ex. 2. Another easy illustration is afforded by the similar equation 

x^^ + x^2 + •^4<^3 + ^^0^4 + x^dx^ = 0. 

^. 3. It is an immediate corollary from Clebsch's first process that, if z 
and dz be eliminated from the non-iutegrable expression 

Q^Xdx^-Ydy^-Zdz 
by means of any integral, say ^ (or, y, z, a)=:0, of the characteristic equation 

then the new form O' (=0 transformed) is a perfect differential. This result 
may be compared with Bertrand's method for an exact equation (§ 16), and 
with the theorem of Jacobi in the example in § 68. 

Ex. 4. The equation 

(:r,* - x^i + a) dxi + {x^* - XiX^ + b) dx^ + (x^^ - x^^ + c) dx^ = 

will furnish in the following solution some variation in the merely analytical 
procedure. 

We have [12] =3x2, [23] =3^3, [31]=3X|; so that, on the supposition 
that a, fr, c do not all vanish, the equation is not exact. The characteristic 
equation for the first integral by Clebsch's first process is thus 



jPs 5^ +^1 5^ +Xs 5^ =0. 

' OXj * OX^ * OXj 



Equations subsidiary to its solution are 

dX'^ dx^ dx^ 
x^ x^ x^ 

two independent integrals of which are easily obtained in the forms 

•^ x^'^mX2-k-o)^x^^ ^ x^T^?x^TZx^' 

each equated to a constant, » being a cube root of unity. Also 

is another integral ; and, though neither / nor ^ can easily be used, yet u 
may be treated as a special first integral by means of which the original 
equation may be modified. 
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Instead of thus following the general rule, we proceed otherwise. It is not 
difficult to prove that 

Hence, taking 

we have ii=«^-3TrC?{log W")}; 

and the special and general integrals can now be obtained bj the usual 
process. 

£x. 5. Integrate the equation 

x^dxi + x^dx2 + x^dx^ == 0. 

Ex. 6. It is easy to infer the result, slightly more general in form than 
that stated in Ex. 3, that, if a and /9 be two independent int^;rals of the 
system 

[12] -[23] -[31]' 
then the expression Xydx^ + X^^ + X^^ is equal to 

dy\- Mda-\- Nd^ 

where M and N are functions of a and /3 alone, and y is not determined by 
a and fi*. If the condition of integrability be satisfied, then y is a constant; 
and again we have Bertrand's theoreoL 

131. The second process given by Clebsch is as follows. The 
principle depends upon the fact that, when a normal reduced form 

d/+ 2 Fidfi 

is transformed by means of a relation 

/,„ = function (/,/i, ...,/m^i, Fi, ..., F^, 

which it must be noticed involves /, it is changed into a form 

containing 2m independent quantities /,/i, ...,/m-.i, ^i, , ^m 

bound together by no relations. The new differential expression 
has thus a reduced form of the type 

where the quantities /* and F' are connected by no relations; it 

therefore belongs to the class of equations treated already, (§§117, 

118). Hence we have to find some function ^ of the quantities 

/, /i, •••» /m, ^1, •••, F^y which shall be an integral of the 

* Darboux, **Sur le probldme de Pfaflf," Bu/Z. dt% 8ei, Math,, 2^ S^r., t. vi., 
p. 24. 

15—2 
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equation ; and then, by means of the equation if> = a, we remove 
one of the variables and obtain a new equation which, as has been 
seen, is amenable to the earlier methods. 

For this purpose we again use the first of the propositions 
proved in § 121, in the following form. Consider 2m + 2 variables 
^11 •••, a?«,^,and 2m + 2 functions /©,/, , ...,/m, -^o, -^i, ..., ^m, 
such that 

2m+2 in 

t=l 1=0 

then the Jacobian 

^Kjotjif '"ijm» J^Of -*^i» "'I -*^m ) 
3(a?i,aJj, ,«jin) 

has for its value the Pfaffian P = [l, 2, ..., 2m + 2]. By the 
first of the propositions in § 121 we have 

2m+2 2m+2 R^^, 3^ ^ jp ^4> 

where is any function of the 2m + 2 variables. But, by the 
ordinary formulae for Jacobians, we have 

dFg ^(a?^,a^„ ^, m+i) 3-^# 

(47i , aJj, , ^sm+s) 

and therefore 



2m+2 2i»+2 g^ 



2 2 jBa,* Z 



i; 



^ — ^ JP g i^-j ^ • 

«»0 OKphy^i » ^-iw+a; 

To adapt this, which is a general result, to the case of the 
normal form under consideration, we notice that F^ is unity and 
that therefore every term on the right-hand side will vanish, 
except that in which ^ replaces F^ : hence, whatever the function 
^ may be, as a function of the variables, we have 

2m+2 2m+2 a<^ d {fj,, ,... Jn., <t>, F,, ... , F^) 
*=! *=1 OXf^ 0(XifXi, ,^2m+j; 

And it is evident that a similar formula will hold, mutatis 
mutandis, for every selection of 2m + 2 integers from the series 
1, 2, ..., p. 
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Now when ^, a function of the 2m + 2 variables, can be 
expressed in terms of/,/,, ...,/ot, J^i, ..., J^w alone, the Jacobian 
of the 2m + 2 functions vanishes ; and when <f), considered as a 
function of all the p variables, is expressible in terms of /, /i, . . . , 
/n, ^1, ..., Fm alone, every Jacobian of the 2m + 2 functions, 
taken with reference to every set of 2m + 2 variables chosen from 
the p variables, vanishes. Hence the desired function if> satisfies 
all the possible differential equations of the form 



2m+2 2m+2 g^ 



1 % R,,,x,:^=o. 



The desired functional dependence of ^ on the quantities /and F 
is sufficiently and completely established by the vanishing of the 
Jacobians of the 2m H- 2 functions taken with reference to a?,, x^, 

..., x-ijn+i and each of the other variables in turn. If then JB 

denote the derivative of [1, 2, ..., 2m H- 1, 2m-\-s] with regard to 
A, k ; and if 

is) _ 2«+l (,) w 

then ^Ae partial differential equations necessary and sufficient to 
determine the function if> are 

A 4>= z z^ ^ -^ z - - ^ = 0, 

/or 5=1, 2, . . . , p — 2m — 1. 

In the particular case of an unconditioned equation in an odd 
number of variables we have p = 2m + 1, so that the preceding 
analysis does not apply. But then, as there are only 2m H- 1 
variables and there are 2m H- 1 quantities / and F, it follows that 
any function <f) whatever can be expressed in terms of/ and F; 
hence a first integral would be obtained by equating to a constant 
any arbitrary function of the variables and using it as indicated in 
§ 118. This is the theory previously adopted. 

It is easy to verify for the general case that the system of 
2> — 2m — 1 equations satisfies all the Jacobian conditions for the 
possession of common solutions, and therefore it forms a complete 
system. 

Ex. Integrate the equation 

(2^'^2z-u)dx-^(z + v)dy'^(y-\-v)dz-¥{x-v)dU'{-(u-y'-z)dv=0, 
which has a normal reduced form dS^-Fdf. 



CHAPTER IX. 

Tangential Transformations. 

For the history of tangential transformations see Lie, Math, Ann.y t. viii., 
p. 219 and Mansion " Th^rie des ^nations aux d^riv^ partielles du premier 
ordre'' p. 42. In addition to the memoir of Lie (which is a r^sum^ of several 
memoirs published earlier in Christiania) and that of Mayer, both of which 
are quoted in this chapter, reference may be made to a memoir by Lie, 
Arch, for Math, og Nat^ t. ii. (1877), pp. 10 — 38 and to one by Engel, 
Math, Ann,t t. xxiii., pp. 1 — 44. 

An exhaustive discussion of the theory of tangential transformations with 
its present developments is to be found in the second voliune of Lie and 
Engel's "Theorie der Transformationsgruppen " (Leipzig, 1890). 

In a note Math, Ann.y t. viii., p. 223 Lie suggested questions relative 
to tangential transformations and osculational transformations which had 
already engaged the attention of Backlund. The latter had published a 
memoir "Einiges uber Curven- und Flachentransformationeu," Lunch Arsskrift, 
t, X. (1875) ; and since that date he has published memoirs on the subject in 
the Math, Ann,, t. ix., pp. 297—320; t6., t. xi., pp. 199—241 especially pp. 
200—219; t6., t. xix., pp. 387—422. 

132. The general idea of the class of transformations about to 
be considered is derived from certain fundamental geometrical 
ideas relative to the transformations of space. Transformations 
between the points of different spaces will in general change 
aggregates of points into aggregates of points with similar 
characteristic features; for example, a surface in geometry of 
three dimensions is changed into a surface, two surSeu^es which 
touch one another' are changed into two others which touch one 
another. But point-and-point transformations do not alone lead to 
such results; thus the tangential property indicated is possessed 
also by the dualistic transformations which analytically express 
reciprocation with regard to a quadric; and these are only two 
sets from an extensive class. 
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All transformations, characterised by the property of changing 
surfaces in one space which touch one another into surfaces in 
another space which touch one another, are called tangential 
trans/omuUions* ; they are of course not limited to the analjrtical 
forms which correspond to geometrical space, but they apply to 
the most general configurations in an amplitude (Mannigfaltigkeit) 
of any number of dimensions. 

Suppose then that there is an amplitude of n + 1 dimensions 
and that any point in it is determined by the (non-homogeneous) 
coordinates z, Xi, x^, ,.,, Xn', and in it let there be two configura- 
tions (algebraische Gebilde), each of n dimensions, which touch 
one another. At the common point the quantities z, x^, ..., ^n» 
Pi, ...y pn are the same for both configurations; and the contact at 
that common point is ensured, if the differential relation 

dz— X piflxi = 0, 

which subsists for all variations in one of the configurations at the 
point, subsist also for all variations in the other at the point with 
the same finite elements. Let there be a transformation which 
gives /, Xi\ ..., Xn as the coordinates of a point in another 
amplitude or in another part of the former one; the two con- 
figurations, which are the two earlier configurations transformed, 
will touch one another at a common point, if the differential 
relation 

subsist for the two configurations simultaneously. It thus follows 
that two touching configurations are transformed into other two 

touching configurations when the vanishing of dz' — 2 p/dx/ is 

consequent on the vanishing of dz-- 2 padxi] hence the trans- 

formation must be such as to permit these quantities to vanish 
together and therefore such as to require an identuxU relation 

dz — 2 pidxi=p(dz — 2 pidxA , 

* They are called bj Lie and others Berilhrutigstransformationen ; bj French 
writers trantformations de contact. 
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where p is a non-vanishing integral quantity. Moreover, the 
quantities z,a^, . . . , a?n , l>i , ...,/)« are the coordinates of an element 
of a configuration of the most extensive type; the quantities 
z, x^, ..., Xn determine its position and the quantities ^i, ..., /)n 
its orientation in that position ; hence the 2n + 1 quantities are 
independent of one another*. 

Hence we are led to Lie's definition f of a tangential trans- 
formation: — 

When Z,Xi, ...,Zn,Pi,...,Pna^c 2n+l independent functions 
of the 2n+l independent quantities 2r, a;,, ...,a;n, |),, ...,/?» suck 
that the variational relation 

dZ— 2 PidXi = p(dz— 2 padxi] 

{where p does not vanish) is identically satisfied, then the trans- 
formation defined by the equations 

z' = Z, x' = X, p'^P 

is called a tangential transformation. 

Two classes of tangential transformation, viz., point-and-point 
transformation and the (reciprocal polar) point-and-plane trans- 
formation, have already been refeiTed to ; it is of importance to 
determine all the classes. The analytical problem thus presented 
amounts to the deteimination of Z, X, P && independent functions 
of z, X, p in the most genei-al form which admits of the cha- 
i-acteristic variational i*elation being identically satisfied. 

133. Since the quantities in the two differential expressions 
which occur in the variational relation are two aggregates of 
independent (|uantitie8, each of the expressions may be regarded 
as a normal reduced form of an unconditioned PfaflBan differential 
expression involving 2n-\-l variables; so that Clebschs inves- 
tigations (§§ 113, 127) relative to the derivation of the most 

* Thus z, Xf y in ordinary space determine a point on a surface; p and q 
determine the position of an element at the point; so that any element of any 
surface is defined by the five quantities z, x, y^ Pt q, and the whole of any surface 
containing a given element would be defined by a single relation between the five 
quantities, that is, by a partial dififerential equation. It is easy to infer the 
corresponding results for configurations of less extensive t3rpe, e.g., for tortuous 
curves in ordinary space. 

t Math. Ann.f t. viii., p. 220. 
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general normal form from a given normal form may be applied 
to the present question. It is thus, in fact, that Lie discusses 
it*; he regards it as a special case of Pfaff s problem and applies 
Clebsch*s results. But as some of the special inferences made by 
Lie in the theory of tangential transformations are applied by 
him (of course not unjustifiably) to the discussion of Pfaffs problem, 
it is (as also for other reasons) of some advantage to have an inde- 
pendent establishment of the ]>rincipal resulta This direct 
derivation of the fundamental formulae of the theory has been 
effected by Mayer f. 

134. We have then to determine 2n+ 1 algebraically inde- 
pendent quantities Zy X, P as functions of 2n 4- 1 independent 
variables z, x, p such that the equation 

rfZ- i PdXi^pUz-' 2 p^iix,^ (1) 

is identically satisfied, p being a non-vanishing quantity. Since 
the variables are independent, the equation (1) is equivalent to 
the set of 2n + 1 equations constituted by 

dZ !^ ^ dXi 

^z -. p dXi 

the equations (3) and (4)' holding for r = 1, 2, ... , n. Taking as 

a new symbol »- to represent 

dU dU 
dx, '^P' 'dz 

for any function U, the n equations (4)' may by means of (2) be 
replaced by the n equations 

holding for r=l, 2, ..., w; and these equations (2), (3) and (4) 

* Math. Ann.j t. viii., pp. 221 et seq. 

t am. Nach. (1874), pp. 317—331 ; reproduced, Math. Ann., t. viii., pp. 
304—312. 
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[134. 



are sufficieDt to ensure the satisfaction of the fundamental equa- 
tion (1). 

There are two stages in the investigation; the first is the 
establishment of necessary equations determining Z, X, P; the 
second is the selection, from these necessary equations, of such as 
are independent and sufficient for the determination. 

For the first, we have for any function U 

dpr dp^ dp, dpr 

d_dUd_dU^dU 
dpr dxr dXf. dpr dz 

d_dU_ d_^Jl^Q c > 

dpr dxg dxg dpr * < ' ^ 
dxr dXg dxg dxr 



Then 






dprdp, 

— 2 Pi—\ 

3p« i=l * 3pr ' 



by taking CT = Z in the first of the foregoing relations and using 
(3). When this is simplified, it gives 



Similarly using the other relations in connection 
with equations (3) and (4), we obtain the aggregate 
of equations 

• ^1 \dpr dXr dXr dpr) ^' 

i^iXdpr dx, dx,dpr) ' < ' 
I'sl \dxr dx, dx, dXr' 



(5). 
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Introducing now a set of 2n independent quantities yi, ..., ym 
Zi, ..., 2n and another set of 2n quantities Ui, ..., Un, Vi, ... Vn, 
connected by the linear equations 

then we have uniquely, by the use of (5), the complementary 
equations 






(7). 



If, instead of using (5) to find y and z in terms of tt and v, we 
solve (6) to obtain their values, it follows, since the quantities y 
and z are independent, that the quantities u and v are connected 
by no linear relations unless the determinant R of the coefficients 
on the right-hand sides of (6) vanishes. And from (7) it follows, 
with the same suppositions, that 12 (also the determinant of the 
coefficients on the left-hand sides) vanishes only with p, which has 
been supposed a non- vanishing quantity; so that u and v are a 
set of 271 independent quantities. 

Further, taking the Jacobian of Z, X, P with regard to z, x,p 

and substituting from (2), (3), (4)' for ^ , ^ , ^ , we easily 
find 

which thus does not vanish; and therefore Z, X, P are functionally 
independent of one another. 

Substituting now the values of yi and Zi as given by equations 
(7) in equations (6), we have 

» idXi * / dP, dX,\ dXj 5 / dP, dXA] 

^ (dPj » / dP. dx,\ dPi ^ ( dP. dx.w 

which must be mere identities since there are no linear relations 
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among the quantities u and v. Hence, using the symbol [-P4>] to 
denote 



we have 



/) = [P,Z,], for j=l, ..., n>^ 



(8), 



0=[P,Z,.], ifijj 
= [Z,Z,.], ... 

o=[^i^iL ... 

which are necessary conditions affecting the quantities X, P. 

Secondly, if be any function whatever of 2, x, p, we have, on 
substituting the expressions for Ar and JB^, the relation 



dS 



and therefore by the relations (8) 



(9); 



dXi J dXi\ _ 

dXr ^ ^r) 



t^J^J 1 






I 



(10). 



In these equations (10), the determinant of the coefficients on 
the left-hand sides Ls not zero ; and therefore, if we take 

[ZZ,] = 0), fori = 1,2, ...,n, 
pP, + [ZP,] = 0; 

the equations (10) lead to Ar= 0, Br = 0, that is, they give equa- 
tions (8) and (4) uniquely. Hence 

[ZZ,] = 0, [ZPJ = -/,P,, 

are sufficient to ensure the existence of (3) and (4), which with (2) 
are equivalent to the fundamental relation. 

The combined results now obtained lead to Lie s theorem : — 
In order that the rekUion 



dZ — i, PadXi = p (dz — 2 padxi) 
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may he identically satisfied, it is necessary and sufficient that the 
quantities Z, X, P satisfy the equations 

[ZX,] = = [Z,Z,] = [P,Xj] = [P,Pj] I 
[PiX,] = p. [ZP,] = -pP, I' 

provided Z, X, P are functionally independent of one another; and 
the value of p is 

dz i-i dz 

a non-vanishing quantity. Also, conversely, a non-zero value of p 
is sufficient to ensure the functional independence of Z, X, P. 

135. The aggregate of the conditions — each of them a differ- 
ential equation — in Lie's theorem is large ; and, though they are 
necessary and sufficient, no indication is given of any of them 
being superfluous because not independent. To modify the result 
and reduce the number of sufficient and necessary conditions as 
far as possible, Mayer proceeds as follows. 

From (9) it follows, by taking © equal to Z and to Xi, that 

and therefore, if there be n + 1 algebraically independent functions 
^, X,, ..., Xn which satisfy the equations 

there are apparently n + 1 equations, n of which are of the form 
the remaining equation being 

r=l\ ^ dXr ^dprJ 

The last one however may be disregarded when the earlier n are 
retained: for, multiplying those n equations by P,, ..., P^ and 
adding, we have 



mz---)-<-4 



= 0, 
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which at once gives the last equation. We thus have n equations 
linear and homogeneous in the 2n quantities A and B ; and, if n 
of the quantities vanish, the n equations then involve the other 
n linearly and homogeneously. Now the determinants of their 
coefficients do not all vanish, for otherwise there would be a func- 
tional relation among the quantities Z and X; hence the n 
equations can only be satisfied by having the n variables occurring 
in them zero. Hence it follows that, when the n + 1 quantities 
Z and X have been determined a^ functionally independent soliUions 
of the equations 

[ZXi] = 0, [XiXj] = 0, 

then n of Hie equations (3) and (4) can be derived from the other n, 
so that the set is equivalent to only n independent equations. These 
equations* serve to determine the n quantities Pi, ,..,Pn; and the 
value of p is then determined by equation (2). 

This is Mayer's form of Lie's theorem. 

136. The quantities occurring in the general tangential trans- 
formation are 2n+ 2 in number, viz., />, Z, X^, ..., X^ Pi, -^», Pn\ 
and there are only 2n + 1 equations to determine them, viz., (2), 
(3), (4). Hence some one of the quantities will be left undeter- 
mined ; and, unless an external condition be assigned, an arbitrary 
element will occur in the solution. 

This expectation is verified in the character of the result just 
obtained ; for the equations which determine the quantities Z and 
X are 

[ZZ,] = 0, [Z,Z^] = 0, 

and the first of the quantities thus determined may be taken at 
pleasure, its form affecting that of the others subsequently deter^ 
mined. 

Ex, An important application of this result has been made f relative to 
the solution of partial differential equations. (See also chap, yii.) So far as 

* It may happen that some set of n equations chosen from the 2n may have, 
owing to the values of Z and X^ the detenninant of the coefficients P zero: but 
this will not occur for all such sets, on account of the functional independence of 
ZandX 

t Darbouz, BuU, det Sc. Math., 2»* S6r. t. vi. (1882), p. 67 for the present 
form; but essentially the application is Lie's, Math. Ann., t. viii. (1875), p. 242, 
also p. 311. 
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the preceding general investigation is concerned, the quantities p^^ ^ p^ 

are algebraically independent of one another and of X|, , x^; and the 

characteristic relation 

dZ- iPidXi=p{dz- 2 pffLci) 

is identically satisfied, some one of the quantities Z and X being undeter- 
mined by the conditions. 

Let then p^y iPn^ the derivatives of z^ a supposition which does not 

violate the general condition; and let a given differential equation of the 
first order be 

Then we take Z as the arbitrary element just indicated, and we determine 
the quantities X by the equations 

[^A'j=o, ,[^Jrj=o, 

which occur in the ordinary Jacobian method of solution. Since 

N 

dz= 2 Pidxi 

and dZ^Oy 

the characteristic relation leads to the equation 

Then the equations 

Xi=o^i Ji2=a2, , -di,»=o„, 

combined with Z=Oy give on the elimination of pi, , p^ a complete 

integral of Z=0. And, as remarked by Jordan*, the equations 

A=0, Pj=0, ,F^^0 

give a singular integral when combined with Z=0. The most comprehensive 
general integral is given by 

/(JTi, ,Z„)=0, Z-0 

1 8/ _ l_df 

7iSj;- "p.si; 

where / is an arbitrary function. 



[■ 



137. The preceding theory gives the most general class of 
tangential transformations. There are several special classes, 
which are of importance : in particular, there are all those consti- 
tuted by the transformations which give values of Xi, ..., X», Pi, 
..., Pn independent of z. These may be called cylindrical 
tangential transformations. 

Coura d^ Analyse, t. iii. (1S87), p. 840. 
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By Lie's theorem we have 

since P and X are independent of z, it follows that p is independent 
of z ; and from equation (2), which now is 

we have 

where 11, independent of z, may be some function of Xj, ..., j?„, 
Pi, ..., jt>n- From (4y we have 

izsl diCr dXr 

^^ap an 

dXr dXr 

for r = 1, ..., n; and since the only term in this equation which 
involves z is that occurring on the right-hand side, we have 

for r = 1, . . , , n ; or p is independent of the variables x. Similarly 
from (3), which is 

t==l * dpr dpr 

^^dp dn 

dpr ^Pr ' 

it is inferred that p is independent of the variables p. Hence p is 
a constant : let its value be denoted by A ; then the form of Z is 

Z=Az + U, 

where FI is a function of x and p only*. Substituting this value 
of Z in the characteristic variational relation, we have 

Adz + dn - 2 PidXi = il ((k - 2 p^<ixi) ; 

t=i 1=1 

* The oonstant A can evidently be absorbed into the yariables Z and X, if 
desirable ; the transformation would then be 

a form which suggested the proposed name. 



137.] 



TANGENTIAL TRANSFORMATIONS 



241 



and therefore 






.(11). 



in which z no longer occurs. 

The modified forms of the equations which determine FT, P, A'' 
are easily obtained. We have 

dx dx' dx dx' dp ^ dp* 

— Z-^— A 

dxr ~ dx^ ^^ ' 

and therefore, when we take 

5 fdFd^ dFd^\ 



r=l VCpr ^^r <^^r <^r/ 



we have 



[j:,x,] = {XiXi). [XiPj] = (z<p^), [p,p,] = iP.Pj). 

[ZP,] = (TIP,) - A ipr^^, 

[zz.]=(nz,)-ii ii)r^^'; 

and so we have the theorem : — 
In order that Hie relation 

dn - 2 PidXi = - il i pidxi, 

where A is a constant and Tl is a function o/ a?i , . . . , a?n> i>i » • • . > Pn> 
niay he identically satisfied, it is necessary and sufficient that the 
quantities IT, P, X satisfy the equations 

{X,Xi) = = iPiXi) = {PiPi) ^ 
(P.Zf) = A 



(np,) = ^(-p.-HU^|') 



H 



». • 



arwi ^Ae quantities X and P are functionally independent of one 
anothei\ 

F. 16 



242 CYLINDRICAL TRANSFORMATIONS [137. 

Or, if we take the second form (§ 135) of Lie's general theorem, 
we have for the present case : — 

When ^ n + 1 qiuintities 11 and X have been determined as 
functionally independent solutions of the equations 

(XiXj) = 0, 

* dX- 

(nXi) ^ A % pr^£\ 

r=l oPr 

then the quantities P can be obtained from any n independent equa- 
tions of the set 

138. Ex, 1. Some simple casee of cylindrical tangential transformations 
are given by Lagrange ♦, viz :— 

(i) Z^z-px-qy\ X= p, V= q\ 

P=^x,Q=-yf' 

which is often called the Legendrian transformation : 

(ii) Z=t-qy ; Z= x, Y=^ jl 

= -.r, §= qy 

They are used by Lagrange to solve particular classes of equations by 
transforming them into other known equations. 

Ex. 2. Two important inferences, used by Lie in his theory of Pfaflfs 
problem, may bo made as follow& 

First, in equation (11) the quantities P and X are 2n independent 

functions of the variables x^, , x^, pi, , p^^; and n is another 

function of the same variables, such that there exists a single relation among 
the quantities n, P, X. Moreover, the constant -A in that equation can be 
absorbed into the left-hand side ; and hence we have the theorem : — 

I. Wheti a single relation exists among 2n+l qttantities yg, y^ , 

y^, qiy , ^H) ^hen the expression 

dyo+ 2 qi^yi 

ias\ 

can be transformed to 

2 p^dxi, 

(This result is a particular case of Pfafifs reduction of a differential ex- 
pression containing an even number of variables : for, since y^ is a function 

* Oeuvres comptttes^ t. iv., p. 84. 



(iii) Z=z-px ; X= p, ¥= y 

P 
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of g and y, the differential expression will, after substitution is made for 
^0, contain 2n differential elements and variables and the new differential 
expression is merely its reduced normal form.) 

A simpler form of the result just obtained arises by taking A = l in 
equation (11), when we have 

dn+ 2 PidjCi^ 2 PfdXi (o). 

When we consider n as a given function of .r and /), the equations deter- 
mining the quantities X are 

(°^')=i.^'fl W; 

and the quantities P are determined as in the second form of the theorem 
of § 137. 

Second, a special supposition with regard to equation (a) just obtained 
leads to another reduction. Suppose it possible to have 

let us find the form of 11 and the associated limitations on the quantities 
P and X. 

With the given value of X^^ we have 
SO that Xi is independent ofp^. Also, for t=l, 2, , « - 1, we have 

SO that Pj, , P,»^i are independent of jt)„; and we have 

so that ^n = Pn + 0> 

where 9 is independent of p^. Lastly, we have from the equation 

the relation 

or n is indei^endent of p^. The equation (a) now becomes 

M-l 



dn+2 Pidri= 2 PfdXi-p^dx^ 
^'2 PidXi+edX^, 



an equation explicitly free from the variable p^. Now the quantities 
Pu J ^n-i» ©» -Yi, , X^ are 2« functions of x^, , x^, p^, , 

16—2 
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p^-ijSO that there is one relation between them; and therefore we have the 
theorem : — 

II. When a single relation exists among 2n quantities q^, , q^y 

3fii ••• 9 ^ni ^^^^ ^^ expression 

2 qidyi 

can he transformed to 



«=i 



(This is an independent derivation of Clebsch's result as to the normal 
reduced form (§ 127) equivalent to a conditioned differential expression.) 

139. Among the cylindrical transformations determined by 
these theorems there is an important class called homogeneous. 

If in the equations satisfied by the quantities IT, P, X we take 
11 to be a constant, say B, then we have 

r=l Opr 

for all values of the index i. In this case we therefore infer that 
the quantities X are homogeneous in the variables p and of zero 
dimension, and that the quantities P are also homogeneous in the 
vaiiables p and of one dimension. 

Conversely, let the quantities X be homogeneous in the 
variables p and of zero dimension; then it follows, from the 
equations 

(P,X,)=(P,X,)= =(PnZ„)=il, 

that the quantities P are homogeneous in the variables p and of 
one dimension. Hence we have 

p $ ap< ^ * dXi 

r=I vpr r=l OPr 

and therefore the equations determining 11 are 

(nx,) = o, (np,)=o, 

a set, 2n in number, which are linearly independent of one another. 
Since the conditions for coexistence are satisfied, they fonn a com- 
plete system. But the number of variables is 2n, the same as the 
number of the equations ; and hence there is no variable solution 
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(the nuinber of solutions is, by § 38, 2/i - 2w), that is, the only 
solution is n = constant, say B, 

Hence we have the theorem*: — 

When -Y,, ..., X^ are homor/eveom functions of zero dimension 
in the variables p, saivfying the equations 

(Z,Z,.) = 0, 

Hien Hie quantities P are homogeneous of one dimension in the 
variables p ; the value of Z is Az + B, where A and B are constants, 
and tJie other equations to be satisfied are 

(PiPj) = = {XiPj) 
(PiXi) = A 

Sucit a tangential transfyrmation is called homogeneous. 



}• 



ThiH result attaches itself, as the earlier ones, to Clebsch's investigations 
on PfafTs problem, for it is his generalisation of a given normal form equiva- 
lent to an unconditioned differential expression. Substituting the value of 
Z in the characteristic variational relation and absorbing the constant A into 
the left-hand side, it takes the form 

N N 

i=\ 4=1 

Clebsch's equations (§ 122) are 

(Z0=O, (A)=A, 
and [XiXjI^i)^ which Ls in his notation the same as the above 

The two former equations establish the homogeneous character of the trans- 
formation. 

Further, since JTi, , ^V,^ are homogeneous of no dimension in the 

variables />, these variables can be eliminated among the quantities A", and 
the result will be an equation of the form 

function (Xi, , X^y x\, , ^J=0, 

which is the foundation of Clebsch's generalisation of a given reduced 
form. 

140. The equations characteristic of a homogeneous transfor- 
mation, viz., 

(XiXj) = = (XiPj) = (P,Pj\ 
(PiXi) = 1, 

* Lie, Math. Ann.t t. viil., p. 238. 
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supposing the constant A absorbed into the vaiiables X, are satis- 
fied by X, = Av, Pi=pi: a transformation which is merely iden- 
tical. But we may have a transformation which causes only an 
infinitesimal variation*; and its form will be 

Xi = Xi 4- eft, Pi =/>i + CTTi, 

where 6, an infinitesimal constant, may be taken the same for all. 
The quantities f and ir are however not necessarily independent ; 
in &ct, as the transformation is used with the i*etention of small 
quantities of the firat order, f and tt must be such as to satisfy the 
characteristic equations within the same limits. 

The equation (XiXj) = leads to the condition 

dpj dpi ' 

the equation (l\Pj) = to the condition 

diTi diTj 
dxj dxi 

the equation {XtPj) = 0, with i < j', to the condition 

^ = _ ^1? . 
dpi dxj ' 

and the equation (PiXi) = 1 to the condition 

diTi _ 9f ,• 
dpi dxi ' 

These conditions shew that there exists some function H such 
that 

^* " dp, ' 

dH 

and, since the tmnsformation is homogeneous, so that f is homo- 
geneous and of zero dimension in the quantities p while ir is 
homogeneous and of one dimension in them, it follows that H, 

* Sach transformations, of the linear or the homographio type, are freely used 
in the theory of algebraic forms and of classes of functional invariants to establish 
the partial differential equations charaoieristic of all invariants. 
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save as to a negligible additive constant, is homogeneous and 
of one dimension in the quantities p. Hence we have the 
theorem*: — 

Everif ci/lindrtcal tangential transformation, which is homo- 
geneous and infinitesimal^ is of Hie form 

€ = -Tnr^ = -i^, (t,j = l, ...,w), 



dpi dxj 

where H is a function homogeneotis of one dimension in the variables 
Pf and z is left untransformed. 

* Lie, Math, Ami,, i, viii., p. 240. 



CHAPTER X. 

Lie's Method. 

141. The reduction of a Pfaffian difFerential expression to its 
equivalent normal form is made, in Lie's method, by means of the 
two theorems proved in § 138, which for convenience may here 
be repeated : — 

I. When a single relation exists among 2n + 1 quantities 
2^0, Vu '">yn> ?i, ..., ?n, then the expression 

M 

dyo+ 2 q^dyi 
can be transformed to 

n 

X padxi. 

«-i 

II. When a single relation exists among 2n quantities q^ ..., 
?n> 2^11 •••! yn» then the expression 

n 

2 q4yi 

t=i 

can be transformed to 

»-i 

dxo + 2 Pi^i. 

.As the transformation merely implies identical equivalence 
of the tmnsformed expressions, these theorems are still true when 
more than a single relation exists among the quantities q and y, 
the difierence in the result being that there exists among the 
quantities p and x a corresponding number of relations. 

When these two theorems are applied in alternate succession 
to a Pfaffian expression 



iH 



2 X^diCg, 




141.] NORMAL FORMS 249 

where the coefficients X are functions of the variables x, so that 
relations exist among X^, ..., Z,„, a?,, ..., a;,n, the result is that 
the expression ultimately assumes either the form 

^id/i + ^F^df^, 

where 2/i < vi and the quantities F and / are completely in- 
dependent of one another, or the form 

where 2n — 1 < m and the quantities ^ and ^ are completely 
independent of one another. 

142. Let the first of these reduced normal fonns be called of 
even character (as containing an even number of independent 
variable quantities) and the second be called of uneven character 
(as containing an odd number of independent variable quantities). 
Then Lie proves the result, assumed as obvious by Clebsch, that: 

All reduced normal forms equivalent to a given dtfferetitial 
expression are of tlve same character in the same number of 
functions. 

There are three cases to be considered. 

Fii-st, let there be two reduced forms of even character 

i Fidfi, i Gidgi 

m 

equivalent to 2 Xidxi ; then we have identically 

i Fidfi^ S Gidgi = 0, 
1=1 i=i 

an equation involving n + r differential elements. An identical 
equation of this type, in which the coefficients of the differential 
elements do not vanish, can be satisfied only by means of n + r 
relations connecting the quantities F,f G, g. Of the two numbei-s, 
suppose r not the greater; then eliminating from the n + r relations 
the 2r quantities G and gr, there arc n — r relations left among 
the quantities F and/. These quantities are independent, because 
they occur in the reduced normal form; hence n — r = 0, or the two 
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normal forms of even character equivalent to a diflferential ex- 
pression contain the same number of fimctions *. 

Secondly, let there be two reduced forms of uneven character 

d/;+ 2 Fidfu dgo+ i Gidgi 

t-l i=l 

equivalent to a difiFerential expression ; then we have identically 

d(fo-ffo)+ i Fidfi-- i Gid^i^O. 

t=i 1=1 

This identical equation is of the same type as before and can 
therefore be satisfied only by means of n 4- r + 1 relations among 
the quantities /o—flfoi ^t»/t, G{,gi, Taking r to be that one of 
the two numbers which is not the greater, we have after the 
elimination of the 2r + l quantities /o — gTo, G and g from these 
relations, n — r relations left among the quantities Fi andyi. But 
these quantities are independent ; hence h — r = 0, or the two 

* The question as io the number of independent integral equations, in virtue 
of which an irreduoible differential expression 

Vidui + v^u^ + + v^dUj^ 

can vanish identically, has already (§ 69) been partially considered. 

Eyety member of the integral system will belong to one or other of three 
classes : (i) equations involving the variables u alone, ^i) equations involving the 
variables v alone, (iii) equations involving the variables u and v. Let the integral 
system be so modified that no equation of the first class can be derived by means 
of the equations of the second and third, in fact, so that the variables v cannot 
be eliminated from among the equations of those classes : a little consideration will 
shew that any functional combination of the equations of the integral system is 
permissible. 

Let there be /x equations of the first class, p of the second and tr of the third ; 
then the number of variables v occurring in the latter p + o- equations must be 
^ p+ c, for otherwise elimination could take place. Evidently /x < n. 

When the p+a equations are differentiated, they lead ix) p + a relations among 
the differential elements du and dv. Since the number of the elements dv is either 
equal to or greater than this number of relations, no relation or set of relations 
involving the elements du alone can be derived from them. Hence the only 
equations which can lead to relations among the differential elements du are those 
of the first class, /x in number. 

U fi^n, then, since the equations are independent, the quantities u are deter- 
minate constants, so that 

diij=0, du,=:0, , (iu^sO, 

and therefore the equation 

Vidu^ + V2du2+ +r,jrfii„=0 (i) 

is identically satisfied by means of the n equations 

Ui s constant, , u^= constant. 
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normal forms of uneven character equivalent to a differential 
expression contain the same number of functions. 

Thirdly, two reduced forms equivalent to a differential ex- 
pression must be of the same character. For, if otherwise, let 
there be two reduced forms 

2 Fidfu d<f>o'h i *»#i 

ecjuivalent to the same expression ; then 

is an identical equation, which can be satisfied only by means 
of n+r + 1 relations among the quantities 0, O, /, F. If r be 
> n, this number of relations is greater than 2n, so that the 
elimination among them of the 2n quantities F and / will leave 
relations among the quantities ^ and ^, contrary to possibility; 
while, if r be < n, the number of relations is greater than 2r + 1, 

If AA<n, then the fi independent equations can be solved so as to express /i of 
the quantities u in terms of the remaining n - ju, say in the form 

where t = l, 2, , ju. Substituting for the quantities ti^, we have (i) replaced by 



2 J2t^(^+^}**p=0. 

►=M+1 U=l % J 



There are no further relations among the quantities u and therefore no relations 

among the elements du^ ; hence the modified equation can be satisfied identically 
only by the equations 

for p=fi+lf >n. These are n-n in number; combined with the former /a 

equations, they constitute an aggregate of n equations. 

Foi* the most general forms of the functions /i, all the it-fi derived equations 
fall into the third class of equations mentioned; but a member of the second class 
will occur for a value of p when all the functions /« either are completely inde- 
pendent of u^, or involve u only in an additive term which is linear in u , or 

involve u^ only as a linear factor. 

The general result therefore is : — 
An irreducibU expression 

can be made to vanish identically only in virtue of a system of n integral equations. 

See UauBs, Qes, Werke, i, iii., p. 235; Grassmann's Ausdehtmngslekre (1862), 
p. 352; Lie (l.c., p. 343). 



^ 
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SO that the elimination among them of the 2r 4- 1 quantities <f> 
and <1> will leave relations among the quantities F and f, con- 
ti-aiy to possibility. Hence the infeiTed identical equation cannot 
exist ; and therefore the two reduced nonnal forms of different 
chai-acter cannot be equivalent to the same expression. 

Ea;, The following theorem, closely connected with what precedes, can 
easily be proved : 

Jfiwo differential e,vpressums 

m n 

(edch in any number of variables) have normal forms^ which are of the same 
character and contain the same number of functions, then the expressions can he 
transformed into one another. 

Lie's proof assumes the limitation m=n; the modification to this more 
general form is easily effected. 

143. The equations connecting the functions in two reduced 
normal forms, etjuivalent to a given differential expression, are 
derived by Lie from the results of the theory of tangential trans- 
formations; they are, of course, similar to the corresponding 
equations in Clebsch's theory. 

If there be two such forms of even character, say 

S FidU i Gidgu 
»=i 1=1 

equivalent to the same expression so that 

1=1 f=i 

where all the quantities on the same side of the equation are 
independent of one another, then we may apply the results of the 
homogeneous tangential ti'ansformation (§ 139). Taking 

tlien the equations satisfied by the quantities G and g ai'c 

(Gi,ff,)^l, |/r|^* =Gi 



•\ 
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It is sufficient to take, for the quantities g, such homo- 
geneous functions of the variables F of zero dimension as satisfy 
the equations 

and some one of the fimctions, say jTi, may be taken an arbitrary 
function of the variables/ and /^subject only to the limitation of 
homogeneity. 

If there be two reduced forms of uneven character, say 

equivalent to the same expression so that 

d0^ + S ^iddi = d6o+ 1 ^idifn, 
t=i »=i 

where all the quantities on the same side of the equation are in- 
dependent of one another, the results of the cylindrical tangential 
transformation (§ 1 36) may be applied. From those results, we 
have 

where 11 is a function of the quantities ^, ..., ^n, ^n •••> ^n 
alone; and the equations satisfied by 11 and the quantities 0,, ..., 
On are 

where 



( UV) - 1^ (^^ g^^ g^^ g^ J ; 



and the quantities ft, fi„ are given by any n independent 

equations of the set 

144. It is important to determine a priori the number of 
functions which (xicur in the normal form equivalent to a given 
expression 

n 

Z0 Xid-Xi. 
t=i 
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In accordance with § 141, this may be reduced to a form of even 
or to one of uneven character. 

If it have been reduced to one of even character, say to 

2 Fidfi, 

t = l 

where 2n i w, then it cannot be further reduced, unless some 
functional relation subsists among the quantities F and /. Let 
a, fi, ..., p be any 2n integers of the series 1, 2, ..., w; then since 
the Jacobian 

^ vy 1 » " * » Jn i -^it « » « > ^ n) 
3(««, Xp, , Xf,) 

is, save as to sign, equal to the Pfaffian [a, )3, . . . , p], it follows 

n 

that the form 2 Ffd/i can or cannot be fui-ther reduced, according 

as all the Pfaffians [a, )3, ..., p] do or do not vanish. 

If the given expression have been reduced to a form of uneven 
character, say to 

n 

where 2n + 1 S w, then it cannot be further reduced unless some 
functional relation subsist among the quantities ^ and 4>. Let 
a, 6, ..., t, ..., Z be any 2n + 1 integers from the scries 1, 2, ..., in : 
then the quantities (f> and <I> are or are not independent, accord- 
ing as all the Jacobians 

ry _ ^(^o> ^i» •"> 0n> ^i> »"» ^n) 
9(a?a, Xb, , Xi) 

do not or do vanish. Now this Jacobian is equal to 

y . ^0 9( ^1, .»., 4>n, ^ i» '--I ^n) 

t=a.6, ...,i dxid( ... a;;, iCfl, ^Tft, ... )' 
Xi being omitted in the new Jacobian V,- which multiplies ^ : 
and hence 

As before, V,- is the Pfaffian [..., Z, a, 6, ...] of order 2n, save as to 
a sign which is the same for all the quantities V^ : thus 

V = + S Xt' [..., Z, a, 6,...], 
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where the symbol of the Pfaffian begins with the integer in the 
series a^b, ,,., I next after i and does not contain i. 

If all the quantities 

S Xi [. . . , I, (If Of . . .] 

do not vanish, the form cannot be further reduced : while, if they 
all do vanish, a reduction can be effected. 

Combining these two results, we have the following conditions 
determining the number of functions in the reduced normal 
form: — 

If all the PfaffianSf constructed from the coeffi/nents of the 
differential expression, of orders higher tlian 2n but not all those of 
order 2n vanish, then the reduced normal form contains either 2n 
or 2n + l functions. It is of even or of uneven character, that is, 
it contains 2n or 2n -f 1 functions, according as ail ihs expressions 

2 X^i [..., I, a, b, ...J, 
1*301 b, ...( I 

for every combination o/* 2n -f 1 integers a, 6, ..,,1 from the series 
I, ...,mf do or do not vanish*, 

145. Suppose then that a differential expression in 2n + q 
variables 

tn+q 

^m+q = 2 XidXi 
t=l 

has a reduced normal form of the character 

n 
2 Frdff, 

containing 2n functions, necessarily independent. Now all the 
Pfaffians of order 2n do not vanish : let a non-vanishing PfieiflSan 
be [1, ..., 2n], that is, one in which the variables of differentiation 
are a?i, ..., x^. Then there is no relation among /,, ...,/n, 
JPi, ..., F^, iCjn+i, ...i a^an+g; for the non-evanescent Pfaffian just 
mentioned is equal to the Jacobian of/,, ...,/n» ^u ••.> ^n with 

* This result is not enunciated by Lie, bat it can be inferred from his investi- 
gations : and it is more explicit and definite than the gradual process indicated by 
him (I.e., § a, p. 352). 
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regard to iCi, ..., x^. Further, at least two of the quantities W 
of § 59 do not vanish; let one of them be W^, so that the quantity 

Tr2n = Xi[2, ...,2n-l]H-Z,[3, ..., 2n- 1, 1] -h ... 

+ Zs^i[l, ..., 2n-2] 
is different from zero. Now 

where a, 6, ..., A; are n— 1 integers of the series 1, 2, ..., n, and 
the summation on the right-hand side extends to the n terms 
which correspond to the 7i ways in which those integers can be 
chosen. Also 

hence, substituting in W^, we have 

Twr _ E» ^\Ji* ''^itjit •'^itjii '"> -^nijn) 
o yiVi , aTg , , iTgn^i^ 

'3(a?i,arj, ,Xfn-i) 

\Xi , X2, , X^n^i) 

OyXifX^t i X^n-^i) 

Since W^ does not vanish, the Jacobian does not vanish; and 
therefore the quantities 

I > / 3> • • • > Jm E» » • • • » E» > ^^w » '^2n+i » • • • > ^9n+g 

are independent of one another. 

Similarly, if the differential expression in 2n + g variables have 
a reduced normal form of the character 



containing 2n 4- 1 independent functions, then not all the expres- 
sions 
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vanish ; let a non-vanishing expression be 

Zi[2, ...,2w+l]+Za[3, ..., 2n + l, l]4-...H-Z«»+i[l, ...,2w]. 

Further, not all the P&ffians of order 2n can vanish, otherwise the 
above expression would vanish ; let such a non-vanishing FfafSan 
be [1, ..., 2n]. Since this is equal to the Jacobian of ^,, ..., ^„, 
<l>i, ..., <l>n, it follows that the quantities 

<f>if <p^y ..., <Pfii ^1, ..., ^n, A^sn+i) •••» ^9»+9 

are independent of one another. 

146. The process adopted by Lie for the construction of the 
normal form is composed of three distinct kinds of operations. 
The first is the modification of the given differential expression, 
the character of whose normal form has been inferred by the tests 
of § 144, so that it becomes an unreduced and unconditioned ex- 
pression with the smallest number of differential elements con- 
sistent with the existence of such a form. The second is the 
construction of the normal form of that modified expression. 
The third is the transition from that normal form to the normal 
form of the original expression. The construction is gradual; and 
the different operations are applied in alternating succession in 
that gradual reduction. 

The method, which is most nearly akin to Lie's, is Clebsch's 
first method (§§ 117 — 119) when it is combined with Mayer's 
method of solution of the systems of partial differential equations 
which occur therein. The characteristic variation in the present 
method is the application to the differential expression itself of 
the Cauchy substitutions before any of the subsidiary equations 
are constructed. 

147. Suppose then that the differential expression 

n = 2 Xidxi 

in 2nH- g variables is recognised by the tests of § 144 to have a 
normal form of even character involving 2n functions, say 

ft = 2 Fidfu 

where the functions / and F are independent of one another. 
F. 17 



258 TRANSFORMATION OF [147. 

Then a non-vanishing Pfaffian (§ 145) of order 2n may be taken to 
be [1, 2, ..., 2n], and also an expression 

Zi[2,...,2n-1]4-X,[3, ...,2n-l, 1] + -fZ^j [1, ...,2n-2] 

may be supposed not to vanish, thus implying that the quantities 

If • • • > Jn> "Ef » • • • » rr » ^2n » ^sn+i » • • • > *^in+q 

are independent of one another. 

To change ft into an expression containing 2w differential 
elements, we make the substitution 

for A; = 1, 2, ..., 5^; and we consider the quantities y^ as invariable*. 
If X^, after the above substitutions have been made, be denoted 
'^y Ytit we have ft modified to ft'jn, where 

Sm-I 

ft'2n= 2 Yidxi + (Y^ + yiY^^, + ...-\'ygY^^g)dx^. 

Then the normal form of ft'sn contains 2n ftmctians. For, since 
the Pfaffian [1, . . . , 2n] associated with ft does not vanish and is the 
Jacobian of/,, ..., jP^ with respect to a?,, ..., x^, the new Pfaffian 
[1, ..., 2n]' associated with ft'jjj must be the Jacobian with respect 

to a?i, ..., x^ of the modified functions /,, ..., Fny say of/ , ..., 

^ . Now this new Jacobian may not vanish : for there would 

(if) (if) 

then be a relation among / , .,., F involving (it may be) the 

/«) (y) 

» ..., F we 
i n 

substitute for y, they change into /,, ... , -F« respectively, so that 
the inferred relation changes into one between/, ..., Fn and a 
number of arbitrarily assumed constants a and y, but independent 
of a?i, ..., a?2»- This result is excluded by the supposition that 
ItFdfiB the normal form of ft ; and therefore there is no relation 
among the quantities f^^ and F^\or the Pfaffian of order 2n of 
ft'^ does not vanish. Hence the normal form of Sl'^ contains 2n 
functions. Thus : — 

The substitutions 

O^m+k = CUai+k + (^2n - a«n) Vk, 

* Lie uses the symbol X instead ot y; the above notation is used, in accor- 
dance with Mayer*s (§§ 35, 41), the first sabstitution (which is mei«Iy identical viz., 
^m—y) being omitted. 
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for A: = l, 2, ..., 5, change fl into an expression Qf^, the normal 
form of which contains 2n functions. 

The importance of the transformation is due to the fact that 
from the normal form of fl'^ we can deduce the normal form of 
fl merely by algebraical operations : to the proof of this we now 
proceed. 

148. Let it be supposed, then, that a normal form of il'^ is 

whei-e the quantities <f> and <I> are 2w. independent functions of the 
variables a?i, .,,, x^n and of the quantities y and a: and denote 
the normal form of ft by 

n = F,df + + Fndfn> 

When the substitutions for the variables are made in fl and in 
I^Fdf it follows that iF^^dfy^ is a normal form of O!^, and thus 

that </>,, ..., ^^, -i-, ..., ^1 are 2n— 1 independent fimctions 



Ift 



Denoting F^/jPn by /„+^ for /a = 1, 2, ..., 7?-l, we have the 
quantities 

independent of one another; and therefore the system of equations 

^ /*— ^(/^> >/a>i-i>/) __Q 

for A = 0, 1, ..., q possess the 2n— 1 independent solutions 
/=/i,/2, ..., /»»-i. Moreover ^ occurs only in -4*/; the 

equations are therefore algebraically independent of one another. 

These equations are linear and homogeneous in the partial 
differential coefficients of/ and they do not involve the dependent 
variable / itself: they are thus of the tyipe to which Mayer's 
method may be applied. The system contains q-^l equations 
and the number of variables occurring is 2ai + 5 ; further, it is 
known that there are 2n— l(=2w4-5' — 5 — 1) independent 
solutions. Hence the system is a complete sj^tem. 

17—2 



260 



mater's solution of the 



[148. 



The equation 
may be written 

where 



Atf-O 






the subscript in 3, implying that x, is omitted from the series 
of variables x in the determinant, and 

C\Xxy ... , ^»l— l) 

being the same for all the equations. When Mayer's method is 
applied with the simplest substitutions (§ 35), the single equation 
which serves to determine an integral system is 

where 8<J'^ is the value of © after these substitutions are made in 
8, and the coefficients Y are given by the equations 



^\Jii '••tj2n—i) 



^8 (^ » • • • » ^2n) 



W) 



+yi 






(y) 



+ 



But 






(y) 



dO !<y> 9tftt^ 



3a?. 



3a?^ 



for /lA = 1, . . . , 2w — 1 ; 



and 



3tf<i" 



dx^ 
Hence we have 



d0^ 

dx 



in 



(y) I dO ^' 

+ y,lT: , + 



'' dx 



»l+l 



-^Vq 



d0 [^ 



dx^ 



+9 



F,= 



and 



@<y) = 
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SO that the single subsidiaiy Mayer-equation is 

an equation in 2n variables and having, therefore, 2n — 1 indepen- 
dent solutions. One evident system of solutions is/ ,...,/ _ ; 

any system of 2n — 1 independent functions of these quantities is 
also a system of solutions. Such a set of independent functions is 

constituted by 0i, . . . , (f>n, ^ , . . . , -^^ , a set of functions already 

supposed to be known because a normal form of il'^ is supposed 
known. 

It thus appears that a full integral-system of the subsidiary 
equation is known. 

Then, by Mayer's theorem (§ 41), one s)rstem of integrals of 
the system of equations ^1^/= is given by forming the equations 

for /A = l, 2, ..., 2n — 1, the quantity 0n+A denoting 4>A/4>n. In 
these equations the variables y ai-e replaced by their values in 
terms of the variables x ; the 2n — 1 equations are solved for the 
2n — 1 quantities h with results of the form 

where the function on the right-hand side becomes x^ by the sub- 
stitutions Xm+k = ^+t for A: = 0, 1, . . . , g. These are the principal 
integrals of the system of equations Akf=0; and the functions 
/i, ...j/sn-i are 2n — 1 independent functions of these principal 
integrals. 

149. We now pass to the construction of a normal form of ft. 
We have 

»=1 



W—li 



substitution on the right-hand side for the functions /i, ...,/j 
in terms of the principal integrals A, leads to a result of the form 



2»-l 
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where p and the functions Hi are unknown. In this e(]uation 

we make ^p^+^i = Oan+ft for ^ = 0, 1, 2 q\ then hi = a'i, so that 

we have 



{fi-l 2n-l 



2fi-l 2n-l 

This is merely an identity, so that, if o-. denote p« when the quan- 
tities X are replaced by the quantities A, we have 

and thence 

ft = — 2 Xi(hi, . . . , /l3,».i, flf2n> • • . , *w+o) ^•' 

Returning to the modified form of ft, we have 

n 

ft'a»= 2 <l>t(a?i,...,a7j^i,d?2„,yi, ...,y9)d<^(a?i,...,a?3».x>^2ii,yi,...,ya); 

taking a?3„ = Osn so that ar^n+j = o^+j, we have, as the new form of 

211-1 
ft'jrt, 2 Xi(xi, ..., ajjn-i, Ojw, ..., c[m+q)d^i» and therefore 

2«-l 

»-i 
Since this is merely an identity, we have also 

2»-l 

S Xi(hi, . . . , //a,»-i , fltjni • • • > ^+0) wii 
t«i 

and therefore 

ft=— 2<I>i(Ai,...,A^j^i,a^,^i,...,y^)d<^i(/ii,...,A3^_,,aj^,yi,...,^,), 
p t=ii 

which is a normal form of the original expression. 

The value of ajp is given by any one of the equations 

-3rA = — 2 ^i(hiy ..., Aflft»,, eutm Vu •••> Vq) 
p <«i 

for X= 1, 2, ..., 2?i+ J. 
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Since the quantities Ai, ..., ^»i-i are derivable from ^ and 4> by 
merely algebraical operations, it follows that the above given 
normal form of Q is determinately derived from the normal form 
of the modified expression il'^' Hence the construction of the 
normal form of even character of a conditioned diflFerential expres- 
sion depends upon the normal fonn of an unconditioned differential 
expression in accordance with the following theorem, due to Lie: — 

When a differential expression in 2?i + y variables 

n = S Xidxi 

lias a normal f(yi'm of even character in 2n functions^ ike substitu- 
tions 

tvhere the quantities y are invariable and A: = 1, ... , g, transform fl 
into an expression fl'an '^th a similar normal form. If this normal 
form of n'fn be 



n 



2 *id<^», 



1=1 



where <f> and ^ are functions of the variables x and of the quamJti- 
ties a and y, then the normal form ofiiis 

n 

0) 2 4>,(Ai, ...,^2*i-i, <^i>yi,'">yq)d<l>i(hi,...,lt^n-u^>yu ...> yq), 

ivliere a> is determined by any one of the equations 

Xr = 2 ^i (h, a, y) ^ <l>i (A, a, y\ 

and tite 2n — 1 quantities h, being independent functions of the ^ 
vaiiables and of a and y, are determined by the 2,n — 1 equa^tiotis 

J (Xif ..., ^^sn—ii fl?jn> yii •••> yq) = ^ V^i> •••! '*2»i— 1» ^2n> yn •••> yq)y . 

the functional symbol & denoting <f>i, ..., <f>nt ^i/^n> •••! ^n-i/^n i^ 
turn. And then a retransformation, by substituting for y in terms 
of the variables x, leads to an explicit expression for the normal 
form of n. 

Ex. 1. The tests of § 144 shew that the expression 

■^{xyjc^'\'X^dx^-^{xyX^'\-x^x^dx^^tk 
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has a normal form of the general type Fdf^-Odg We have the Pfaffian 
[1256] not zero, as well as the expression 

[12]A;+[25]Xi + [61]ir,; 
and therefore /, g^ -p, x^, org, x^ are independent. 
Substituting 

in Q (with ^ and z invariable), the new form is 

+ (^1-^6 + ^v^^i + ^l'^*!f + •t^i'^a^) C^*8- 

A normal form of Q' is 
where 

Hence we take 

XiX^ + x^x^ + (i^iS + ^) ^6 +y^ W - 2«J^6) = ^1^ + V + (i^iS + -sa) < - y^'*! 

From these we have 

*i(^l9 ) ^ ^2 ^ -^^i . 

*i(Ai, ) hi Xi' 

<^2(^i» )=-*^i^«+;F8A'6; 

<^i{^i> ) =a;ia:j+ ^3^:4 +0760:^-0304 ; 

whore 03 and a^ are the values of x.^ and x^ respectively when orj=0. 

Now 

= «{*l(Al, )^l(^, ) + *2(^, )<^2(^, )} 

=»' \d iXlXi+x^^^\'Xe/x:f^ - a8«4)+^* «^ (^i^t+^tX^'s) > 
where » denotes o>^^ (Aj, ). To find » we have 

07|0?2 + X^X^ ^-^1 

so that <»'=.r|. Also the constant 0304 may be dropped, on account of the 
differentiation ; and therefore a normal form of Q is 

x^d {x^x^ + XjX^ + x^x^) + x^ {x^x^ + x^x^). 
' All equivalent normal forms can be obtained by the equations of § 143. 
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6 

Ex. 2. Discuss similarly the expression 2 Xidxi^ where 



JL^ = X^X^^ + •27312:^ (J?2 "^ •''l/J -^e ~ "^l **'• "I" •^4"^6 \^8 "^ ^4)' 

150. The homogeneous linear partial differential equations, 
which have as their system of integrals the quantities /i, ...,/»i-i 
occiuTing in the normal form of ft, have in § 148 been given with 
unknown forms occurring explicitly ; but by the properties similar 
to that in § 145 the expressions can be changed so that only 
known forms shall occur. 

The system of equations is 



which may be written 






^tii "~ 



where 

O \Xi , . . . , X^n^i) 

and 

Of(Xi , . . . , ^291+4;) 

the subscript in dg implying that Xg is omitted from the sequence 
In § 145 it was proved that 

and similarly it may be proved that 

where on the right-hand side the summation extends to the terms 
for which r = 1, ...,*— 1, 5 + 1, ..,,2n-l,2n + k. Hence taking 
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for each of the ([uantities z^ the equations become 

for ^' = 0, 1, ..., g'*; and in this form of the equations all the 
coefficients of derivatives of/ are expressed in terms of the quan- 
tities X which occur in il. In particular, that equation of the set 
(A), which coiTesponds to A; = 0, may be written 

replacing yo,« by y, ; it is implicitly the same as the system of 
equations which occur in Ffaff 's reduction and as the first equation 
in Clebsch's system"!*. 

* These equations, except that for whioh X;=0, are not given by Lie; each of 
them contains only 2n partial differential coefficients, instead of 2n + l snoh 
coefficients, as is the case with the succeeding equations and with Clebsoh's 
system. 

t The remaining equations in Clebsch's system may be obtained as follows. 
The equations 

'^^J "^1^ ::: — z — \="» 

for ^ = 1, 2, ... , q, are satisfied by /=/i, ... , /^, Fj, ... , h\, that is, they are a 
system of ^ equations in 2n + 9 variables with 2;t solutions independent of one 
another and they are therefore a complete system. Now in Bitf the coefficient of 

^(/l» » /w»^i * » ^ti 

= [1, ..., «-l, « + l, ... , 2m, 2n-\-k\t 
a Pfaffian of order 2n ; and therefore the equation is 

i«,2«+* Iff 

5»/= 2 5^ [1, ... , «- 1, « + l, ... , 2m, 2ii + Af] = 0, 
<=i ox, 

each equation containing 2n + 1 derivatives of /. 

These equations may be proved to be identical with Clebsoh's system of similar 
equations, by means of properties of determinants. As in Glebsch's theory, the 
quantities /i* ... * /2n-i ^^ determined by the q equations 

BJ=0,BJ^O B^f=0 

together with 



,^-i ex. 



which form also a complete system. 
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151. In order to complete the reduction of a diti'ereiitial 
expression which has a normal form of even chai*actcr, it remains 
to construct the normal form of an unconditioned diiferential 
expression in an even number of variables. 

Let such an expression be 

fljrt = Xidxi + X^.2 -f + XfndXfn ; 

then the single pai*tial differential equation determining the n 
functions, which give the differential elements of the normal 
fonn, and the n — 1 independent i-atios of the coefficients of those 
differential elements, is 



9/ 9/ 3/ .. 



where, as above, 



2m 



(-l)''-"yr=2 X,[8+l 8-1], 

and «+l, ..., 5—1 are the integers 1, 2, ..., 2n in cyclical 
succession with s and r omitted and beginning with the integer 
next after 8. 

Let an integral of this differential equation be 

gi(xi, ..., a?^) = constant = a, ; 

and suppose this equation solved so as to give x^, explicitly in the 
form 

When substitution for a?a» takes place in Hjn, it becomes a dif- 
ferential expression in 2n — 1 variables, say ft'sa-i, the normal 
form of which contains 2n—2 functions. If we have 

then, replacing Ui wherever it occurs hy gi{a>i, ..., x^), we have 

where (?i is at once obtainable when the normal form of fl'j^j is 
known. 

Since the normal form of ft'jn-i i which involves 2n - 1 variables, 
contains only 2/i - 2 functions, we apply a single substitution as in 
§ 147 and change it into an unconditioned expression fl^^, from 
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the normal form of which that of ft'»»_i can be derived by the 
process of § 149. 

The new expression il^n-^^ is treated in the same manner as 
was ilfn 'y Ai^d so on in succession, until we come to an expression 
in two variables alone, which can be expressed in the form Ofjign- 

Let the combination of the three operations which make the 
noimal form of il^ depend on that of fta»_2, viz., (i) the derivation 
of some solution of the equation subsidiary to !!»», (ii) a substitu- 
tion in ftjn for one variable by means of that solution, (iii) a 
single Cauchy transformation applied to the expression modified 
by (ii); be termed a redaction of order 2n. 

152. Then the method of Lie for the reduction of a Pfafiian 
expression ft in 2n + q variables, which has a normal form of 
even character in 2n functions, is generally as follows : — 

The expression ft is transformed to ftjn hy q Cauchy trans- 
formaiions; ft»» is made to depend upon fta^-s by a reduction 
of order 2n; fti»_2 upon ftj^-* by a red^iction of order 2w— 2; and 
so on in succession, until an expressiwi ft, is obtained. When 
this is integrated into a single term, then definite and explicit 
operations lead to the normal forms o/'ft4, ftei ..., ftan, ftjn+g. 

153. We now pass to the discussion of the supposition which 
is the alternative of that adopted in § 147, viz., that a diiferential 
expression 

ft= 2 Xidii'i 

i = l 

is recognised, by the tests of § 144, to have a noimal form of 
uneven character in 2;i + 1 functions, say 

dfo + 2 Fidfi. 

The method is the same as that already adopted in §§ 147 — 
152. As the anal}i;ical details of the proofs of the various results 
are very similar to those in the investigation just completed, it 
will be sufficient merely to state these results. 

154. It is assumed (§ 145) that 

2 Z,[« + l, ..., s-l] 
#=1 
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does not vanish and that the coefficient of X^n+i in this expression, 
the Pfaffian [1, ..., 2ri], does not vanish. 

(i) The substitutions 

for A; = 2, ...^q, when applied to fl, transform it into an expression 
fl'sn-fi in 2n4-l variables, the normal form of which contains 
2n + 1 functions. 

(ii) Let a normal form of ft'»i+i be 

n 

1=1 

where the quantities ^ and 4> are functions of the variables 
a7i, ..., x^^i and of the quantities y and a; and solve the 2w 
equations 

Yiy^iy •••» ^in> ^^+i> ^21 •••> y^) ~ 9<\'*i» '•'» '*»»> ^n+i> ya> •••» yfl/i 
*i(^, ..., ar2n» ^2n+i»yj» •••, yq) = ^i{fhf •••, A«n, Ojn+i, ^ai •.., ^7), 

for the 2n quantities Ai, ..., Aj„ as functions of the variables. After 
their values have been found, replace the y's by their values in 
terms of the variables x : suppose that the equations are 

for /Lt = 1, 2, . . . , 272. Then a normal form of the original expression 
is 

n 
<=1 

where ^o is determined by a quadrature 

(iii) Let ^t,, denote the Pfaffian [« + 1, ...,«- 1], where « + 1, 

..., 5—1 are the integers 1, 2, ..., 2w, 2n-\-k in cyclical order 

with the omission of 8 and begin with the integer next after 8 in 

the succession. Then the system of q equations which have 

/ii '"ffnf fi, ..., Fn as their integral system is 

«=1 ox, OXn+k 
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(iv) To obtain the normal form of an unconditioned expression 
ftjn+i in 2n + 1 variables, the process is a series of reductions 
as in § 152. 

Let any integral 
of the single subsidiary equation 

2 £[t + l. t-l] = 

be obtained, and be solved for x^+i in the form 

When substitution is made for x^n+i in fl^+i by this equation, the 
new expression involves 2w variables and has 2n — 1 functions in its 
normal form. Applying to this new expression a single Cauchy 
substitution as above, we obtain an expression ftjn-i in 2n — 1 
variables with a normal form which has 2n — 1 functions, i.e., it is 
unconditioned. This group of operations enabling us to pass 
from iltn+i to flsn-i wiay be called a reduction of order 2w + 1. 

(v) A reduction of order 2n + 1 is applied to ft'jn+i of (i) and 
leads to fl'2n-i ; ^ reduction of order 2w — 1 is applied to H'm-i and 
leads to n'a,^_3; and so on in succession, until we come to n'l which 
is a perfect differential. Then definite operations lead to the 
normal forms of ft '3, ft'a,..., ft'^+i and thence, by (ii), to the 
normal form of il^+g, 

Ex. There is aii immediate corollary from Lie's method for a Pfaffian 
expression, in the form of a process for integrating an exact equation. 



Let 2 XidXi=0 be an exact equation, so that the differential expression 

on the left-hand side can be i)ut into the form Sd6. Applying the substi- 
tutions 

for r = 3, , tn, the expression takes the form 

Let 

where <^ and ^ are functions of x^y .r, and of the quantities a and y. Then 
solving the equation 
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for h aud eliminating the quantities y from the expression, it follows at once 
from the general theory that 

where H is some function, which can be determined at once from any 
one of the equations 

and thus an integral of the equation is given by 

A = constant, 
to which all integrals (§ 3) are equivalent. 



CHAPTER XI. 
Frobknius' Method. 

The inveBtigations of Frobeniiis in the formulation and solution of PfafPs 
problem* deal rather with the general theory of the reduction of the ex- 
pression to a normal form than with any processes for the integration of 
equations which occur in the reduction; and the interest lies chiefly in the 
purely algebraical association of the number of terms in the reduced form 
with the critical conditions — ^the same in number and form as Natani's — 
satisfied by the coefficients of the original expression. 

155. Let the expression 2 Xidxi become 2 X/dx/ by means 
of transforming relations 

Xi = Xi {Xi\ . . . , a?n')» 

so that, if Xij denote dxi/dx/, the differential elements are connected 
by the linear relations 



n 

dXa, = 2 Xai dXi (« = 1, . . . , W). 

1 = 1 



In the equation 



S Xidxi = S X/ dx/, 
t=i 1=1 



the system of variations dx (and therefore also the system daf) are 
arbitrary and independent so far as the variations are concerned ; 
so that, if Bx (with Bx' in consequence) be other variations, we 
have also 

XXiBxi = ix/Bxi\ 
f=i t=i 

* The chief part of his exposition is oontained in his memoir "Ueber das 
Pfaff*8ehe Problem," CrelU, t. Ixxxii. (1877), pp. 280—815; other ampUfioations 
were given by him in another memoir "Ueber homogene totale Differentialglei* 
chungen," CrelU, t. Ixxxvi. (1879), pp. 1— Ift, 
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Now taking variations of each of these pairs of equal quantities in 
the forms 

S I {Xidxi) = S I (Z/(i^O, 



t=i f=i 



we have 



S S Xidxi'-dX XiSwi^B 2 Xi'dw/-dX X/Bxi\ 

or, since 

dSx = Sdx 

because the variations are arbitrary, it follows that 

2 (SXidxi - dXiScCi) = i (BX/dx/ - dZ/&r/), 
and therefore 

5 (If ^'^^ - ^^ '^^^ = S (W ^^' '^'' - ^^ '^^ ^*') • 



so that 






an equation which is a necessary consequence of the original 
variational equations. Thus the expression 

2 ciij dxi hxi 

is a bilinear covariant, associated with the original differential 
expression. 

If we take a third variation Ar^ different from and independent of the two 
already adopted, and proceed as above from the equations 

ASttij dXi d Xj = A2a{/ dxi d ^/, 
d 2a{y A^i dxj = d 2ai/ AXi dx/, 
dlOij d Xi AXj =: d2ai/ d Xi Ax/^ 

combining them so as to have a trilinear covariant, the coefficient of 
dXii^jAxjs is 



oxj^ dx{ dxj 



and therefore is zero. Hence for the Pfaffian expression the trilinear 
F. 18 
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CO variant is evaneHcent; and so for all successive multilinear covariants*; 
and therefore we need only consider the linear expression 

2XcLv 

(which implies also 2X^) and the bilinear expression 

which are covariantive functions of index zero. 

The original system of linear and bilinear expressions is said to be equi- 
valent to the transformed system. 

156. Now if we replace dxi by ti,- and &Ci by t;», so that the us 
and v's are two sets of variables which are independent of one 
another and are transformed by the same substitutions 

n 

Wa = 2 Xai Ui\ 
t = l 

then the original forms are 

n 

X XaUa, l^jUiVj, 

When these are subjected to the foregoing linear transformations, 
they take the similar and equivalent forms 



where 



so as to make 



2 XaUa, tOijUiV/, 
«=1 ij 






n 



so that we have a merely algebraical transformation between 
equivalent systems of two simultaneous forms. 

If now we take the converse question and assume that two 
simultaneous forms 

n 

2 Xa Ua\ 2 Oij Hi Vj\ 

are equivalent to the two forms 

n 

2 Xa Wa, 2 Oij U-i Vj, 

* For bilinear expressions and associated covariants, not oonneeted with 
linear Pfaffians, see Ghristoffel, CreUe, t. Ixx. (18C9), pp. 46—70; Lipsohitz, t&., 
pp. 71—102. 
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then it is first necessary to find all the algebraical transformations 
which render this equivalence possible. It does not however 
follow that such an algebraical transformation leads to a differen- 
tial transformation which will give the equation 

« n 

2 Xi dxi = 2 Xidxi ; 

the algebraical transformation is usefiil for our purpose only if the 
inferred differential transformations leave the expressions for the 
elements dx perfect differentials. Such as do this necessarily 
reproduce the bilinear differential covariant. 

It thus follows that, in order to effect the transformation of a 
Pfaffian expression by this method, there are two parts in the 
investigation. One, purely algebraical, is the derivation of all the 
substitutions which will change a system of two forms 

n 

2 XiUi, 2 OijUiV^, 

into an equivalent system ; the other is an examination of the 
analytical capability of such transformations when they are changed 
into differential substitutions. 

157. When the linear substitutions are made in the bilinear 
form 

n 



so as to transform it to 



<,i 






then the coefficients in the two forms are connected by the rela- 
tions 

n 

ay'= 2 XaiXpjaufi; 
«.^ 

and any determinant* of the m^ order in the coefficients OiJ is a 
homogeneous linear function of determinants of the m^ order in 
the coefficients dij. 

The reciprocal of this relation occurs when the inverse substi- 
tutions are applied to W\ 

* SooU'8 Determinants, p. 53. 

18—2 
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INVARIANTIVE INTEGERS OF 



[167. 



Hence the determinants of any one order in the coefficients o^/ 
and those of the same order in the coefficients dij vanish together, 
and therefore the highest order of non-vanishing determinants of 
coefficients is the same for the transformed as for the original 
bilinear expression, that is, the highest order of non-vanishing 
determinants of the coefficients is an invariant for the linear 
substitutions. 

In order to consider the simultaneous transformation of the 
forms 

n n n 

it is convenient to construct a new bilinear form 



»» rm *9 

© = 2 OijUiVj + Vn+1 2 XiUi + Wn+i 2 XiVi + Atln^iVf^i, 
ij i^l t=l 

where A denotes an arbitrary unchanging magnitude and the new 
variables are subject to the transformations u^+i = u'n+i, Vn+i = v'n+i' 
Then the order in the coefficients of of the highest non-vanishing 
determinants is an invariant for the linear substitutions. 

158. Now all these determinants are minors of the complete 
determinant of order n (in the second case of order n + 1) involving 
all the coefficients; and therefore there are, in the present case, 
two invariantive integers. The first, say m, is the order of the 
highest non-vanishing minor in the skew determinant 



A.= 



^1 > ®i2 , 






^ii ^n3> I ^' 



nn 



The second, say m', is the order of the highest non- vanishing minor 
in the determinant 

^1 > ^12 > > (hn i ^ 1 

^> 0^23, , d^ia i Aj 



Ctnij G^a> > Ctnm -^n 



where A is arbitrary. Now this order does not depend upon the 
value of the arbitrary quantity and must be the same whatever 
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value be assigned to A, Taking then zero as the value and 
changing the signs of all the terms in the last line so as to make 
the determinant explicitly skew, we have the second invariantive 
integer m' as the order of the highest non-vanishing minor in the 
skew determinant 



A,= 






QfH, 









Ctfiij etna, 



a 



nm 



Xn 



, -Xn, 



The integers m and mf must be even. For, among the non- 
vanishing minors of these orders there must be principal minors, 
which are skew determinants since Ai and As are skew ; let such 
an one for Ai be 

C^aij flffl* i (hm 



C^mii ^5^n8> I Cttwtn 



Then its order must be even; and hence we take m, the invariantive 
integer associated with Aj, to be 2r. Similarly for m', the invari- 
antive integer associated with Aj. Now mf cannot be less than 2r; 
and it cannot be greater than 2r + 2, for all determinants of order 
greater than m + 2 would then have non- vanishing minors of order 
greater than m which would at the same time be minors of Aj. 

If all the minors in A3 of order 2r + 2 vanish, then all those of 
order 2r + 1 vanish ; so that, if m' be not 2r + 2, it must be 2r, for 
by the hypothesis as to Ai the minors of Aa of order 2r cannot all 
vanisL 

There are thus two cases which arise : — 

(i) the invariantive integer of Ai being 2r, that of A3 is 2r + 2; 

(ii) the invariantive integer of Ai being 2r, that of A3 is 2r. 

If instead of considering the two invariantive integers of either 
of the cases, we consider their arithmetic mean, this mean is 
sufficient to determine the two integers. For, if it be an even 
number, the invariantive integers are equal and so the second case 
occurs ; and, if it be an uneven number, the invariantive integers 
are unequal and so the first case occurs. Hence it is sufficient to 
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consider only a single invariant p, the arithmetic mean of the 
invaiiantive integers associated with Aj and A3 respectively*. 

The invariance of the integer p is a necessary inference front 
the equivalence of two systems of forms; we now proceed to shew 
that it is a sufficient condition for their erjuivalence, by obtaining 
(on the assumption of the invaiiance) equations of transformation. 

159. Let Zi, Z2, ..., ^* be A; independent functions of j?i, ..., a?n 
which by the (at present unknown) transformations become 
z/, z^i ,..,Zk \ then the expression 

a?o 2 Xidxi + 2 Xn^i dzi or, say, 2 Yidxi 

t=l t=l t=0 

changes, by those transformations together with 
into 

n k n-\-k 

a?o' 2 Xidxi + 2 afn-k-i dzl or, say, into 2 Yidxi, 

t=l 1 = 1 /«o 

Hence there is an invariantive integer, being the order of the high- 
est non- vanishing minors of the determinant, which is associated 
with the expression ^Ydx. 

Now 

Fo = 0, Fn+i = (i=l, ...,i-); 

oZ' 

Yr^x^Xr-\- ^x^i^ (r = l, ..., '0; 

tal OXr 

and therefore, when we take the elements of the associated de- 
terminant in the form 

'dYj^JY^ 
dxt dxg 



* It is easy to infer from Natani's oonditiona (§§ 99, 100) that, if |i be even, 
there is an even number p of independent fonotions in the normal form of a 
Plaffian expression and that, if p be odd, there is an odd number p of such 
functions in the normal form. The combination of this method of statement of 
Natani^s conditions with the invariantive character of p inferred by Frobenius 
loads to some of Lie's results (§ 142) relative to the persistence of character of a 
normal form. 
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for 8, t = 0, 1, ..., n + k, the determinant is 



A/ = 



^odiif 



Xffi^y 



Zdzi 



^'V^li * *^o^nn> -^n* 



dZi 



-x„ 



dXn' 
. -Xn. 0, 0, 



_^^, , _^?L, 0. 0, 



dzk 
dzk 

dzk 

dXn 

, 
, 



dzi 



0, 0, 







_3ft _ _ 

3aq ' * dxn 

Non-evanescent determinants which are minors of Aj' are of order 
less than n ; and all such contain some power of a;o as a factor and 
contain Xq only in that form. Hence, so far as the order of vanish- 
ing minors is concerned, we may take Xo = l; and the correspond- 
ing form of A,' will be denoted by A,, so that 

A8 = A,', when a?o = l' 

Let the invariantive integer of A, be m (= 2r), so that the 
invariantive integer of Aj is either 2r or 2r — 2. Then the invari- 
antive integer of A3 is in general greater than 2r, so long as the 
functions z are perfectly arbitrary ; but it can be diminished by de- 
termining the quantities z, so that they satisfy the partial differential 
equations which are the conditions for the diminution of the highest 
order of non-vanishing minors. It cannot, however, be reduced 
below 2r, on account of the hypothesis which has been made about 
A, ; and therefore we shall suppose that the invariantive integer of 
A3 is 2r, the same as that of A,. Thus ^r^ , . . . , ^i^ will satisfy a number 
of partial diflferential equations ; and we proceed to determine the 
gi'catest possible number of functions z, which will make the inva- 
riantive integer of the associated determinant A, the same as that 
of A3, viz., 2r. 

160. Suppose, then, that k functions z independent of one 
another have been obtained {k may be zero), such that all minors 
in A3 of order m + 1 vanish but not all those of lower order, 
so that m is the invariantive integer of A,. If a determinant. 
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similar to A, but containing k + 1 fiinctions z, he constructed in 
the form 



(hi, 



I ^in> 



Xu 









Ota, 

-x„ 

dzt 



dzi 



^nt 



dZi 



dzk 



+1 



0, 0, 
0, 0, 



' dXn 

, 
, 



dzk 



+1 



dz, 



k+i 



0. 0, 







dxi * * dxn 

then, in order that its invariantive integer may be 2r, the same bh 
that of As, it is necessary and sufficient that Zk+i should satisfy the 
linear equations 

"•a^ + «'a^+ +«»lf„ = ' <'> 

for all values of the quantities u which allow the relations 



2 OriUi + XrU + 2 ^— Un+j = 
<«1 j^lO^r 



(r = l, ...,n) 



n 

2 Xitli 



= 



= = 1, ...,io 



...(2) 



to be satisfied. But, on account of the fact that minors of A, or 
A/ of order higher than m vanish and the consequent non- 
independence of equations in (2), it follows that all values of the 
quantities u, which allow the relations (2) to be satisfied, allow also 
the relations 



* ^ ^Z' 

2 XoOriy^ + XrU + 2 ^ Un+j = 



(r = l, ...,n) 



n 

2 Xilli 

1=1 oo^i 



= 



= (; = 1, ...,A:) 



'...(2)' 



to be satisfied. And now the new quantity z^+i satisfies the 
system of differential equations (1) for all values of the quantities 
u limited by the relations (2)'. 
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161. Now when we bear in mind the invariantive character 
of the determinants Ai, A,, A„ and the relations of the linear and 
the bipartite forms to the Pfaffian and its bilinear covariant and 
when we notice that these determinants are eliminants of 

quantities of the form x-— for of quantities of the form -^)» 

where W is a bipartite form, we see that the conditions of § 156 
can be satisfied as follows. It is necessary ihat merely algebraical 
transformations shall, when modified into substitutions for the 
original Pfaffian, furnish elements dx which, by being complete 
differentials, will lead to integral equations of substituMon for the 
Pfaffia/n ; and this will be effected if, in the equations (1) and the 
relations (2/ we actually replace the variables u by differential ele- 
ments dx, these elements being taken to be complete differentials. 

When this modification is made, the result of § 160 is that 
Zk+i satisfies the equation 

!i^^ +a^'^»-« (I) 

for all variations dx which are consistent with the equations 
1, Xf/iri!dxi + X^o+^ ^ dxn+j = (r=l, ...,n) 



S Xidxi =0 

ipdxi =0 (j=l, ...,*) 



h(II). 



The initial hypothesis implied that all the functions z were to 
be functions of Xi, ..., Xn alone; and therefore equation (I) takes 
the form 

dzjt^i = 0, 

or Zi+i is an integral of the system of equations (II). Also it is 
manifest, from the same reason, that z^, ..., Zj^, derived from the 
last k equations of (II), are also integrals ; so that, regarding (II) 
as a system of equations to be integrated, we have the Unctions z 
as integrals of this system. 
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The coefficients of the differential elements on the left-hand 
sides of the equations (II) are the various quantities 

dYr_^dY, 

dXg dxr 

where Yr and F, (for r, « = 0, 1, ..., n + k) are any two of the 
coefficients of a Pfaffian expression 2 Yidxi ; and therefore {Ex., 

t=:0 

§ 31) the system is complete. Moreover, since the minors of order m 
in the determinant of the left-hand sides do not all vanish while all 
minors of order higher than m do vanish, there are m equations 
(and not more than m equations) independent of one another; 
and therefore the system is equivalent to an exact system of m 
equations. Hence the system (II) has m independent integrals. 

The ftinctions z are to involve only the variables a;,, ...,«:»; 
the system (II) involves not alone these variables but also 
a?o> ^n+i, ..., a?n+*; the integrals of the system must therefore 
include the whole aggregate of variables. The m independent 
integrals can be replaced by m independent functional combina- 
tions of them ; and if we choose such functional combinations as 
to include the greatest possible number of equations which are 
free from the variables Xq, Xn+i, ..., Xn+k, we shall have m — & — 1 
equations independent of one another and involving only the 
variables x^, .,,,Xn and constants, and A; + 1 equations independent 
of one another and involving the variables Xq, x^+i , ... , ^n+*. Now 
each of these leads to an integral of (II), that is, to a function z 

such that 

dz=0 

in virtue of the equations (II) and the system of integrals of 
these equations; there are therefore m — A; — 1 independent 
integrals of the system (II) which involve only the variables 
Xi, ..., Xn and are therefore of the type of functions z. 

But k such functions z have been supposed to be obtained, 
the supposition being placed in evidence by the last k equations of 
(II); hence there are (m — A; — 1) — i, that is, m — 2&— 1 further 
integrals of the required type. When m is 2r and A; is r — 1 (so 
that r — 1 integrals are supposed known), the value of m — 2A — 1 
is unity, and therefore one more integral can be found. Hence it 
follows that r independent functions Zi, ..., Zr can be found such 
that all minors of order greater titan 2r in 
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Oil , 






dZr 



^u f I ^nn » -^ n> 



dzi 



dZr 
-X, ,-Xn. 0, , ,0 



-^ 



. 



_?£:, _??t, 0, , 



, 



vanish. 



162. Since all minors of order higher than 2r vanish, it 
follows that, among others, all principal minors of order 2r + 2 
vanish. If then a, . . . , e be any selection of r + 1 integers from 
the series 1, 2, ..., n, such a minor is 

dZr 



a. 



Y ^ 



tt, 



ca f 



"" ' '^" dx,' 'dx. 






-X., 0. , 
-^ 



.. 

, 



dxj dx,' " • " ' 

the value of which is the square of 

■^ai > X^ 



. 






dZr 

dx.' 



dzi 

'dx. 

dZf 
'dx. 
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and therefore all such minors as may arise from selections of r 4- 1 
integers from the series 1, ..., n vanish, that is, all the deter- 
minants of the (r + 1)*** degree of the system 



Xj, X^ , 

dzi dzi 
dxi * dx^ * 



i Xn 

dzi 

' dXn 



dzr dz* 



dZr 



dxi ' dx^ ' 

vanish. Hence r quantities, say Zi, ..., Zr, can be determined 
such that the n equations 

for « = 1, 2, ..., n are satisfied : and from these we have 



n r 



dZi 



S X^dxt'= S 2 Zix-^dxg, 

r 

= S Zidzi, 

because Zi is a function of a?i, ..., o^n only and the quantities dx are 
perfect differentials. 

Further, since all principal minors of order less than 2r + 2 do 
not vanish, we cannot establish a system of relations of the form 

Z.= 2 Z,p 

involving a number of functions z less than r ; and therefore we 
cannot infer a transformation of 2 Xgdxt, which shall involve a 
number of differential elements dz less than r. 

163. Hitherto we have used the single assumption (§ 159) 
that the invariantive integer of A, is 2r; we now must consider 
the invariantive integer of Ai, which may be either 2r or 2r — 2. 
The two cases will be taken in turn. 

164. (i) First, let the invariantive integer of Ai be 2r; so 
that the minors of order 2r in A, do not all vanish. Now 
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^ dxj dxi 



»=i \dxj dxi dxi dxj/ 



from the above values obtained for JC,; and therefore the minors 
of Ai of order 2r are obtained by multiplying some one determi- 
nant of order 2r of the system 



< 


t • • 


dx,' 'dx,' dx, 'dx. 


• 


by a determinant of order 2r of the system 


• • • 


dxt ' ' dxf ' Bxt' ' dxf 



for «, ^ = 1, 2, ..., n. Since then the products do not all vanish, 
the determinants of order 2r of these systems do not all vanish ; 
and therefore the quantities z^, ..., Zr, Zi, ..., Zr are independent 
of one another. 

By the invariance of the two integers, each 2r, associated with 

n 

Ai and A,, it follows that an expression 2 X/dx/, which is derived 

n 

from the expression S Xgdxg by the (unknown) equations of trans- 
fonnaac. c» be ^^^^ in the fo™ 

r 

S Z/dzi, 

where the 2r quantities Zi, ..., Zr, Zi, ..., Zr are independent of 
one another ; and this result, it may be repeated, is a consequence 
of the simultaneous invariance of the two integers. Now, as 
explained in § 158, these two integers may be replaced by the 
single invariantive integer p, their arithmetic mean, which in the 
present case is equal to 2r. 

Since the 2r quantities z and Z are independent of one 
another, as are also the 2r quantities / and Z, the simplest 

equations of relation which will transform 2 Zidzi into S Z/dzi 



are 



Zi = Zi\ Zi = Zi, (i = 1, 2, ... , r). 
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Substituting for Zy Z, /, Z' their respective values in terms of x 
and of a! , we have equations of relation which are sufident to give 
the equation 

2 Xgdx^ = 2 Xgdxg ; 

and these equations have been obtained on the assumption of the 
invariantive persistence of the even integer p = 2r, which is thus 
proved to be a sufficient as well as a necessary condition for the 
equivalence of the two expressions. 

165. (ii) Secondly, let the invariantive integer of Ai be 
2r — 2, so that p = 2r — 1. Then all the minors of order 2r of Aj 
vanish ; so that since they are, as before, the products of determi- 
nants of order 2r of the system 



dzi dZf. dZi dZr 

dxg * dxg ' dxg ' dxg 



(5 = 1,2, ...,n) 



by determinants of the same order of the same system differently 
arranged, all the determinants of order 2r of this system vanish. 
Hence there is one identical functional relation among the quanti- 
ties z and Z; and, since the quantities z are independent of one 
another, at least one of the quantities Z must occur in the relation, 
which may thus be taken in the form 

4>(^i, . . . , ^r> ^i> • • • » ^r) = 0. 

By the in variance of the two integers, 2r — 2 and 2r associated 
respectively with Ai and with A,, it follows that an expression 

S Xg'dxg', which is derived from the expression 2 Xgdxg by the 

(unknown) equations of transformation, can be expressed in the 
form 

r 

2 Zidzii 

where the r quantities sf are independent of one another, and one 
identical functional relation subsists among the 2r quantities s^ 
and J^, which must involve at least one of the quantities Z\ The 
functions X* not necessarily (nor generally) being the same func- 
tions of the variables x' hs X are of the variables x, this relation is 
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not necessarily of the same form as the previous one, and it will in 
general be different, say of the form 

yft (Zi\ ..., Zr\ Zyy ... , Zr') = 0, 
where yfr is different from <^. 

The difference of these functional relations prevents the system 
of equations 

2i = Zi\ Zi = Z/ (i = l, ...,r), 

which would transform ^Zidzi into XZidz/, from being a consistent 
system*; and therefore the process, which is effective when the 
single invariant p is even, does not necessarily prove effective 
when the single invariant p is odd. 

166. In order then to obtain an effective process for the case 
of a single invariantive odd integer, we reduce the case to that of 
an invariantive integer which is the next lower even number: 
this will require that the invariantive integer to be associated with 
Ai shall be 2r — 2, the same as before, and that the integer to be 
associated with A3 shall be 2r — 2, less than that which we had 
before. Hence Ai may be left unchanged, and Aj must be changed. 

Adequate changes will be obtained, if we change the coefficients 
X by such decrements as shall leave the quantities Oij unaltered ; 
and so we replace Xi by a new quantity 

where 2: is a function of a?!, ..., a^n. The determinant Ai is not 
altered by this modification; and therefore the invariantive integer 
associated with it is still 2r — 2. We determine the introduced 
function z so that the integer associated with the modified A3, say 
with Va, in the form 



(hly 



(h 



m 



Y 9^ 



^i> > ^*wi> Xfi 



dXn 



-x,+ 



dz 

dx,' 



-x^+ 



dz_ 







* The Bystem ceases to be inconsistent, if ^ and ^ be tbe same functions. In 
partienlar, this oooan when Z„=\, and Z^=\; see § 12C. 
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shall be 2r — 2, being the even integer next lower than that 
associated with A,. 



n 



The effect of this change on the expression S Xidxi is to 



replace it by 



that is, by 



.i(^'-ai)*^*' 



2 Xidxi — dz ; 



«=i 



and then, when z has been determined in accordance with the 
preceding condition, the single invariantive integer of the new 
expression is even and equal to 2 (r — 1), so that by the preceding 
result we have 

n r-1 

2 Xidxi — dz^X Yadysf 

where the 2(r — 1) quantities y and Y are independent of one 
another ; and this is the smallest number of quantities which can 
occur on the right-hand side. As in § 162, 



Z - — =^^2^ Y ^ 

9^i «al 9^i ' 



and 



jr^^ /dj, dy, _ 37, dy,\ 
Hence the minors of order 2r of A,, which is 

^1* * ^n> -^1 






, -Xn, 



are obtained by multiplying some one determinant of order 2r of 
the system 

dxi ' dxi * * dxi ' dxi ' " * * dxi 



Q dz^ dyi^ ^jr-i 91j 

dXn ' dXn ' ' dXn ' dXn * 



1, , 







Y T 
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by some one determinant of order 2r of the system 

37^1 ay, 3y, 



_a? q3F, 



»^i 



» •••! 



8a?i 



--^, 0, ^' 



BY, 



r— 1 



3yi 



9y 



r^l 



« • • • > 



the same as the other but diflferently arranged. Now since 2r is 
the invariantive integer associated with A,, so that the minors of 
order 2r do not all vanish, it follows that the determinants of 
order 2r of the foregoing repeated system do not all vanish ; and 
therefore the functions z,yi, ..., yr-i, Yiy ••., Yr-i are independent 
of one another, being functions such that 

On account of the persistence of the invariantive integers, 2r— 2 
and 2?* associated with Ai and A3 respectively, it follows that an 

n ^ n 

expression 2 X/dw/, which is derived from 2 Xidxi by the (un- 
t=i f=i 

knoMHd) equations of transformation, can be expressed in the form 

d/+2'F/dy;, 

where the 2r— 1 quantities /, y/, ..., y'r-i» Yi> •••> Yr-i are inde- 
pendent of one another. 

Since the 2r — 1 quantities z, y, Y are independent of one 
another, as are also the 2r — 1 quantities /, y", Y\ the simplest 

r-l 

equations of relation which will transform dz+ X Yidyi into 

»=i 

d/+ 2 F/dy/ are 
1=1 

z^2!^yi^yl, Yi^Yl (i=l, 2, ..., r-l). 

Substituting for z^ y, F, /, 3/, F their respective values in terms 
of X and of ^, we have equations of relation which are sufficient 
to give the equation 



2 Xidxi = 2 Xidxi 



P. 



19 
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and these equations have been obtained on the assumption of the 
invariantive persistence of the odd integer jj = 2r — 1, which is thus 
proved to be a sufficient as well as a necessary condition for the 
equivalence of the two expressiona 

Hence the theorem enunciated in § 158 — that the equivalence 
of the expressions is established by the existence of the invariantive 
integer;)— is proved 

167. On account of the fundamental importance of this 
integer, Frobenius classifies the Pfaffian expressions according to 
the integer associated with them. An expression, which has p for 
its invariantive integer, is said to be of the p^ class; the preceding 
investigation shews that there are p independent functions in the 
reduced form equivalent to the expression, which is 



kP i(p-i) 

z Zidzi or d2r+ 2 Fidyi, 

iml ♦=! 



according as p is even or uneven*. 

168. Though the present method is concerned chiefly with 
the general theory of the transformation of Pfaffian expressions 
into one another, and not primarily with their reduction to a 
normal form and the thence inferred system of integrals, yet 
the normal form enters as an essential part of the investigation by 
leading to the formation of the minimum number of independent 
equations which render the transformation possible. No novel 
method is given for the solution of the partial differential equa- 
tions which determine the differential elements of the normal 
form ; the following summary, however, of the derivation of those 
equations may be convenient. 

Let 2r be the highest order of non-vanishing minors of the 
determinant 



A,= 



a, 



1 I 



I (hn 9 ^1 



^ni I I arm > ^n 

■~ ^li I — -^Ln, 

* See note to § 15S. 



^ 
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then either 2r or 2r — 2 is the highest order of non-vanishing 
minors of the determinant 



Ax = 



<hly 



y (hn 



Om\> 



Omn 



The arithmetic mean p of the integers associated with the two 
determinants is an invariant, which determines the class of the 

PfafSan expression S Xtdxi ; in one case p is even and equal to 

2r, in the other p is odd and equal to 2r — 1. 

In the case when p= 2r, the normal form is 

r 

S Zidzi ; 

the quantities Z are determined from any r independent equations 
of the set 

and the quantities z are determined by the r sets of partial 
difiFerential equations, which express the conditions that the 
minors of order 2r -f- 2 in the determinants 

3^1 3«» 



a, 



1 ) 



^in > -^i> 



dxi ' ' dxj 



^1 1 ^n > -^n> ^ > 



dzk 
, 



_.?£l . «??L 0.0 



-?f*, ,_?f^, 0,0, 

dxi * * dxn 







all vanish ; the successive quantities z being obtained by assigning 
to A; in succession the values 1, ... , r. Not more than r quantities 
z can be thus determined; and the 2?* quantities Z and z are 
functionally independent of one another. 

19—2 
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In the case when p = 2r — 1, the normal form is 



r-l 



dz+ 1, Tidt/i; 

the quantities F are determined from any r — 1 independent 
equations of the set 

dxg j-,1 dxg 

the quantity z is determined by the set of partial differential 
equations, which express the conditions that the minors of order 
2r in the determinant 



On 



Oil 






Oni 



a 



nn 



X - — 

dXn 



all vanish ; and the quantities y are determined by the r — 1 sets 
of partial differential equations, which express the conditions that 
the minors of order 2r in the determinant 



Oil , .. 


• • • • > ^n > 


X,- 


dz 
dx,' 


3yi 


3y* 


dni , ... 


•••> ^htn t 


Xn- 


• 

dz 


9yi 

av " 


3y* 
'am 




X +^' 





» 


, .. 


...., 




?yi 

dx„ ' 





t 


, .. 


...., 


dx, ' ••• 


9yt 

dXn ' 





f 


,. 


, 



V 



all vanish; the successive quantities y being obtained by assigning 
to A; in succession the values 1, ..., r — 1. Not more than r — 1 
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quantities y can be thus determined; and the 2r— 1 quantities 
z, y, Y are functionally independent of one another. 

Ex, 1. The following results given by Frobeuius* are easily obtainable : — 

(a) If the class of a Pfaffian differential expression be altered in conse- 
quence of multiplication of the expression by a factor, the change is an 
increase or a decrease of one unit according as the class is odd or even. 

(6) If the class of a PfEiffian differential expression be altered in conse- 
quence of addition to the expression of a perfect differential, the change is 
a decrease or an increase of one unit according as the class is odd or even. 

(c) Hence deduce the effect produced on the class of an unconditioned 
Pfafl&an differential expression by (i) multiplying it by a factor (ii) increasing 
it by the addition of a perfect differential 

Ex, 2. The coefficients of the differential elements in the expression 

X^dx^ + + Xf^ix^ 

are homogeneous functions of the ii!^ degree ; and X denotes the homogeneous 
function 

Shew that, if X be a constant different from zero, then the class of the 
original expression is odd ; that, if T be zero and fi not equal to - 1, the 
class is even ; and that, if X be zero, the expression can be a perfect differ- 
ential only if fi be - 1. 

(Frobenius.) 

Ex, 3. Shew, with the notation of the last question, that, if X vanish, 
then the class of the Pfaffian expression is less than n, if either n be odd or 
fi be -1. 

Shew also that, if X vanish, while fi is not equal to -1 and the ex- 
pression is unconditioned, its class is diminished by one unit, if the expression 
be divided by an arbitrary homogeneous fimction of degree fi+ 1. 

(Frobenius.) 

Ex, 4. If n functions, given by the equations 

y-1 - ZXj 

independent of one another, be such as to satisfy the relations 

-^11 » > ^\n 



Ai(f)=^2^Aij/- (1=1, ,n) 



then 

•^ii> •••• 9 ^m 



^11 > ^» -^nlj • » -^1 

is a perfect differential, the n^ quantities A being functions of the variables 

X subject only to the indicated limitations. 

(Frobenius.) 

• Crelle, t. Ixxxvi. (1879), pp. 1—19. 



CHAPTER XII. 
Abstract of Darboux's Method. 

The investigations of M. Darboux on PfaiF's problem are con- 
tained in a memoir* published in 1882, though most of it which 
bears directly on the theory was written in 1876. He deab more 
with the theory of the forms than with the methods of integration 
of diflferential equations which occur in the theory ; in this respect 
he resembles Frobenius. Moreover in his process there is a certain 
similarity to that adopted by Frobenius, for the basis is the 
invariantive character of certain expressions, in particular, of the 
associated bilinear covariant : and therefore in point of publication 
Darboux has been considerably anticipated by Frobenius. The 
remainder of the memoir deals with the theory of the tangential 
transformation : and, though the method adopted for it is distinct, 
the results of the theory were already known from the earlier 
published memoirs of Lie and Mayer. 

Under these circumstances I shall state merely the results, 
without proof, so as to give an indication of the course of the 
memoir. 

169. (i) He takes 



n 



and proves 






S0d - d0a = 22 Oit ctci &Cifc, 



which, being independent in value of the particular set of variables, 
is an invariant for change of variables. 

* *'Sur le probldme de Pfaff/' Comptes Rendus, t. xoiv. (1S82), pp. 885— S87 
Darb. Bull., 2- SC-r. t. vi. (1882), pp. 14—36, 49—68. 
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(ii) The first step towards the construction of the normal 
form is the choice of new independent variables such that, when 
Sd is expressed in terms of them, there shall be fewer differential 
elementa For this purpose the subsidiary system of equations 

Ou dxi + ... H- Otii dxn = \Xi dt 



din dXi + . . . + Oim dXn = XXn dt 

is used. It is an invariantive system : and it can be replaced by 
the single equation 

SSa — dOa = ^®« dt, 

supposed true whatever be the variations Sx. 

(iii) When n is even and the determinant A of the coefiScients 
of the quantities dx in the subsidiary system is not zero, then the 
n — 1 integrals yi, ..., y^-i of the equations, which are independent 
of t, are taken as new independent variables ; and with them is 
associated an arbitrary function yn of the original variables, so that 
yi, ...i yn are n independent variables. Then by the invariantive 
property of the subsidiary equations it is easily proved that 

n-l 

where the coefficients F/ are independent of yn- 

(iv) When n is odd, so that A necessarily vanishes, then, if 
the first minors do not all vanish, \ is taken to be zero in the 
subsidiary system; the ratios of the differential elements are 
determinate, and n — 1 integrals of the consequent equations are 
obtainable. If these integiuls be denoted by yi, ..., y,^_,, then, 
when they are associated with a new arbitrary and independent 
function yn, we may take the n quantities as a set of n indepen- 
dent variables. It is proved that 

where the coefficients F/ are independent of yn- 

Two cases occur. If '9 contain yn, it may itself be taken as y^ , 
so that 

n-l 

»d = rfyn4- 2 F/rfy,.. 
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If "9 be independent of i/n* then Sd can be expressed in the form 



r=l 



(v) Should the subsidiary system, even with the limitation 
\ = 0, not be determinate but contain only p distinct equations, 
then Darboux makes it determinate, as in the preceding cases, by 
the association with it of n — jt> — 1 equations 

cl<l>i ^0, , ct^f^— p_i = 0. 

The argument proceeds as before ; and the general result of the 
first transformation is that an expression Sa can always be changed 
into one or other of the three forms 

n-l 
r=l 

2 Yrdyr, 

n-l 
r=l 

the variables yi, ...> yn-n }/n being independent and the coefficients 
F depending only on the variables yi, ..., y^-i. 

(vi) Hence an expression ©d can always be brought to one or 
other of the types 

dy- % Zrdyr, 

S Zrdyr, 

where the quantities y, Zi, yi are functions of all the variables in 
©d and are independent of one another ; and 2p 4- 1 or 2p, accord- 
ing as the type is the first or the second, is not greater than n. 

The former or the latter is the type to which ©^ can be 
reduced, according as the subsidiary equations cannot or can be 
satisfied by taking X different from zero. The integer p is deter- 
mined as one-half of the number (necessarily even) of independent 
equations in the subsidiary system, and the 2p quantities yi and Zi 
are a set of integrals of these independent equations. For the 
former type, the quantities y and z are necessarily independent of 
X, which has been made zero for the associated subsidiary system ; 
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for the latter type, the ratios of the quantities z are independent 
ofX. 

(vii) Darboux adopts Cauchy's method of integration of the 
subsidiary equations ; and he is led to results, which are similar to 
lie's (§§ 147, 154), relating to the transformation of the expression 
to an equivalent unconditioned form ; they are as follows. 

(a) If the canonical form of the expression be 

Z Zrdyry 

then the subsidiary system, consisting of 2p independent equations, 
has 2p — 1 integrals independent of X. There must thus be at 
least n— 2p + 1 variables, say o^, ..., ^n* which are not integrals 
of the system. If then the 2p — 1 integrals be taken in the form 
of principal integrals and be denoted by i^, ..., u^p-i^ so that 
til, •••> Wjj^i reduce to x^^ ..., x^^^i respectively when constant 
values Osp, ..., On are assigned to x^, ...,^ni the equivalent uncon- 
ditioned form LB 

2p-l 
©d = if 2 UrdUr, 

where Ur is the value of Xf, when Xg is replaced by Ug for 
» = 1, . . . , 2p — 1 and by a« for « = 2p, . . . , w. 

(6) If the canonical form of the expression be 

rfy- S Zrdyry 

then \ = in the subsidiary system, and the set of 2p independent 
equations has 2p independent integrals. There must thus be at 
least n'-2p variables, say x^^i, ..., ^m which are not integrals of 
the set. If the 2p integrals be taken in the form of principal 
integrals and be denoted by v^, ..., u^, so that li,, ..., u^ reduce 
to Xi, ..., x^ respectively when constant values Osp^i, ..., On are 
assigned to x^+i, ..., ^n> the equivalent unconditioned form is 

r-l 

where Ur is the value of Xr, when Xg is replaced by ti, for 
8= 1, ..., 2p and by a, for 8 = 2p+ 1, ..., n, and H ia a function 
which vanishes for the last set of substitutions of constants for the 
n — 2/) variables x. 
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170. These results are applied to the solution of partial 
differential equations of the iirst order (§ 136). 

The remainder of the memoir is devoted to an investigation of 
the relations which are the basis of Clebsch's method of integra- 
tion (§ 125) and to the establishment* of the theory of tangential 
transformations proceeding (as in the earlier part of the memoir) 
from two simultaneous sets of variations. It is superfluous to 
reproduce the investigation here; the results agree with those 
earlier established by Lie and independently by Mayer and already 
discussed in Chapter IX. 

Ex, Prove that, with the ordinary notation used in connection with 
Pfaffian differentials, the two expressions 






80 



'8^. 



,0 



-^1 «ii 



a 



nl 



<h 



») 



f^m, 



obtained by taking, first, P^y ..., Pn=^v •• > -^n and, secondly, Pj, ..., 

P^ssgl^, ...,^ , are invariants for change of the independent variables, the 

P£eiffian expression being supposed unconditioned. 

Shew that these expressions are the quantities denoted by Clebsch by the 
symbols (0) and {(f^) in his theory of PfaflTs problem. 

(Darboux.) 



* This part of his investigation is followed by Jordan, Cours d'Analyu, t. iii. 
(1887), pp. a89— «48. 



CHAPTER XIII. 

Systems of Pfaffians. 

It will be seen that in the theory of systems of unconditioned Pfaffians 
hardly any advances have been made. In fact, there are very few investi- 
gations which deal with systems of simultaneous non-exact equations; and 
even those which are published discuss for the most part such exact integrals 
as the systems may possess. The following are the principal sources of 
information on the subject : — 

Biermann; "Ueber n simultane Differentialgleichimgen der Form 
SA' cir^=0," Schlom. Zeii9chr^, t. xxi. (1886), pp. 234—244. 

Boole; "On simultaneous differential equations of the first order in 
which the number of the variables exceeds by more than 
one the number of the equations," Pkil, Trans., 1862, pp. 
437—454. 

" On the differential equations of dynamics," Phil. Trans,, 
1863, pp. 485—501. 

Supplementary volume of Treatise on Differential JSqua- 
tionsy 1866, pp. 74 — 89. 

Engel ; " Zur Invariantentheorie der Systeme von PfafiSschen Qleichun- 
gen," Leipz. SUzungsh,, (1889), pp. 167—176, *6., (1890), pp. 
192—207 ; this connects itself with §§ 128, 129 of Lie's Theme 
der Transformationsgruppen (Leipzig, 1888), which deal with 
the character of the transformations of which such a system 
admits. 

Frobenius ; " Ueber das Pfaff'sche Problem," Crelle, t Ixxxii. (1877) ; 
especially pp. 287 — 289 of the memoir. 

Imsghenetskt; "Int^ation des ^nations aux d^rivto partielles du 
second ordre d'une fonction de deux variables,'' Orun. Arch., 
t. liv. (1872) ; specially pp. 290—314 of the memoir. 

Tanner; "Preliminary note on a generalisation of Pfafi^s problem,'' 
Land. Math. Soc. Proc., vol. xi. (1880), pp. 131—139* 

Voss ; ^ Ueber die Diflerentialgleichungen der Mechanik," Math. Ann., 
t. XXV. (1886) ; especiaUy pp. 268 — 263 of the memoir. 

* For various reasonR, I am unable to aooept the results obtained by Prof. 
Tanner in this paper. 
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171. The system of n equations linear in the differential 
elements of the variables (and the coextensive system of associated 
partial differential equations linear in the derivatives of the 
dependent function), which were discussed in Chapter II., subsisted 
as a simultaneous exact system on the hypothesis that the 
conditions given in § 26 as the criteria of exactness were satisfied : 
and on this hypothesis there was inferred the existence of an 
equivalent system of n integral equations of the tjrpe Ur = Cr< 
Each such equation is, in and by itself, an integral of the system 
of differential equations ; that is to say, restricting ourselves to 
the system of n equations, the inferred equation 

dur^O 

is completely satisfied by means of the original differential equa- 
tions, there being no need to use for the purpose of satisfying 
it any of the other integitd equations : and such an equation as 

dtir = 

is merely a lineai* combination of some (or all) of the given 
differential equations. 

When the whole system of n integrals is considered simul- 
taneously (each of them being, in and by itself, an integral of the 
system), we obtain n equations 

duj^ = 0, , dun — 0; 

each of these is satisfied in virtue of the original equations and is 
a linear combination of those equations But the n integrals are 
independent so that the n equations du = are independent : that 
is, the linear combinations of the foregoing equations are inde- 
pendent of one another, and therefore the original equations can 
be derived from the equations du = which are an immediate 
consequence of the integral system. Hence the system of n 
inferred integrals and the system of n original differential equa- 
tions are completely equivalent to and coextensive with one 
another; provided that, as already remarked, the conditions of 
Chapter IL — there proved sufficient and necessary — be all satisfied. 
The system is said in that case to be completely integrable. 

But the system of ordinary differential equations will still 
subsist as a simultaneous system, when only some, or even when 
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none, of the conditions of integrability are satisfied. In the former 
case, when some of the specified conditions are satisfied, the 
s}rstem of equations may have some exact integrals ; that is to say, 
there may be some equations of the form w = c such that 

is satisfied solely by means of the system of differential equations 
without reference to any integral relations among the variables. 
The number of these exact integrals must be less than n, otherwise 
the system would be completely integrable: and each of them 
(necessarily supposed to be independent) lead's, when differentiated, 
to a linear combination of the system of equations, the various 
combinations being independent. When such a system possesses 
a number of exact integrals, the number being less than the 
number of equations, it is said to be incompletely integrable. 

It is evident, after the earlier explanation, that the set of 
exact integrals possessed by an incompletely integrable system is 
not an equivalent of the system of differential equations. In fact, 
as each member of the set leads to a linear combination of the 
system of equations, we have a number of independent linear 
combinations of the members of the system less than the nimiber 
of members; and therefore the system of differential equations 
cannot be inferred firom the exact integrals. The supply of this 
deficiency from an integral equivalent of the differential equations, 
and the use of the exact integrals for the modification of the 
differential system, will be subsequently discussed. 

Lastly, it may happen that the given system of equations 
possesses no exact integral, that is, that there is no linear com- 
bination of the equations which can lead to an equation 

In this case the system is said to be non-integrable: and, as 
before, a question as to its integral equivalent will arise. 

172. The integration of a completely integrable system has 
already been discussed: we proceed to the discussion of the 
characteristics of an incompletely integrable system. Naturally, 
the first step is the determination of the number and the form of 
the exact integrals. 
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We take the system of n equations, involving m + n variables, 
in the form 






(I), 



iln = -dXm^n+Anid^i+Anadx^+ '{-AnmdXm=OJ 

the coefficients A being functions of the variables x. 

Let ^ = c be an exact integral of the system (I) ; then the 
differential equation 

d<l> = 

is a linear combination of the n equations A = and is satisfied in 
virtue of those equations. The form of the combination is obvious, 
being 

and so we have, after substituting the full expression for d<f> and 
transposing the right-hand side, the equation 

which is satisfied in connection with (I). But this equation in- 
volves only the differential elements dxi, ..., da?^, among which no 
relation is given by (I); and therefore the coefficient of each 
element must vanish, so that we have the m equations 

M = ,^+2 ^.,^ = (H) 

(for 8 = 1, ..., m) satisfied for an exact integral ^ of the given 
system (I); and they must be satisfied by every such integral. 

Now this system (II) is in form the same as the corresponding 
system (II) of § 38 ; but the present one is not complete (in the 
Jacobian sense), for the conditions for coexistence and the pos- 
session of common solutions are not all satisfied, as they are for the 
earlier system. Thus the quantities 

(A,,A,) = (A,A^-AA)* 

do not all vanish in virtue of (II) ; and so we may have new non- 
vanishing expressions Vgtf>, all linear and homogeneous in the 
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partial first differential coefficientR of ^ with regard to iSff^i, ..., 
^m+n. In order that functions ^ of the kind indicated may exist, 
the ordinary theory requires that 

for each non-evanescent operator. Hence new differential equa- 
tions are introduced into the system : and we must continue the 
application of the Jacobian conditions in the form 

(A„V0 = O, (V„Ve) = 0, 

retaining every non-evanescent and unsatisfied condition as a new 
equation to be combined with the system already obtained, until 
no new equations are thus formed. The system, thus increased, is 
now a complete system: and the members of the system are 
linearly independent of one another. 

The original system (II) contained m equations: let the 
members, necessary to make it a complete system, be p in number, 
say 

V^= 2 5^^ = (HI) 

for « = 1, ..., p: then the function is a solution of the m-^p 
simultaneous linear homogeneous partial differential equations of 
the complete system constituted by (II) and (III). 

H phe less than n, then the complete system oi m+p equa- 
tions involving m-^-n variables has, by § 38, n— jo fimctionally 
independent solutions; and therefore the original system (I) of 
differential equations has n—p exact integrals. 

If p be equal to n, then since the equations (II) and (III) are 
linearly independent and are linearly homogeneous in the m-^n 

quantities ^ , they can be satisfied only by having each of the 

derivatives of ^ zero ; and therefore (f> itself must be a mere con- 
stant, a result nugatory so £eu: as concerns exact integrals. 

Similarly, it p be greater than n, the complete system can be 
satisfied only by zero values of the derivatives of 0, which also lead 
to a result nugatory so £Eur as concerns the possession of exact 
integrals. 

Hence it appears that the given system (I) possesses exact inte- 
grals only if the associated system (II) of partial differential equa- 
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tions can be rendered complete by the addition of fewer than n new 
eqiuitions ; and if for this purpose p new equations must be added^ 
then the number of exact integrals is n —p, 

173. Thus the conditions for the possession of n-p exact integrals are 
the conditions that the system (II) of associated partial equations should be 
rendered complete by the addition to them of p derived equations. The 
express form of these conditions for the most general case can be inferred 
from the form of the conditions for the following particular case. 

Consider the equations* 

du = Ui dxy + U^ dx^ + U^ dx^ + U^ dx^ 
dv = }>\ dx^-k- Tj </^j+ Fj dx^-¥ V^ dx^ 
dto=^ Widxi+ W^^+ W^dx^+ W^dx^ 

as a system ; the associated partial equations which correspond to (II) are 



^*=^.+^'^+^'^+'^'K=<> 



for r=l, 2, 3, 4. Let 



^Pj-^Fi—Pij 



(for PsB U, F, W) ; then the conditions for the coexistence of the four equa- 
tions and for the possession of common solutions are the six equations 



A.>*=^o^^-f^./^-f"^.>^=o, 



some of which must neither be evanescent nor be satisfied in virtue of the 
earlier system. Again, let 

for any symbol k ; let 

for any symbol B, and so on : and let the rectangular array 

a i k^ij 9 Ik^U 9 Vt^ ih Ik^ ih ik^ ^y Vk^ if 
"^ijt k'^ih Vt'^iji tk^^ijj Ik "^iji tk '^yj tk ^" if 

for all values 1, 2, 3 of i, j\ ir, I, m, n, p^q he formed, there being seven types 
of quantities in the array. 

Then in order that the original system may have three exact integrals 
(it cannot have more than three) independent of one another, it is necessary 
and sufficient that all the determinants of one constituent formed from the 
quantities of the type occurring in the first expressed column of the above 
array vanish: in other words that all the quantities 6^^^, T^^, Wij vanish. 
These we shall call the conditions for three integrals. 
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In order that the original system may have only two exact integrals it is 
neoessary and sufficient, first, that the conditions for three integrals shall not 
all he satisfied ; second, that all the determinants of 2^ constituents formed 
from the quantities of the types occurring in the first three expressed 
columns of the array shall vanish. These we shall call the conditions for 
'two integrals; they secure that one new equation shall be added to the 
original system of four partial equations 

In order that the original system may have only one exact integral it is 
necessary and sufficient, first, that the conditions for two int^rals shall not 
all be satisfied ; second, that all the determinants of 3' constituents formed 
from all the quantities in the array shall vanish. These we shall call the 
conditions for one int^;ral; they secure that two new equations shall be 
added to the original system of four partial equations. 

Finally, in order that the original system may have no exact integral it 
is necessary and sufficient that not all the determinants of 2fi constituents 
specified in the conditions for one integral shall vanish. 

The generalisation to the system (I) is now evident It would be 
necessary to form a rectangular array of n rows; the number of types of 
quantities occurring in the array would be 2** - 1 ; the number of quantities 
of any type would depend upon m and, after the first type*, also upon n. 
The conditions that the system should have only n-p exact integrals are 
that the determinants of jp^ constituents formed from the quantities of type 
of the first 2'^ - 1 columns should vanish, but not all determinants of a smaller 
niunber of constituents. 

Ex, 1. Infer (or otherwise prove) that the simultaneous system 

dx^^x^i^ Bdx^ 
dx^=: Bdx^+Xjdx^ 
where B is any function of ail the seven variables, has no exact integral. 

Ex. 2. The conditions that the two equations 

dxi = a^dx^ -4~ fi^dx^ 
dx^ = ^jjcirj -f fi^dx^ 

may have one exact integral or no exact integral are, first, that the quantities 

71 = ^304-^403, y2=Ajfii-A^, 

where A.^^^^a^X^^.^^ and A,^ ^^^•^a.^l-^-^fi,^^, do not both 

vanish ; and, second, that the determinants of the second order in 

yi> ^syi-^«3> ^471 -^«4 
! ysj -^syj-^A* ^472 -^A 

where B=^yi^ -f y,^ , do all vanish or do not all vanish. (Engel.) 

* The number of the first type is Jm (m - 1). 

F. 20 
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Ex. 3. Consider the equations 

dz—{t ■\'Xy-\'Xz)dx-k-{xzt-\-y-xif)dy\ 
dt={y-\- z -Zx)dx\{^zl -y)dy /' 

a simultaneous system *. The associated partial differential equations are 

Forming the Jacobian condition we have, in the notation of the last example, 

yy^xifi\xyi'\'Xy-\-yZ'>t^-Zx%-\-y\ 
72= ^-itxyt^-xy-Vyz-^-^-^ocz-X-y'^ 

so that, rejecting the algebraical factor, the Jacobian condition is 

The three equations A0=O, A'<^=0, A''0=O are easily proved to be a com- 
plete system ; as they involve four independent variables, they have one 
integral 

The easiest way to obtain this integral is as followa From the equations 
we have 

Tt^^'Tz 



8i/ ^ cz 



8y 

'bx ~~ ^"^ ^ "* dz 



^=-(3*«+0l*. 



and therefore 



d4>=^ {dz--xdt-ydy-'(Za^'\'t)dx} 

Since cbf> and d (z - xt - sfl - ^y^) are perfect differentials, it follows that 
^ is some function of z-xt-sfl-^y* alone: and therefore we may effect- 
ively take 

u^z-xt-jfi-^y^^c 

as the one integral required. 

Ex, 4. Treat similarly the equations 



fl^+rfy-fcfo+(^-f-l)c?^=0 



-xdt=0) ' 



xdx-\-ydy-\-zdz 
* Boole, Phil, Tram. 1862, p. 460. 



(Mansion) ; 
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also the equations 

1 'y>8_'r>2 * fi «»2 * 

•*"2 •*4 **2 '*'4 

^^6 = ?l?(^2 + ^4) 

^a ''•*4 

Ea:. 5. The following investigation* is of considerable importance in the 
theory of partial differential equations of the second order. 

In the usual Monge-Boole method of solving the equation 

where R^ S', T\ U\ V are functions of Xy y, z^ p, q^ it is assumed that the 
equation possesses an intermediary integral ; and it is known f that, to 
secure this possession, two conditions must be satisfied by the quantities 
FHy S\ T\ U'y V, These conditions may be obtained as follows. 

In order to form the intermediary integral u = f{v), it is necessary to 
obtain two integrals u=ayV=b (that is, exact int^rals in the sense of the 
preceding paragraphs) of the system of equations t 

U'dx-^\^dy^-\^U'dq=0 
pdx-\- qdy- dz=Oj 
where X| and X2 are the roots of the equation 

For the present purpose we have to assign the conditions that the foregoing 
system of equations should have two exact integrals. 

Writing /*=-i, T'=-U'T, S'^-U'S, R^-U'Ry V'=-U'V and 

assimiing that U' does not vanish, the equations are 

dz = pdx-\-qdy\ 
dp=Tdx-\-fiicfy . , 
dq=ij^-\'Rdy 

* It is gubstantially due to Imschenetsky, ** Integration des ^nations aux 
d^riv^s partielles da second ordre d'nne fonction de deux variables," Grun, 
Arch., t. liv. (1872), especially §§ 13, 14 being pp. 290—314. He has amplified 
and extended Boole's investigation (l.o. pp. 451, 452): the relation between them 
will be indicated below. Imsohenetsky has however left the conditions (p. 309) in 
the form of two equations involving a dependent variable : without proof, these 
oannot be taken as merely two conditions applying to quantities which do not 
involve that dependent variable. The explicit conditions are obtained in this 
investigation. 

t See Treatise, § 230 : the result will evidently apply in the same terms for the 
case when U does not vanish. 

t TreatUe, §§ 232—234. 

20—2 
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where /aj and fjL2 are the roots of 

The partial differential equations associated with the system are 






being two equations which involve five variables. Every solution common to 
the two must also satisfy 

()=(AA'-A'A)<^ 

Now Boole (l.c.) investigates the question as to the conditions necessary that 
the original system may be completely integrable, so as to have three exact 
integrals. For this purpose, the new equation obtained — ^being the Jacobian 
condition to be satisfied by the first two — must vanish identically; hence 
fA2=fj^=Sy leading to the condition 

and also 

AiSr=A'T, A/2=A'/S; 

which are the necessary and sufi&cient conditions. If these be satisfied, 
then there are three exact integrals, say t«=a, v=&, w=c; when p and q 
are eliminated between them, we have a relation between or, y, z, a^b, Cy which 
is an integral of the original difierential equation and can be generalised by 
Imschenetsky's method*. 

Suppose, however, that we assiune that the system is incompletely in- 
tegrate and that it has two exact integrals. Then the new equation 
must not vanish: and the preceding conditions must therefore not all be 
satisfied. Assuming that the roots of the quadratic in n are unequal, and 
taking 



the new equation is 



M2-f*i M2-f*i 



^"*=(5+^^+0*"«= 




so that there are now three equations to be satisfied by ^. As there are 
to be two integrals, the system must be complete ; and therefore the further 
equations 

{ A"A - AA") «^ = 0, (A"A' - A'A") «^ = 

• TreatUe, § 271. 
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muBt be satisiied in virtue of the preceding three. When these are formed, 
thejare 

so that the necessary conditions are evidently derivable from a comparison 
with A''^=0 alone, and are 

apparently four in number. 

Hence the necessary and sufficient conditions that the differential equa- 
tion should possess an intermediaiy integral are that the conditions 

Oi=0, O,=0, ilj=0, 04=0 

should be satisfied ; and these are equivalent to two independent conditions, 
as they are connected by the relations 

P04-2©03-heo,= 
which relations are not difficult to obtain. 






It has been assumed that the roots of the quadratic in fi are unequal. If 
they be equal, then it is not difficult to prove that, if the quantities 
aS-^'T and ^R-A'S do not both vanish, the simultaneous system has 
not more than one exact integral; and some conditions are requisite to 
secure the possession of one exact integral. For instance, yfAS-A'T vanish, 
then in order that the system may have one exact integral we must have 

as the condition of equality of roots ; and 8 and T must be of the forms 

where B is any function of ^, y, z. 

Similarly it may be shewn that the conditions necessary that the 
equation 

should have an intermediary integral (without the subsidiary equations being 
a completely integrable system) are 

A'V-Ad = Pd, A'd=^, 

A" V- A/>=/«, aV+A'P=P^, 
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where 

AV p_AVfAM' 

C;= }f £^— —f 

in which fi and fi denote the roots (supposed to be unequal) of 
and A, A', A" are defined by the equations 

A'=-^- ' ^ 

and A"=(i + ,^3^+«|+i.|. 

The inferences as to the extent of the four conditions and the modifi- 
cations in case the roots are equal need hardly be stated. 

174. The number of exact integrals of the given system of 
differential equations, supposed to be incompletely integrable, is 
the number of solutions of the system of associated partial 
differential equations rendered complete. Methods have ah'eady 
been given for the solution of a complete system of such equa- 
tions ; and they will now therefore be assumed known, say in the 
forms 

the quantities c being constants. 

These results being known, they can be used to modify 

the system of equations. Each of them leads to a differential 

equation 

du= 0, 

which is a linear combination of the original equations; and, 
as the n—p quantities u are functionally independent, the 
n—p linear combinations are also independent and may there- 
fore be taken as replacing n—p of the original equations 
appropriately chosen from those which occur in the linear com- 
binations. Now let the variables be transformed, so that t^ — jp of 
the new ?» + n variables are Mi, . . . , Un^p ; the equations are of the 
same linear character as before. The first n — p of them are 

diti=0, , dtin-p = 0; 

the remaining p are linear and involve Ui, ..., t^-j, with the other 
in+p variables; and the system so modified is coextensive with 
the original system. 



174.] BY ITS EXACT INTEGRALS 311 

Now take the n — p exact integrals in the forms 

and substitute these in the remaining p equations; we shall 
then have only a system of p equations in m-\-p variables alone 
and constants. Moreover this new system cannot have an exact 
integral; otherwise, a retransformation to the old variables would 
lead to another exact integral of the old system. 

Hence an incompletely integrable system of n equations pos- 
sessing n—p exact integrals can, by means of those integrals, be 
repla^ced by a non-integrahle system of p eqiuUions ; and whatever 
may be the integral equivalent of the non-integrable sjrstem, that 
integral equivalent combined with the set of exact integrals is 
the integral equivalent of the incompletely integrable system 
from which it was derived. 

175. By this result and by the remaining question of § 171 
we are led to the consideration of the character of the integral 
equivalent of a non-integrable system of linear equations. Such a 
system is an obvious generalisation from the case of a single 
Pfaffian equation: and it is natural to expect that the integral equi- 
valent of such a system will consist of more than the n equations, 
of which it would be composed were the sjrstem completely in- 
tegrable. As in the case of a single equation, it is desirable to 
have the integral equivalent of the system as general as possible. 
This generality will be maintained by two properties: first, the 
integral equivalent must contain the smallest possible number of 
integral equations suflBcient to lead uniquely to the differential 
equations, for thus the variations of the variables will be least 
restricted ; second, the equations in such a system must be of as 
general a form as possible. Three points are thus raised : 

(i) the determination of the number of equations in the 
integral equivalent of a non-integrable system ; 

(ii) the deduction of some simple integral equivalent of such 
a system ; 

(iii) the generalisation of such an integral equivalent when it 
has been obtained. 

Present analysis however seems able to solve only the first of 
these three problems. 
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Ex, The system 

where yi, y,, ^j, y^ are functionally mdependent, is easily seen to be non- 
integrable: its integral equivalent must therefore contain more than two 
equations. One set of int^;rals is evidently given by 

yi= const., yg= const, ^3= const; 
another by 

y4=2a, a constant, 

y8=2ayi +c, 

^8= ayi'+<yi+^; 



and the most general by 






where is any arbitrary function. Each of the»c sets leads to the two given 
differential equations, and only to them so far as the given variations are 
concerned ; the geometrical interpretation is obvious. 

176. Suppose then we take the system of equations (I), 
assuming them to be non-integrable : they are 



fla = — dxfj^i + A^dxi + A^idx^ + + A^mdoSf^ = 



h...(I), 



iln=-dXm+n-\-AnidXi'^An2d^2-\- -\- Anrndx^^ ) 

the coefficients A being functions of the variables. 

We first proceed to find the smallest possible number of 
equations from which there can be constructed an integral 
equivalent of (I) ; and for this purpose we use a generalisation of 
the method adopted by Natani for the similar question in the case 
of one equation*, viz., the introduction of new variables so chosen 
as to leave in the equations, when transformed, as few differential 
elements as possible. 

* This question appears to have been solved first by Biermann, *'Ueber n 
simoltane Differentialgleiohongen der Form Z X dx ssO" Schldm, ZeiUchr,^ t. 
Tax, (18S5), pp. 234^244. 
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Let the new variables be ^^l, t^, , Up\ Vi, t;,, , Vr, 

where 

it is of courae assumed that these variables are functionally in- 
dependent. Then each of the old variables x is expressible in 
terms of the new, and so we have 

dUg ovt 

Considering these as arbitrary variations, we have 

i=i »=i I f=i oUf y=n=i OM»J 



+ 



< = 1 I <al OVt i-l «=1 OVt) 



for all quantities \. When we pass from variations that are 
arbitrary to such as satisfy the differential equations, the right- 
hand side of the new equation must vanish. Since the quantities 
u and V are functionally independent, this can take place owing 
only to one or other of two causes : either a differential element 
must vanish or the coefficient of a differential element must vanish. 
Let then the variables u be those, which have vanishing differen- 
tial elements, and the variables t; be those, the differential 
elements of which have vanishing coefficients. 

The second of these conditions gives, for each of the r values 
of tf the equation 

and then, for the arbitrary variations, the new form of the above 
equation is 

i=l #=1 I <=1 ^ i-1 i=l <^8. 

Since this equation is valid for all quantities \, we have 
for ^ = 1, 2, ..., rand i = l, 2, ..., n; and also 
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for 1 = 1, 2, ..., n. Variations consistent with the differential 
equations make X2{ zero: hence we have n equations linear and 
homogeneous in the p differential elements. Solving these so as 
to express n of the elements in terms of the remaining q (where 
p — n = q), we have n new equations of the form 



Ti = - dug+i + Z Uirdtir = 



9. 



T, = - dug+i + z ITjT dur = 



ay. 



Tn=-d%+n+ 2 UgrdUr=0 

which are coextensive with (I), the relations between them being 
of the form 

ft»= t PikTk (B) 

for the n values of i, which are 1, 2, ... , n. 

Taking any one of the n equations in (B), and comparing 
the variations of the variable on the two sides of it, we have 
m + n equations ; and these m + n equations involve 

(i) the n multipliers p^ , pny p^y . . . , pm ; 
(ii) the p quantities u ; 
(iii) the nq quantities U. 

Eliminating the n multipliers from the m + n equations, we have 
m equations left involving the p quantities u and the nq quantities 
U. These m equations survive for each one of the n equations in 
(B); and therefore we have mn equations left involving the 
quantities u and U. 

Taking the most general case by assuming that these mn 
equations are independent of one another, we must have 

mn 5,p + nq, 

for otherwise conditions would need to be satisfied ; and therefore 

n 
It thus appears that the least value of p is — —- (m + n), which 

it may be noticed is greater than n in all the cases at present 
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under consideration : we are taking a system of equations which is 
not " ordinary ", and therefore w > 1. 

Now, as in the corresponding case of a single equation, the 
integrals of the system (I) or (I)' are 

and we desire to make the number of equations as small as possible. 
Hence we take the smallest possible value of p. 

If then =- (m + n) be an integer, we take that integer to be 

the value of p. 

If this quantity be a fraction, we take the next greater integer 
to be the value of p. Let 



n (m + n) _ ^ \ 

n+1 " iTTT' 



where X. may be 0, 1, ..., n, according to the value of m; then we 
take the number of quantities u, that is, the number of equations 
in the integral equivalent of the differential system, to be N. 

177. To render, in the present form, the integral equivalent 
as general as possible, we shall retain for the quantities u as 
many arbitrary possibilities as may be, for thereby the variations 
of the variables will be less limited. Hence all the quantities U 
will be determined, being 

n{N^n) 

in number ; and thereafter the mn equations will suffice to deter- 
mine 

mn — n {N — n) 

of the quantities u. Since the total number of the quantities u is 
N, it follows that \ of them are left undetermined and so may be 
taken arbitrarily. 

Hence we have the theorem : — 

The most general integral equivalent of a non-iniegrable uncon- 
ditioned system of n Pfaffian equations in m-\-n variables is com/- 
posed of N equations of which X are arbitrary^ where N is 
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eqiuil to — r— ^, when this quantUy is an integer, and then \ is 

zero ; and N is the integer next greater than this quantity , when 
it is not an integer, and then the value of\ is given by 

n{m + n) ^^ X_ , 

n + 1 n + 1 

This result agrees with the result obtained by Biermann (1. a), 
who uses Natani's method with different analytical details; his 
result is as follows : — If 

m + n=k{n + l) + K, 

then there are nk determinate and k arbitrary integrals^ k being less 
than n + 1. In fact 

n ( w + n) , nx 
n+ 1 n+ 1 

shewing the identity of the two forms of result. 

An important corollary in connection with the value of A. may 
be inferred. We have 

m -\-n = k(n-\-l)-\-\ 

and A. is less than n + 1. 

The number X must be less than m ; for if 

X = w— 1 + /Lt, 

we have 

71+1 " /i = k{n + l), 

whence k, which is an integer, must be zero unless /i is zero or 
negative. It therefore follows that the nvmber of arbitrary inte- 
grals must be less than the smaller of the two numbers m and n+1. 

178. Evidently m = 1 gives a system of ordinary simultaneous 
differential equations ; and n = 1 gives the former case of a single 
Pfaffian equation. In the general case, as in the case of a single 

* Note that X must be taken so that the denominator of the fractional part on 

the right-hand side is n+1: the fraction -- ~~ mast not be reduced to lower 

n+1 

terms, when such reduction is possible. 
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equation, it may happen that the system of differential equations 
may satisfy certain conditions, which will reduce the number of 
equations in the integral system to be less than N though not in 
such a way as to leave any such equation exact. 

When the system is incompletely integrable, so as to have 
n—p exact integrals and to be replaced by means of these exact 
integrals by a non-integrable system of p equations in m+j) 
variables, then the whole number of equations in the system of 
integrals equivalent to the original differential equations is 

^ . p(m+p) 

if this quantity be an integer, or, if it be not an integer, the 
number of integrals is the next greater integer. By taking this 
quantity in the form 

we see at once that, unless a system of n differential equations of the 
type considered is completely integrable, an integral equivalent can- 
tains more than n equations. 

Thus for Ex. 3 of § 173 we have n = 2, m = 2. It is there 
proved that n—p = \ for the system of equations; hence it is 
replaceable by a single equation (non-integrable) in three variables, 
and the integral of this equation consists of one arbitrary equation 
and one definite equation, partially dependent on the arbitrary 
equation. Hence the integral system of the original system contains 
three equations, viz., one absolutely definite, being exact: one 
quite arbitrary : one relatively definite, partially dependent on the 
arbitrary equation. 

Ex, We may apply the general result of § 177 to the case of a system 
of r partial difierential equations of the first order involving s independent 
and r dependent variables, say ^j, , a:,, «(^), , sf^^. When the r equa- 
tions are solved for pP^^ , pJJ^y we have results of the form 

pjfi^p,i*i(xi, ,:r„«(i), ,«(1, /?i(i), , i?.-i<')) = ft; 

and so we have, as a system of simultaneous P£Eiffians, the r equations 

-dd^+p^i^)dx^-\- +/>,_iWd;iC,_i+d<fltr.=0 

for 1 = 1, , r. The number of variables is 

r for the quantities z, 

+< ^, 

+*'(«-l) P^ 



318 MODIFICATION OF EQUATIONS BY [178. 

and therefore is ra+a; hence the number of equations in the equivalent 
integral system is 

that is, the number is rs. These equations involve the variables z, a: and 
the r(*-l) variables p; when these variables p are eliminated, we have r 
equations left involving only the variables r and x. These r equations 
constitute the integral system of the original set of r partial differential 
equations of the first order. 

179. In the case of a single unconditioned Pfaffian in an odd 
number 2n + I of variables, it was proved (§ 69) that the integral 
system contains a single arbitrary integral and a set of n deter- 
minate integrals; and in some of the processes the arbitrary 
integral is used to remove from the equation one of the variables 
both in itself and in its differential element. The new equation 
is an unconditioned Pfaffian in an even number of variables and 
so its integral system consists solely of determinate integrals. 

In the case of a set of unconditioned Pfaffians, a similar use 
may be made of arbitrary integrals when it is known, as by § 177, 
that such integrals occur in the integral system. If there be 
\ arbitrary integrals, they can be used to remove from the 
equations X of the variables occurring in themselves and in their 
differential elements. And this is the only way in which such 
integrals can be used in modification of the system of equations : 
they cannot be used to diminish the number of equations, for such 
a result would imply either that an exact integral could be 
framed, a conclusion excluded by our initial hypothesis, or that 
an equation became evanescent owing to relations derived from 
those integral equations when they were differentiated 

That the latter is impossible is an immediate inference from 
the result of § 177 (fin.) that the number of arbitrary integrals is 
less than the smaller of the two integers m and n + 1. Since 
each equation in the original system (I) contains m + 1 differential 
elements, it cannot be made evanescent by means of a number of 
equations of the form 

which are in number less than either m orn + 1. 

Hence the X arbitrary equations in the integral system may 
be used to eliminate \ of the variables from the set of differential 
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equations; and the transformed equivalent system consists 
still of n members and involves w + n — X variables. Since 
m + n--\ = Ar(n+l), the integral, equivalent to the new system, 
contains nk determinate equations and no arbitrary equations; 
that is, the arbitrary integrals can he used to transform the system 
of differential equations to a new system, the integral equivalent of 
which is composed entirely of determinate equations. 

If then any given system possess arbitrary integrals, we shall 
suppose that this transformation is effected. 

180. Care must be exercised in particular cases. Thus in Ex. ], § 173, 
the value of m is 4 and is not 2, although only two differential elements 
occur on the right-hand side ; the fact is that dx^ and dx^ must be considered 
as occurring on each right-hand side with a zero coefficient. 

Also, in connection with such an equation, it is desirable to assign 
arbitrary integrals in such a way that they may lead to determinate equa- 
tions of a general type and not of a type corresponding to singular solutions 
in ordinary equations. Thus if, as the three arbitrary equations for the 
quoted example, we take 

^(o:,, x^y x^)=ay Vr(:r,, x^, ^s)=^ 

with some other, which for the present remarks need not be specified, then 
the first equation 

dx^=x^dxi-{-x^dx^ 

will be satisfied either by a relation 

diji d<l> d<l> 
dxi^ dx^* dx^ 

d^ d^ d^ 
dxi* dx2* 3^ 

which is of the type of a singular solution for it contains no new arbitrary 

element ; or by 

0:3= constant, 

which, with the other two, gives also 

Xj= constant, arg= constant, 

as replacing the two former equations. And then, iu connection with the 
latter, we have from the other two 

^r^s constant, 4^5 = constant 

The total number of these integrals is thus five, being one less than the 
number to be expected according to § 177 ; but they constitute a set of very 
limited variations, and they are independent of x^ and Xj, so that they can 
hardly be entitled to rank as more than a special set of integrals. 



=0, 
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The set of equations just considered are, when expressed in ordinary 
notation, 

dz ^pdx-^-qcbn 

dp=rdx-\-Bdy\^ 

dq^Bdx-\-tdy] 

the set subsidiary to 

«=s^= function of ^, y, z^ p^ q, r, r, 

a partial equation of the second order with two independent variables. The 
theory indicates that the integral equivalent consists of a set of six equations, 
three of which eae arbitrary ; and these equations involve the seven variables 
X, y, Zy />, q^ r, t. When from the six equations four quantities (say p^ q, r, t) 
are eliminated, there remain two equations in 2, :r, y alone, which two equa- 
tions are the integral equivalent of the equation 

that is, the most general partial differential equation of the second order in 
two independent variables has two equations for its integral equivalent. 

Qeometrically interpreted, this result is that the original differential 
equation s=6 represents some property of a smface at points which lie 
on its line of contact with another surface having the same curvature at 
such points ; and the character of each of these surfiEU^ee affects that of the 
other. 

There are generally six equations in the integral equivalent, for the system 
possesses no exact integral (Ex. 1, § 173). But it may happen that, for 
particular forms of ^, one of the arbitrary equations is isolated, so that it 
does not affect the forms of the determinate equations. Then the result of 
elimination Is to leave one equation, after p, q, r, t are eliminated from the 
other five, and this equation involves 2:, ^, y ; in its form it is affected by the 
arbitrary characters of two of the assimied integrals and so there will be 
two arbitrary elements in it, but it is entirely independent of the remaining 
arbitrary equation which, when substitution is made for />, ^, r, r, comes to 
be an equation in z, x^ y and so is the equation of a new surface with an 
entirely arbitrary formal element. The integral system really consists of the 
two equations; but the second is an isolated equation and the differential 
equation is satisfied by the first alone. 

Geometrically interpreted, this result is that the original difilerential 
equation z=B represents some property of the surface, determined by the 
one integral, along all curves, which are its lines of contact with the 
arbitrary surfietce determined by the other integral As the latter is by its 
arbitrary character independent of the former, the curves of contact are all 
that can be drawn on the former surface; and thus the indicate property 
may be regarded as a property of the whole of that surface. 

Hence, according to the foregoing theory, the following would be th« 
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solution of the partial differential equation of the second order. The sub- 
sidiary equations are 

dp-rdx+edy-^Oclr-\'Odt >, 
dq^edx-^tcfy-^Odr-^-Odt) 

where ^ is a function of the quantities z, p, q^ x, y, r, t determined by 
the given differential equation. There are three arbitrary integrals of the 
system : let them be 

r =/, (^, «, p, q) 
t^U{x,z,p,q) 
y-^h{x,z, p,q) 

When these are substituted the equations become a system, the integrals of 
which are determinate ; when they are solved, they take the forms 

where P, Q Z are functions of x^ z^ p^ q and involve the functional forms 
of /i , /2, /s- When these are integrated, their integrals are of the form 

the elimination of p and q from which and from 

will leave two integrals, being the necessary number. 

A similar theory will apply to partial differential equations of other 
orders, and also to a system of two (or more) partial differential equations 
of the second order*. We then have as subsidiary equations 

dz =pdx-\-qdy-\-OcU' 
dp^Bdx-\-s dy-\-Ods V, 
dq ^sdjc-\-<t>dy-\-Ods 

A system with three determinate and two arbitrary equations in its integral 
system in general. 

181. Biermann (1. c. § 176) declares that PfafTs method of 
integration — a process of successive reduction— cannot be used 
for an unconditioned system ; and he shews that Clebsch's second 
method will not apply, by taking (I)' as the equivalent of (I) and 
proving that a process similar to Clebsch's does not lead to 

* The oases in which the equations are of the complete type have been con- 
sidered by Vilyi, Crelle, t. xcv., pp. 99 — 101. 

P. 21 
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equations for u that are the same as the equations for the ratios 
of the quantities JJ. This is naturally to be expected, for there 
are n'(A:— 1) quantities U and only m-\'n-nk independent 
variables other than u in the entirely transformed system, and 
in the cases at present under consideration (n > 1 and m> 1) it is 
easy to see that ?i' (A: — 1) — 1 is greater than m + n — wfc. 

The following process, as an attempt to effect a reduction, is a 
generalisation of Natani s process for the case of a single Ffaffian ; 
it suffices to shew, as is remarked at the end of the investigation, 
that the generalisation is not effective for the desired purpose. 

Consider the series of equations (I) and, after the explanations 
of § 179, assume that all the integrals are determinate, so that 
m'\-n\& divisible by ri + 1 ; let m + n =^p + 1. 

Then in any transformation of the equations it will be 
necessary to take p + 1 new variables; let these be m,, ..., i4p, v. 
As desiderata of the new transformation, suppose first that each 
of the expressions fti, flj, ..., iln is independent of dv; the 
subsidiary equations are 

for i = 1, ..., ?i. Then it will follow that any linear combination 
of the transformed expressions O is independent of the differential 
element dv. 

Now take such a linear combination 

it does not involve dv ; suppose that, if possible, the coefficients X 
(which are variable quantities) are so determined that the new 
expression is independent of v also. This requires that, for 
arbitrary variations of the variables, the equation 

should be satisfied ; and therefore 

+ i ^ I AuBx,+ 2 Xc i aJ-^-^ 2 X, 2 ^&r, = 0. 
»ai ov ,,1 i^i ,=1 dv ,=,1 ,=1 ov 
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Now, when in (1) substitution for the quantities x in terms of 
Uif ..., Up, V in effected, the result is an identity; and therefore 
any arbitrary variation of the left-hand side is zero. Hence for 
each value of i 

ov ,^i ' dv ,=1 dv 

Multiplying this by X;, summing for all the values of i, and 
remembering that, as S implies an arbitrary variation, 

we have, from a comparison of the parts of the two equations 

g 

which involve the quantities ^ (&r), the relation 



- ^ «--'^+ 2 %.!/'.^.+ j^if^«-'-'5W=« 






satisfied for arbitrary variations S, Now 

dv "" ^=1 dXf^ dv * 

SAi,- 2 -5 — &r^ ; 
and therefore 

-i &x^ .i^^V 2 X, 2 ^ ^^^ ^ 

,•=1 ^ * [dv r^i ,-1 (h 3.i^m+fl 

where 

c ^ ^^n dArt 
dxf dxg 

Since this equation is to hold for arbitrary variations of the 
variables, the coefficients of the separate variations must vanish ; 
and therefore 

= ^^*4- 2 X.(2|^t') (2) 

ov r-l Vt-l 3«m+< OVJ 

for t= 1, .... n and 

o=i \aJ^+k\ i 1^ ^"^+ 1 0^1'} ...(3) 

r=lL 3» U'l^^«H-i ^ fl ov) 

{or 8=1, ...,m. There are therefore m 4 n equations. 

21—2 
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We now have in (1), (2), (3) a total of m + 2w equations to 
determine the m + ?i quantities x as functions of v and the n 
coefficients X. Each of the equations is linear in the derivatives 
of m + 2n quantities with regard to v, and so it would at first 
appear as if elimination would at once lead to one relation 
between the quantities X and the variables x which would be 
obtainable without any integration whatever. 

The explanation of this point is that the set of m + 2n 
equations is subject to one linear relation, which is easily seen 

where flV = 0, ©^ = 0, <E>, = are respectively the equations (1), 
the equations (2) and the equations (3). Hence the whole system 
of equations is equivalent to m + 2n— 1 independent equations, 
linearly homogeneous in m + 2n quantities to be determined. 

Taking new quantities ^2. • • • > ^n defined by the equations 

K^Or\, (^=2, ...yU), 

and assuming the equations to be soluble, their solutions can be 
expressed in the forms 

dXi 3a?2 dXfn dXfn+i ^^m+n 

dv 



dv dv dv 

-A 2 -^m '1 


= = . 


dv 


1 ax, 1 ax. 


1 3Xn 




X, at> Xi aw 
" P. P. 


\i dv 

•* n 





where Xi, ..., X^y Fi, ..., Y^ -Pi, -"tPn are functions of the 
variables x and of the r? — 1 variables alone. 

The system must first be changed so as to give equations in- 
volving the variables to be determined. We have 

_iax2^a^ g idK 

Xi 9t; ~ 9v '^ Xi 3t; ' 
and so we obtain the transformed system 

9fla dXm dXfn+i 9^m-Hi 

dv dv dv dv 



Xi JLfn JLi JLn 
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dv dv dv 



P.-e,P, P,-e,P, Pn-O^Py' 

a system of (m + w) + (n — 1) — 1 equations. 

First, we find the n— 1 quantities as functions of the 
variables x ; their expressions will involve an aggregate of w — 1 
arbitrary independent constants. When values thence derived are 
substituted in the first m + n — 1 equations, the latter come to be 
equations in the m-hw variables x alone; and as in the cor- 
responding case of a single P&ffian equation treated by Natani's 
process, the m + n — 1 integrals of these equations are the new 
variables t^, , . . . , Up, which are |>(= m + n — 1) independent functions 

So far as concerns the remaining variable v, the sole condition 
which applies to it is that it must be a function of the variables x 
independent ot Ui, ..., Up, Subject to this condition we may 
choose it at will and so we may take v = Xi, an assumption 
similar to Natani's for the corresponding case ; the value of Xi is 
then determined by a quadrature and the values of X,, ... , Xn are 
thence inferred through the values o{ 0j, ..,, 0^. 

Ejg, 1. The equations subeidiary to the system 

• sal 



1=1 



(being the conditions for transformation such that O and Y are both free 
from dv and that XO+fiY is free also frx>m v) are 

5i? 1-1 dz 3i7 '^ i=.i dz ^ 
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where the last equation holds for <= 1, ... , n and 

The system of n+4 equations consists of a set of only n+3 independent 
equations. 

JSr. 2. Let the two equations 

be unconditioned. 

Then, taking X (Q+OY) as in the text and transforming to new variables 
u^j U), Uj, t;, so that neither v nor dv occurs in the transformed expression 
for X (O-H^), we have a result of the form 

X (0+^)=» (7irfwi+ i/,c?tt^+ U^du^, 

in which (7^ L\, L\ are functions of u^, tt,, m, alone. Now the reduced form 
of the right-hand side is (§§ 126, 144) 

where y^^ y,, y^ ai*e functions of i^, t^, t/, and therefore are integrals of the 
subsidiary system, so that y^ y^y y^ and v may be taken as new variables. 
Moreover the integrals of the subsidiary system are such that, when they are 
substituted into Y, the new expression is of the form 

where the coefficients V are functions of y|, y,, y^ and v. Hence the original 
equations are coextensive with 

^\^yi+ ^'2<^yj+ Vy«=o. 

The second of these can, by means of the first, be changed to 



where 



^4 fr 

*^3 



Now as V is at our choice, subject to the sole condition that it is functionally 
independent of y|, y,, y^, we may take, as the fourth variable for the trans- 
formation, any function of r, y^y^iyzy which is not independent of i>; and so 
we may take y^ as the fourth variable. 

Hence the original equations can be replaced by the two equations 

dy^^-y^dy^^o] 

This result, differently obtained and by different considerations, was first 
given by Engel*. He also enunciated the following result, which is prac- 
tically a r^sum^ of results which are alternative : 

* *'Ziir Inyariantentheorie der Systeme von Pfaff^Bohen Gleichungen '\ Leipi, 
SiUung$b., (1889), pp. 157—176. 
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The sjstem of equations 

where the quAn titles a and P are functions of x^, x^, x^^ x^y can be trans- 
formed to one or other of the pairs of equations 

dy^=o]' dy^^Oy dy^-y^dy^^O) 

The integration of the transformed equations in the third of these 
cases, the one treated above, has ah^eady been discussed in the Example 
in § 175. 



182. Suppose now that the subsidiary equations are inte- 
grated to determine in the first place the quantities 0^ which will 
be effected by equations of the form 

[ (*). 

When the values of hence derived are substituted in the first 
m + n — 1 equations, so that they come to be equations in the 
variables x only, their integrals take the form 

(5); 

Up = ffp ijVif . . . , OCjn+m ^it • • • > ^n—i) ) 

and then, when X has been determined, we have the equation 

X, (fl, + ^j n, + + 0n ftn) = >a ft 

expressible in the form 

XjXl = Uidui + U^dt^'\' + Updupy 

where the coefficients U are functions of the variables u alone. 

The right-hand side implicitly contains the constants Oj, . . . , Onr-u 
which are left undetermined by the subsidiary equations. Hence 
when another set of constants is taken, a different set of quantities 
will occur and therefore a new combination of the equations (I) 
will arise ; and it is evident that n different sets of constants will 
lead to n independent combinations of the equations (I) and so 
will lead to a system of n equations equivalent to (I). 

In general, however, a new set of constants in (4) will lead to 
different expressions for the quantities ; and so when these are 
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substituted iu the subsidiary equations they will vary in form, and 
therefore the quantities u will change. Hence in general the 
new system of equations will not contain throughout the same 
variables. 

183. But now suppose that a^^ ..., o^-i are a givou set of constauts, 
aud let them be subjected to intiuitesimal variational increments a|, ... , a^-i. 
Then there will be new multipliers ^s+i^) ••• > ^n+ A> where the infinitesimal 
quantities / are determined by the n - 1 equations 

for i= 1, ... , H- 1 ; aud there will be new variables t^^', ... , ttp' given by 

If then all the quantities J^, for the p valitee of r and the »- 1 values of i, 

can be expressed as functions q/" t^, ... , \ip and the constants a {ivow regarded 
as a determinate set)j then u/ is a function of the p qiuxntities t*i, ... , Wp/ and 
the conditions that must be satisfied to ensure the justification of this 
hypothesis are the conditions that the m+7i variables x can be eliminated 

from the m-^-n equations involving Ui, ••• » t^» ^ . 

It is easy to prove that, if A^y ... , il«+» be the expressions for iTj, ... , X^y 
^19 -•• 9 ^\ when in the latter the values of the quantities $ in terms of the 
variables x and the constants a are substituted, then the conditions necessary 
and sufficient to justify the foregoing hyix)thesis are that the equations 

J_8^^J_8J,^. 1 a^M^H 

Ai da A^ da •^m+n ^a 

shall be satisfied for all the values a. These require that the constants a 
shall enter into A^y A^,..,, A^^+y^ only by occurrence in a factor common to 
alL In that case the difierential equation satisfied by t^, ... , t^p, viz. that 
which is associated with the subsidiary equations of § 181 in the form 

, du . du . cu 

is an equation which, on removal of the factor common to the ^'s, is inde- 
pendent of the constants a. Hence all the functions ^, which are its solu- 
tions, are independent of the a's; and so u'=u aud the transformed system 
will contain throughout the same variables. 

The system will therefore take the form 

6V^)rfwi-|- ^-UJ^)duJ,=0\ 

U^^du^-t +£^/)rf«p=0 



6V*Wtti-|- + £^p(*)rfM^ 



::S 
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where all the ccefficient8 U are functions of the variables u. Now, since 

m-|-n=it(n+l), 
we have 

/?=»l+n-l = (it-l)(n-|-l)+^^ 

that is, the new system has n arbitrary integrals and (jk-\)n determinate 

integrals. The former may be taken to be ?^= constant, , 1/,^=: constant; 

and the new system is changed to one in which, with m-\ variables only, 
there are n equations— that is, substantially the same case as that already 
treated. 

The cases in which the conditions just specified are actually 
satisfied are those which arise only for very special forms of the 
coeflBcients in the original system and therefore only for a very 
limited number of cases; and hence it is to be infen'ed that a 
system of simultaneous unconditioned Pfaffians cannot be inte- 
grated by what is the natural generalisation of Natani's method. 

The partial diflFerential ecjuations, next in order of simplicity 
and of interest after partial differential equations of the first oixler 
in a single dependent variable, are simultaneous partial differential 
equations of the first order involving two dependent variables. 
The subsidiary systems, associated with these, do not satisfy the 
conditions indicated ; and therefore the equations cannot be inte- 
gi-ated by the foregoing method. 

184. Grassmann* has shewn that the integration of a partial 
differential equation of any order can be effected after the integra- 
tion of the equation Xdx=0, where Xdx is now extensive and not 
merely numerical as in Chapter V : and this will apply to the 
integration of a system of unconditioned PfaflSans which include, 
as a special case, the equations subsidiary to a partial differential 
equation of order higher than the first. But beyond proving the 
relation 

XdiC = Uidui + U^du^ + . . . , 

where Ui = constant, u^ = constant, . . . are the integral system of the 
set of equations and the coefficients U are no longer numerical, he 
has made no actual contribution to the solution, probably because 
the earlier methods used for PfafFs problem are no longer applicable. 

185. And so the solution of the problem of obtaining the 
integral equivalent of a simultaneous system of unconditioned 

* AusdehnutigisUhrc (edition of 1862), § 501. 
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Pfaffians does not appear possible by any methods at present 
known which are eflFective for the case of a single Pfaffian. It is, 
in fact, one of the most general problems of the integral calculus ; 
the discovery of its solution lies in the future. 

186. Such then is the present position of the second of the 
three problems stated in § 175. The third of those problems, viz., 
the generalisation of a given solution, is (except for a few par- 
ticular cases such as the example of § 175) still unsolved ; and it 
appears from the following simple illustration that the generalisa- 
tion must remain unsolved until the second of the problems there 
indicated is solved. 

The number of equations in the integral sTstem equivalent to a pair of 
unconditioned Pfaffians in six variables is, by § 176, four; let them be 

ass constant, 6= constant, «= constant, /« constant, 
so that, as there, the reduced equivalent set of differential equations is 

df=Cda^-Ddby 

where Ay B^C^ D are functions of a^ h^ e^ f and of the two other new inde- 
pendent variables, say x and y, necessary for the expression of the original 
six. Then in order to generalise the particular set of solutions it is neces- 
sary to obtain the equations which make it possible to pass from the above 
pair to 

dr=Pdp'{-Qdq\ 

ds^Bdp+Sdqy 

where />, q, r, a are functions of a, 6, e, f^ iC^ tf and PyQ^RyS are derivable 
by mere substitution when these functions are known. 

That the equations luay be coextensive, we must have for some values of 
p, (T, p', <r' the relations 

-dr^-Pdp-^-Qdq^p {-d6-k-Ada'{-Bdb)-k-v {-df-^-Cda+Dde) 
-ds'^Rdp+Sdq=^p(''de'\'Ada'\-Bdb)+a'{-df+Cda'\-Dde) 

identically satisfied for proper values of p, q, r , «, P, Q, It^ S. Each of these 
relations gives six equations. Eliminating p, o*, P, Q from the first set of 
six, we have 

g(Pig»r) ^ g(p, g,r) ^ ^(l>»g»r) ^Q 
a(j?, y, 6) a (x, y, e) 3(4?, y,/) 
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and Bimilarly from the second set of six we have 

h{x^y~a) d(x,y,e) 'd{x,y,f) 

d(x,y,h) c{x,y,e) d{x,y,f) 

altogether a set of four simultaneous partial difierential equations of the first 
order determining four dependent variables *. 

Unless the dependent variables in these equations om be partially 
separated, the system remains merely in its most general form; and the 
solution of the system then depends on that of a system of simultaneous 
)>artial difierential equations in several dependent variables and therefore on 
that of a system of simultaneous Pfaffians, a problem which hitherto has 
defied solution. The natiuul method of attempting the partial separation 
of the dependent variables is the generalisation of Mayer's method (§ 134) in 
the theory of tangential transformations ; we take 



so that the equations become 



d«x da da 



together with 



dx dx dx I 

* The Bolution of n simultaneous partial differential equations of the first order 
in It dependent and two independent variables has been effected by Hamburger in 
his memoir **Znr Theorie der Integration eines Systems von n nieht linearen 
partiellen Differentialgleichnngen erster Ordnong mit zwei onabhongigen nnd 
n abhangigen Veranderliohen ", CrelU, t. xdii. (1882), pp. 188—214. Bat his 
method applies only to unconditioned equations when the number of inde- 
pendent variables is two. When the number m of independent variables is 
greater than two and the n simultaneous equations involve n dependent variables, 
then certain conditions must be satisfied in order that his method may apply ; and 
it may be proved that the number of these conditions, independent of one another, 
i8(ii-l)(m-2). 

Other investigations (e.g. Kowalevski, Crelle, t. Ixxx. (1875), pp. 1 — 82) relate 
chiefly to the proof of the existence of solutions of such systems by obtaining them 
in the form of converging series ; but no process of integration is given except in 
the form of series containing arbitrary initial values of the variables. 
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which are all the equations obtainable, free from X and /i. On carrying out 
his method it appears (I do not reproduce the work) that the resulting 
equations for P, Q> j'l 9 &re not of the form required; and so the cor- 
responding partial separation is not possible. 

Hence we make the inference in the text — that the generalisation of a 
given particular set of solutions is not at present possible, as it depends 
upon the possibility of solution of the second problem, for which there is at 
present no effective method. 
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di£ferential equations, number of, 69. 
Inexact equations, views of, before P faffs 

memoir, 80. 
Infinitesimal homogeneous transforma- 
tion, 246; 

equations characteristic of, 247. 
Initial values of variables, used by 
Jacobi, 82, 183, 183 (note) ; 

introduction of, leads to principal 
integrals, 118. 
Integers associated with determinants 
in transformation of bilinear quantics 
are invariantive, 277 ; 

arithmetic mean of the two, 278. 
Integral, an exact, of system of equations: 
what is meant by, 300, 801 ; 
must satisfy partiid differential 

equations, 302 ; 
conditions for existence, 804, 305 ; 
used to modify system, 811. 
Integral equivalent, minimum number 
of equations in : 

of single equation, 145, 146 ; 
of system of equations, 312—317. 
Integral equivalent, of Pfafi&an expres- 
sion deduced from normal form, 116, 
117; 

of irreducible differential relation, 

250 (note); 
of general partial differential 
equation of second order, 320, 
321. 
Integrals of subsidiary system used to 
diminish the system : 

when one is known, 173 ; 

when two are known, 175; with 

alternative inferences, 177 ; 
when more than two are known, 
179. 
Integrals of Pfaffian equation, effect of, 
on subsidiary system : 

when one is known, 173 ; 
when two are known, 178. 
Integrating factor of single exact equa- 
tion: 

general form of, 4; 

quotient of two is a solution, 4, 16 ; 

determined, by linear equations, 

14—17; 
by De Morgan's partial equation, 

20; 
by Collet's equations, 25. 
Integrating factors of system of equa- 
tions, 39 ; 
determinant of sets of, a multiplier, 

40; 
special method for determination 
of, when there are four vari- 
ables, 62—67. 
Integration of extensive equation, 136, 
137 (note). 

F.. 



Intermediary integral, conditions that 
partial differential equation of second 
order possess an, 807 — 310. 
Interpretation, numerical, of Orass- 

mann's forms, 124, 125, 133. 
Interrupted products, 128 ; 

conditions in form of, for existence 
of integrals fewer than general 
minimum, 123 — 127; 
interpretation of, 124 — 127. 
Invariantive integers in transformation 
of bilinear quantics, 277 ; 

arithmetic mean of two, a single 

sufiQcient invariant, 278 ; 
persistence of, sufficient to en- 
sure equivalence of two expres- 
sions, 286, 290. 
Invariantive persistence of character of 

normal form, 249 — 251. 
Irreducible differential relation, integral 
equivalent of, 250 (note). 

Jacobi's additions to Pfaff 's theory, 81, 82 ; 
introduction of initial values of 

variables, 82; 
simplification of PfafiTs reduction, 

117—120; 
simplification of Pfaff's solution 

of differential equation, 183^ 

187; 
theorem relative to four-termed 

expression, 83, 115, 226. 
Jordan, on multipliers, 40; 

on tangential transformations, 

298. 

Lagrange's examples of cylindrical tan- 
gential transformation, 242. 
Legendrian transformation is a tangen- 
tial transformation, 242. 
Lenmias of transformation in Clebsch's 

theory, 210. 
Lie's method of treatment of Pfaff's 
problem, Chap, x, see table of contents; 
abstract and character of, 86, 87 ; 
connection herewith of Darboux's 
method, 88. 
Lie's theorem for functions in tangential 
transformation, 237; 

modified and simpb'fied by Mayer, 
237. 
Lie's corollaries from tangential trans- 
formations, 242—244, 248; . 

derivable from Clebsch's result^ 
244. 
Linear transformations, introduced into 
treatment of Pfaff's problem, 274; 
applied to bilinear form give two 
invariantive integers, 277. 

Mayer's method of integrating system of 
exact equations, 59 ; 

in its simplest form, 61. 

22 
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Mayer's method, of solving complete 
system of linear homogeneous piurtial 
(Ufferential equations, 72 — 76 ; 

of obtaining at least one integral, 
76—78. 
Mayer's establishment of equations of 
tangential transformation, 233, 238 ; 
will not apply to systems of 

Pfaffians, 831 ; 
modification and simplification of 
Lie's theorem, 237. 
Memoirs on systems of Pfaffians, 299. 
Minimum, conditions that the number 
of equations in the integral equiva- 
lent be less than the general : 

in Grassmann's symbolical form, 

123—127; 
obtained by Natani, 166, 168; 
by Clebsch, 207; 
by Lie, 255. 
Minimum number of integrals, general : 
for single equation, 89, 113, 114, 

145, 146; 
for non-integrable system, 812 — 
316. 
Modification of incompletely integrable 
system by use of its exact integrals, 
311. 
Monge's view of inexact equations, 80. 
Monomial equation of Grassmann: 

if numerical, includes a single 
partial differential equation of 
the first order, 122; 
if extensive, includes a system of 
simultaneous equations in se- 
veral dependent variables, 122; 
relation of, to integrals of Pfaffian, 

123; 
transformation of, 137, 141. 
Multipliers of system of exact equations, 
40; 

quotient of two is a solution, with 

other properties, 41, 43; 
partial differential equations satis- 
fied by, 42. 

Natani's method of integration, of exact 
equation, 27; 

compared with Euler's, 30; 
compared with du Bois - Bey- 

mond's, 32; 
of system of exact equations, 56 ; 
developed by Mayer, 69—62. 
Natani's method of treatment of Pfaff's 
problem, Chap, vi, see table of con- 
tents; 

abstract and character of, 85, 86; 
application of^ to solution of sin- 
gle partial differential equa- 
tion, 187, 188; 
to solution of system of partial 

differential equations, 190; 
generalised to system of Pfaffians 



to determine number, 813 ; 

inapplicable to determine inte- 
grals, 322. 
Normal form : 

involving even number of func- 
tions, 194; 

Clebsch's generalisation of, 196 ; 

involving odd number of func- 
tions, 221 ; 

Clebsch's generalisation of, 222 ; 

reduction of expression to a, by 
Lie, 248 ; 

relations between elements of equi- 
valent, 252 ; 

of conditioned expression deduced 
from that of transformed un- 
conditioned expression, 259 — 
266; 

invariantive persistence of cha- 
racter of, 249 ; 

conditions which determine cha- 
racter of, 253; 

construction of (see Gradual oon- 
struction) ; 

unaltered in character when Cau- 
chy substitution is applied, 258, 
269; 

character of, to be inferred from 
results of Natani and Fro- 
benius, 278 (note) ; 

used by Frobenius to make ex- 
pressions equivalent, 285, 289; 

equations of Frobenius which de- 
termine, 291, 292. 
Non-integrable systems, 301 ; 

three fundamental problems re- 
latingto, 811; 

minimum number of equations in 
integral equivalent of, 312 — 
816; 

number of arbitrary integrals in 
equivalent of , 816; 

arbitrary intecpnds used to mo- 
dify, 319. 
Number of independent solutions of a 
complete system of linear and homo- 
geneous partial differential equations, 
69. 
Number of equations in most general 
integral equivalent of non-integrable 
system, 312— 316; 

application of result to simul- 
taneous partial equations in se- 
veral dependent variables, 317, 
329. 
Number of exact integrals of incom- 
pletely integrable system, 804. 

Odd invariantive integer in Frobenius* 
theory, 287. 

Odd number of variables, unconditioned 
expression involving, treated by Na- 
tani's method, 157 — 165; 
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by Clebsoh's method, 219 ; 
by Lie's method, 268. 
Odd redaction, 111; 

can always be applied to ex- 
pression invoWing odd number 
of variables, 111 ; 
not onique, 111. 
Osonlational transformations, 230. 

Partial differential equations, system of, 
coextensive with system of exact equa- 
tions, 67, 69, 71. 
Partial differential equation of first 
order, a single : 

special case of Pfaffian equation, 

122; 
only one integration necessary in 

Natani*8 method, 154 ; 
integration of, by Pfaff, 181—183 ; 
Pfaff's integration improved by 

Jacobi, 183—187; 
by Natani, 187, 188. 
Partial differential equations, solution 
of simultaneous system of, by Natani, 
190; 

application to solution of. Chap, 
vii, see table of contents, 238. 
Partial differential equation of second 
order: 

conditions for intermediary in- 
tegral of, 307 ; 
nature of integral equivalent of 
general, 320. 
Persistence of character of normal form, 

249. 
Pfaff*8 Problem, why so called, 81. 
Pfaff's method of reduction. Chap, iv, 
see table of contents : 

general theory, 81, 90; 
additions to, by Gauss and Jacobi, 
81, 82. 
PfafTs theorem as to transformation of 
an expression : 
stated, 89; 

completion of proof of, 112; 
applied to deduce a later theorem 

of Jacobi's, 83, 116; 
simplified by Jacobi, 117 — 120. 
Pfafl's solution of partial differential 
equation of first order, 181 ; 
simplified by Jacobi, 183. 
Principal integrals, of system of equa- 
tions, 118, 151 ; 

of subsidiary system used for 
transformation by literal tran- 
scription, 120, 152, 153, 157, 
170, 171. 

Beciprocation a particular case of tan- 
gential transformation, 230, 232. 

Reduced form, integral equivalent de- 
rived from, 116, 117; 

equivalence of, to another reduced 



form, 195, 219, 249; 
containing Qven number of inde- 
pendent functions, 203, 255 ; 
generalisation of, 194; 

containing odd number of inde- 
pendent functions, 219, 268 ; 
generalisation of, 220; 
normal form of, 222 ; 
Reduction of expression by Pfaff*s me- 
thod, subsidiary equations for, 89 — 
94; 

three cases of, 95, 100, 103; 
procedure in, when number of va- 
riables is odd, 106 — 111; 
completed by Gauss for all oases, 
112—114. 
Reduction, even, 105; 
odd. Ill; 

neither unique, 105, 111 ; 
simplified by use of principal in- 
tegrals, 117—120. 
Reduction of two equations in four va- 
riables to canonical form, 325 — 327. 

Second Method, Clebsch's, 209—218 ; 

applies only to equation in even 
number of variables, if uncon- 
ditioned, 210 ; 
or if Pfaffian determinant alone 
vanishes, 214. 
Second order, partial differential equa- 
tion of : 

conditions that it may possess 
intermediary integral, 307 — 
310; 
nature of integral equivalent of, 
320, 321. 
Simplification of Pfaff's reduction, by 
Jacobi, 117— 120; 

of process when some coefficients 
vanish, 153. 
Simultaneous partial differential equa- 
tions of first order, 
in a single dependent variable: 

solution o^ by Natani, 190—193; 
conditions of coexistence, 191 and 
note; 
in several dependent variables: 

included in extensive monomial 

equation, 122; 
number of integral equations 
equivalent to, 317, 329. 
Simultaneous variations: 
used by Binet, 148; 
used by Natani, 148, 149, 157, 

174, 178; 
used by Frobenius, 273; 
used by Darboux, 295. 
Single exact equation. Chap, i, see table 

of contents. 
Single integration of subsidiary system 
sufficient for partial differential equa- 
tion of fijTSt order, 154. 
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Solation of partial differential equation: 
note on histonr of, 183 (note) ; 
Pfafl's method of, 181—183; 
improved by Jacobi, 183 — 187 ; 
connected with Natani*8 general 

result, 187; 
Natani*8 method of, 188—190. 
Solution of system of equations: 

by Natani's method, 190—198; 
in Clebsch*8 method, 215 ; 
by Mayer, 72—78. 
Subsidiaiy equations for conditioned 
expression an exact system, 54, 170 ; 
integration of, 170—172. 
Subsidiary equations for Pfaff's reduc- 
tion, formation of, 89 — 94. 
Subsidiary equations, when number of 
variables is even: 

alternative cases, 94, 296 ; 
solution of, in most general case, 

96; 
Cayley's symbolical form of, 100; 
still valid, if determinant alone 

vanish, 101; 
principal integrals of, 118. 
Subsidiary equations, when number of 
variables is odd: 

in general inconsistent, 110; 
Jacobi's condition for consistency 

of, 107 ; 
effect of satisfaction of, 109; 
verified by Natani*s results, 164; 
formed by Natani, 157 — 169 ; 
solution of, 160, 164; 
principal integrals of, used to 
transform expression, 151, 160. 
Subsidiary equation for transformation 
of Grassmann's monomial form, 128 — 
130; 

solution of, 130—136; 
interpreted numerically, 133; 
integration of solved equation, 
136, 137 (note). 
Subsidiary equations constructed by use 

of simultaneous variations, 148. 
Subsidiary system, modified by one of 
its integrals, 173 — 175 ; 

by two of its integrals, 176, 177 ; 
by two integrals of original equa- 
tion, 178; 
by more than two integrals, 179. 
Summary of methods of treatment of 
Pfaff *s problem, Chap, iii, see table of 
contents. 
Symbolical solution by Cayley of subsi- 



diary system, 100. 
System of exact equations. Chap, ii, see 

table of contents. 
System of Pfaffians, Chap, xiii, see table 
of contents; 

memoirs relating to, 299 ; 
represented by a single extensive 
monomial equation, 122, 329. 
System of equations : 

completely integrable, 300 ; 
incompletely integrable, 301 ; 
non-integrable, 301 ; 
what is meant by exact integral 
of, 300, 301. 

Tangential transformations, Chap, ix, 
see table of contents; 298; 
note on history of, 230; 
applied by Lie to Pfaff's problem, 
252. 
Tanner's symbolical forms similar to 

Grassmann's, 142. 
Transformation of expression when 
number of variables is even : 

three cases of, 99, 100—102, 103 

—106; 
completed, 113. 
Transformation of expression when num- 
ber of variables is odd: 

two cases of, 107—109, 110—111 ; 
completed, 114. 
Transformation of expression to mono- 
mial form, 122. 
Transformation, gradual, of monomial 

form, 127—141. 
Transformation of expression, by princi- 
pal integrals, 118, 152, 157 ; 

by Cauchy substitutions when it 
is conditioned, 258, 269. 
Transformations, tangential (see tan- 
gential transformations). 

Uniqueness, want of, in reductions even 
or odd, 105, 111. 

Unsolved problems, connected with non- 
integrable systems of equations, 330. 

Vanishing coefficients, effect of, in sim- 
plifying construction of nonnal form, 
153. 

Vanishing Pfaffian determinant, effect 
of, on transformation of expression, 
102, 106. 

Variable, extensive, 121. 



CAMBBIDOE : PRINTED BT C. J. CLAT, M.A. AND SONS, AT THE UKIVXBSITT PBESS. 



*■ 



